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PREFACE 


Every good mathematical book stands like a tree with its roots in the past 
and its branches stretching out towards the future. Whether the fruits of this 
tree are desirable and whether the branches will be quarried for mathematical 
wood to build further edifices, I will leave to the judgement of history. The 
roots of this book take nourishment from the concept of definite integration 
of continuous functions, where Riemann’s method is the high-water mark of 
the simpler theory. 

The essence of his method of integrating a bounded function f of a real 
variable x over a finite real interval [a, b], is this. He cuts up [a, b] into a finite 
number of smaller intervals such as [u, v] and takes a value x in [u, v] at 
which to evaluate f, finding the sum s of all products f (x)(v — u). If s tends to a 
limit as the greatest of the v — u tends to 0, wherever the x lie, he says that fis 
(Riemann) integrable over [a, b]. 

We generalize this simple process, altering the limit process on s and 
obtaining generalized Riemann integrals, some of which have Lebesgue 
properties for limits under the integral sign. The two simplest Lebesgue 
properties that the ordinary Riemann integral does not have, are as follows. 


(a) If the convergent sequence ( f,(x)) of functions integrable over [a, b] with 
b — a finite, is bounded by M independent of n and x, then the limit 
function is integrable and 


a n-*'oo n> oo 


b b 
(b) | lim f,(x) dx = im | Asa 


(c) If, instead of being bounded, the f,(x) are monotone increasing in n and 
integrable to F, over [a, b], with (F,) bounded above, then f,(x) tends to a 
finite limit f(x) for almost all x as n — oo, f(x) is integrable over [a, b], 
and its integral is the limit of (F,). 


l'hree generalized Riemann integrals satisfy (a), (b), and (c), they are more 
powerful than Lebesgue's integral, they are equivalent respectively to 
Denjoy's special and general integrals and Burkill’s approximate Perron 
integral, and their definitions use Riemann sums s. We can even give 
conditions that are necessary as well as sufficient for (b). We can generalize 
the [u,v] on the real line. For example, Lebesgue's way of defining his 
integral of a function f satisfying t € f € w for constants t, w, is to take the 
limit of s on replacing the [u, v] by the measurable sets for which f takes 


values in [u, v), where the [u, v) form a division of the range Tt, w) of values of 
j. The limit is taken as the greatest v — u tends to 0. This approach needs the 
measure of every measurable set used in the limit process. But there is no need 
to go to all this trouble, we only need intervals to define Lebesgue integrals, as 


will be shown in Chapter 0, Section 1, 
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More general spaces naturally need more than ordinary intervals. For 
example, n-dimensional Euclidean spaces need n-dimensional rectangles 
(bricks) while sequence and function spaces need cylinder sets based on bricks 
in some sense, and usually topological spaces need even more general sets. 
The values of functions are often taken as general as seems possible at this 
time, but if necessary the theory could be restricted to real or complex values, 
or values in some Banach space. 

A. distinguishing feature of modern mathematics is the establishment of 
patterns of behaviour in mathematical systems, leading to a unified set of 
proofs of results instead of a heterogeneous collection of proofs, one set for 
each system. In integration theory, J. C. Burkill (1924a,b,c) unified the 
variety of ordinary Riemann-type and Stieltjes-type integrals by using func- 
tions of intervals, while Jeffery and Miller (1945) unified the proofs for many 
convergence-factor integrals. The unification produced by division systems 
and division space integrals began with a most surprising result. For years it 
was thought that Riemann-type integration had been superseded by the 
integration first introduced by Lebesgue. But independently, Kurzweil (1957) 
and Henstock (19615, 1963c) found that Perron integration could be given by 
a generalized Riemann integral Perron integration, being equivalent to 
special Denjoy integration, includes Lebesgue integration, so that it was clear 
that the latter is included in generalized Riemann integration (see Henstock 
(1968a)), and Davies and Schuss (1970) proved this directly, for a quite 
general system. Then McShane (1969, 1973) gave the generalized Riemann 
integral exactly equivalent to Lebesgue's. The division system and division 
space integrals of this book were shown to include many other integrals, see 
Henstock (1968b, pp. 219-25), and now the list is still longer. 

An earlier unification in other areas of analysis was carried out using the 
methods of functional analysis. Here, three principles have come to the fore. 
The Hahn-Banach theorem concerns the existence of extensions of a linear 
functional to regions over which it was not originally defined, and in a sense 
belongs to the algebraic side of functional analysis. The principle of uniform 
boundedness or of uniform convergence, developed by Banach, Steinhaus, and 
Sargent, often leads to a proof that the limit of a sequence of continuous 
linear operators is continuous. The interior mapping principle is that continu- 
ous linear mappings between certain types of spaces map open sets onto open 
sets. This book uses the first two principles and division systems and spaces in 
the study of integration theory. 

Some integrals have not yet been put as generalized Riemann integrals, one 
large group being those integrals defined by using convergence (or smooth- 
ing) factors, such as J. C. Burkill’s (1932, 1935, 1936a,b, 1951a,b) 
Cesaro- Perron integrals, the James (1946, 1950, 1954, 1955, 1956) integrals, 
the Marcinkiewicz-Zygmund (1936) integral, and Taylors (1955) 
Abel-Perron integral, together with the N- and N-variational integrals, a 
unified system that includes most of the integrals outside the generalized 
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Riemann system. Cross (1985/1986, 1986, 1987/ 1988) has recently shown 
how to define some convergence-factor integrals using generalized Riemann 
integrals, so that the demarcation line between the two types could be getting 
blurred. 

Wiener and Feynman integration need their own chapter, they are usually 
based on a continuum number of copies of the real line so that, for the second, 
the measure produced is not of generalized bounded variation. One of the 
simplest measures is based on exp(iax?) for various real constants a, which 
causes the trouble. Wiener integration, based on exp(— ax?), is far easier to 
work with. 

In other chapters we study the differentiation of integrals, and repeated 
integrals, in part using general limits under the integral sign, extending (b). 

This book was partly written during the tenure of a Leverhulme Trust 
Emeritus Fellowship, and my thanks go to the Trust. My thanks also go to 
the staff of the Oxford University Press for their efficient handling of the 
printing and publishing work. 


Ulster R. H. 
1990 
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CHAPTER 0 


INTRODUCTION AND PREREQUISITES 


0.1 INTRODUCTION: THE CALCULUS, LEBESGUE, 
AND GAUGE (KURZWEIL-HENSTOCK) INTEGRALS 


The idea behind this book's theory can be approached from the calculus 
definition of the integral inverse of the derivative, thus stepping directly from 
the mathematics of Newton and Leibnitz into the post-Lebesgue modern 
mathematics. The indefinte Newton integral F(x) of the function 
f: [a,b] >R, is any solution of the differential equation dy/dx = f(x) in 
[a, b]. Thus, given e > 0, a ô = ó(x) > 0 exists (now called a gauge) such that 
(0.1.1) {F(x + h) — FG))/h -f(| <e, [F(x +h) — F(x) — f(x)h| < e|h| 
(a € x € b, O < |h| « 6(x)). 
l'or b — a finite, a partition of [a, b] into a finite number n of smaller intervals 
can be written 
(0.1.2) a= úo < u «c: <u,=b. 
We choose a point x; in each smaller interval [u;-1, uj], so obtaining a 
collection of interval-point pairs ([u;-1; uj]; xj) (j = 1, 2,..., n) called a 
division & of [a,b]. We say that & is compatible with (x), or is ó-fine (following 
McShane 1969, 1973) if |u; — uj 1| < 6(x,;) (j= 1... , n). To fit the later 
additive division space we sometimes take x; to be either uj. OT uj 
(j= 1,...,n), calling such a division restricted. For the 6(x) of (0.1.1) and a 
d-fine restricted division we put h = u; — uj, when x = X; — Nau, and 
h = uj, — u; when x = x; = Hr, Then for 


s= X flx;)(uj— uj-1), FO) — F(a) — sl 


j= 1 


n 


Y, e(u, — uj-,) = elb — a). 
Tel 


hu: the sum s tends to F(b) — F(a) as d(x) > 0, so that we can take £ > 0, for 
all restricted ó-fine divisions of [a,b], 


EA 
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This result leads to the gauge (or Kurzweil- Henstock) integral H over [a, b] 
of a function A(u;..,, uj; xj), as a number with the following property. Given 
i: > 0, there is a positive function ô on [a, b] such that for all ó-fine restricted 
divisions of [a, b], 


(0.1.3) 3. bit us x) - H| < e. 


j71 


We write H = f° dh, or f? fdx if h(u, v; x) = f (x)(v — u). This integral is the 
special case in Sections 1.4 and 1.5 of the more general integral of the rest of 
the book. One essential requirement is that for each gauge ó(x) > 0 in [a, b], 
there is a ó-fine restricted division of [a, b]. See Section 1.4, Theorem 1.4.1. 

The integral is uniquely defined. For if H, and H, have the property of H 
for the same h and [a, b], then given e > 0, there are gauges 6,(x) on [a, b] 
such that for 6,-fine restricted divisions of [a, b], 


(0.1.4) <e (k=1,2) 


Px h(uj-1, uj; x) —H, 


If d(x) = min(d, (x), Gel), 6 >0 on [a,b] and there is a ó-fine, and so 
A Dune (k = 1, 2) restricted division of [a, b]. Hence (0.1.4) holds for k = 1, 2 


and 
E m d B a di m) 


l'hus H, — H, = 0, being independent of e > 0. 

Earlier, the Newton (calculus) integral was proved to be a gauge integral. 
The Riemann integral is, too, using constant gauges. By Borel's covering 
theorem, if 6 is continuous there is a constant c > 0 with ó(x) > c in [a, b], 
and we have the ordinary Riemann arrangement such as occurs for Burkill 
integration. However, ó(x) > 0 normally varies from point to point, and a 
typical construction is as follows. Let 


IH, — H,| = < 2e. 


(0.1.5) 0«ó(x «|x—w| (x#w,a<w<b). 


Then ó tends to 0 as x > w, even though d(w) > 0, and 6 is discontinuous at w. 
There is a ó-fine restricted division of [a, b]. If x = u; # w, 6(x) < |u; — wl, 
and neither [u;-;, uj] nor (uj, uj, ; ] can contain w when w is not the point 
associated with the interval. Thus w is only contained in an interval if it is the 
point where fis evaluated, and so has to be one of the points of division, say 
up and [uy 1, w] and [w, u,, , | are intervals of the 6-fine division. If w = a or 
b then one interval is missing, More generally, for a sequence (w,) of such w 
and a sequence (0,) of gauges (0.1.5), we can use 


oU (X) ml d)(x) 1 
i joa 
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Then w,,..., w, are included in the division-points of every ô™-fine division 
of [a, b]. Note that (w;) could be dense in [a, b] in the sense of Section 0.4 on 
topology. 

For another construction let (X,) by a sequence of mutually disjoint sets in 
( — o0, oo) of measure zero, i.e. for each k, e > 0, there is a countable union G, 
of disjoint open intervals I with G, 2 X, and mG, < £47" (the 4^ * is needed 
later), where mG, is the sum of lengths of the I of G,. If X is the union of sets 
X, and if 


(rtl «2^ (xeX, k21,2,...) fŒœ)=0 (xéX) 


we call f a null function. Its gauge integral over [a, b] is zero. For, given e > 0, 
choose ó(x) > 0 so that ó(x) < 1 (x € X), and 


(x — d(x), x + 6(x)) SG, (xeX,k-1,2,...) 
For the usual ó-fine division of [a, b], the non-zero f(x;) have x;e X so that 


2*mG, < 3 c2 * =e. 


1 k=1 


148 


È fei u-)-0« 


k 


A typical null function is the indicator of the rationals, 1 at each rational 
and 0 at each irrational. For, writing the rationals u/v (v > 0) as a sequence in 
which |u| + v takes the successive values 1 once, 2 twice, 3 four times, 4 six 
times,..., while in each group with constant |u| + v, |u| goes from its 
maximum down to 1, we have 


0/1, 1/1, —1/L 2/1, —2/1, 1/2, —12, 3/1, —3/1, 2/2, —2/2, 1/3, —1/3, 
"T AR 


Removing the second and later appearances of each rational, we have a 
disjoint sequence (r,) of all rationals and X, can be the singleton of r, alone. 
Such null functions are typical Lebesgue-integrable functions. We go further. 


Theorem 0.1.1. For B a Banach space with norm ||: ||, M a measurable set of 
finite measure, and f: M — B, Lebesgue-Bochner integrable to H (M,) over 
measurable subsets M, of M, then, given e > 0, x e M, there is an open set G(x) 
containing x such that if (15) is a disjoint sequence of measurable subsets 
of M with m(MN Jẹ, Ij) - o and (xj) a sequence of points with 
l & G(x,;) (j = 1, 2,...), then 


(0.1.6) Sf (x)m(1,) — HU) < e. 
Tel 


Naturally the proof needs properties of the Bochner integral that are found in 
books on the subject, Of course m here denotes Lebesgue measure. 
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Proof. First, a Bochner integrable f is Pettis integrable and so measurable. 
Thus there are a separable set B, € B and a set X & M of measure zero, such 
that fe B, on M\X. Let (s,) € B, be a sequence dense in B,. Then if S(s, £) 
denotes the sphere (be B,: ||b — s|| < £} with centre s and radius e, B, is the 
union of the S(s,, &)(n = 1, 2, . . .). By the absolute continuity of the Bochner 
integral there is an a > O0 such that for measurable sets Y € M, m( Y) «a 
implies 


(L) i If | dm < ¢/3, 


(B) and (L) denoting the Bochner and Lebesgue integrals. For e' = e/(6m(M)) 


let 
X, = {xf eS(s1,e)}, EEN II S(s;, cl (m 2, 3... 
j=l 


Choose for each n an open set G, 2 X, such that 
(0.1.7) m(G,N X,) < min [e/ (3* 2"(|s, || + &')), a/2"], 
and take G(x) = G, (xe X,). If (Ij), (x;) are as given, with ze X,(5, then 


JE Gun, Jh Kan € Gi NXs, 


X lf(x)mQ) - EUI = Y L | (fe) =} am 
1 j=1 Ij 
«Xu f MfG) — f G9 dm 


«Yu Í Lisi — f GI dm 


oo 


T of IS x5) || dm 
T\ Xn 


j=l 


\| f(x)||dm =R +S 4 T, 


+ > ul 


IN Aan 


say. If x eI; Kan, then f(x) and f(x;) lie in S(s,(5, CL so differing by less 
than 27, and 
R= y (L) wdm = w 3 m(1))  2e'm(M) = £/3. 
mi JAX i^a 
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In S we collect those terms (if any) for which n(j) has a given value n. 
By (0.1.7), 


S-y Y w | EEGEN 


n=1 n(j)=n IN 


= Y (isal +e’) m(G,\X,) < A e/G-2^) = af. 


n=1 


Finally, for Y the disjoint union of sets Ino» 


mY) = Y, Y MUX) < Y, mGAX) <a 


n-in(j- = 


By definition of a, the proof finishes with 


r-o f | f(x) ||dm «se3, R+S+T<e O 
Y 


In n dimensions, taking the I; as n-dimensional intervals forming a parti- 
tion of a larger interval M, we see that the gauge integral includes the 
Lebesgue integral for real and complex values, and the Bochner integral for 
Banach space values. It is wider, it includes the Newton integral, which is not 
always a Lebesgue integral since the modulus of a derivative need not be 
finitely integrable. For example, 


(0.1.8) G(x) = x?sin (x^ ?)(x # 0), G(0) = 0, 
G'(x) = 2xsin(x ^?) — 2x7! cos (x~7)(x # 0), G'(0) = 0, 


unbounded near x = 0 due to the 2x ^! even though G’(0) exists. Now 
[cos x| > 2^ !? in [nz — 2/4, nn + n/4] (n = 1, 2, . . .). For x ?in that range 
and 

f(x) = 2x ^ !cos(x ?) (x 0), 


firo dx > 2"? log, Jos + 7/4)/(nn — 1/4)) 


= 27! og, (1 + 1/(4n))/(1 — 1/(4n))} 
= qp 1 ES o(1)}. 


Summing for n = 1, 2,... we have + œ. The continuous first term in G'(x) 
does not affect the result that |G'(x)| is not finitely integrable over [0, 1]. 
Away from 0, G'(x) is continuous and takes large positive and large negative 
values because of its first term. Hence there is a b > 0 with G'(b) = 0 (so 
b^tan(b 21 = 1). Let G, be the integral of the function equal to G' in [ —b, b] 
and 0 elsewhere, so that G', exists everywhere, let (s,), (£,), (ta) be sequences in 
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R, and 


G; = » G, (t, x v $,)/ us. 


If the intervals [(s, — b)/t,, (s, + b)/t,] (n = 1, 2, .. .) are mutually disjoint, 
then G, is differentiable in those intervals. By choice of (u,) it may be possible 
to have G, differentiable everywhere. 

In Sections 1.4 and 1.5 we show that the gauge integral is a generalized 
Riemann integral from a fully decomposable division space, equivalent to the 
Denjoy- Perron integral. For the Cauchy limit and the Harnack extension see 
Theorems 2.10.6, 2.10.7. For the first part of this section, with Levi's weak 
monotone convergence theorem proved for the gauge integral, see Henstock 
(1968a). For Theorem 0.1.1, based on the work of R. O. Davies, see Schuss 
(1969), Davies and Schuss (1970), and Henstock (1980b), pp. 226-7, Lemma 4. 
Much of the theory of the gauge integral can be found in McLeod (1980), 
Kurzweil (1980), and Henstock (1988a). The last book was designed to 
supersede most of the book Henstock (1963c) which is now out of print. 
McShane (1983) gives the theory of a generalized Riemann integral equi- 
valent to the Lebesgue integral and very near to the gauge integral, and it 
covers many areas of use of integrals. 


Example 0.1.1 There are bounded functions not integrable by Newton's nor 
Riemann’s integrals: for example, f, the indicator of the rationals. Then every 
upper Darboux sum over [a, b] is b — a and every lower Darboux sum is 0, 
and fis not Riemann integrable. Darboux's theorem shows that if g is finitely 
differentiable everywhere in To, b] and g'(a) z g'(b), with k a number between 
g'(a) and g'(b), then for a c in a < c < b, g'(c) = k. (The easy proof considers 
g(x) — kx.) Thus f is not a derivative and so is not Newton integrable. 
However, f is a null function with Lebesgue integral 0. More simply, 


h(x) 20 (x«$(a-b) | hGQ)-1 (xzi(a- b) 
is Riemann but not Newton integrable over [a, b]. 


Exercise 0.1.2 Using (0.1.5) for w = 0, prove that if 


1 (x <0) 
0 (x>0)’ 


f(x) =1-g(x)= l then [ fdg 21, ji g df — 0. 


Exercise 0.1.3 Discuss for various numbers p, q the continuity and differ- 
entiability of 


F(x) = x"sin(x ") (x 40), F(0) = 0, 


and the boundedness and integrability of F'(x), 
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Exercise 0.1.4 Let a set X be dense in [a,b]. In the second proof of 
Section 1.4, Theorem 1.4.1, case n = 1, using sums over divisions of 
h(u;-1, uj xj) = f (x;)(g(u;) = g(uj-1)). 
with 
y;€(uj, uj 41) n I(u) o Jitz, lo X, 


Fugu) — 9(yj-1)) + f (uj) GOs) — gll = FU) GMs) — 9(Yj-1))- 


Hence prove that if the two gauge integrals exist with g — g, on X, then 


b b 
| fdg = | fdg, + f(b)(g(b) — 9.5) — f (a) {gla) — g, (a)}. 


Given that G # G, are constants with g(x) = G in a set dense in [a, b], 
g(x) = G, in another set dense in [a,b], prove that f(b) =f(a). Use 
Theorem 2.5.2 to prove that the only functions f that are integrable with 
respect to this last g are constant, even though the set where g # G can be of 
measure zero. Thus a useful g can vary little. But f can vary much more, and if 
f is constant almost everywhere, with g absolutely continuous, the Lebesgue 
integral of f with respect to g exists and fis gauge integrable with respect to g. 


Example 0.1.5 For F differentiable at all points of [ — 1, 1], we construct a 
function G equal to F in |x| € 1, equal to 0 in |x| > 2, and differentiable 
everywhere, by defining G as a polynomial in [ —2, — 1], with the same value 
and derivative at —1 as F, and that is 0 with derivative 0, at x = — 2, and 
similarly in [1, 2], e.g. 
G(x) = (x — 2? (QF(1) + F’(1))x — (F(1) + F’(1))} (| <x « 2) 
with a similar formula in [ —2, —1]. If 
((a, — 4.37", a, + 4.3 ?)) (n212,..) 


is a sequence of disjoint open intervals, H is differentiable everywhere, where 
H(x) = 3 4""G((x — a): 3). 
n^] 


For if the nth interval is to the right of an x outside the given intervals and 


x€a,—437"«a,—23^"«x--h, then 23" <h, 4""/h «4(1) 0. 


Similarly for —h, giving H'(x) = 0 outside the intervals. This example could 
be used with (0.1.8). 


0.2 BASIC DEFINITIONS FOR SIMPLE SET THEORY 


Most readers can avoid this section, it gives the ordinary language of simple 
set theory, avoiding à precise logical approach, 
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If an object X is a collection of other objects, it is called a set or family, two 
interchangeable terms being used in the interests of readability. To define X 
we need only know which objects are in X (writing x e X, or x is in X, or x is 
of X, or x is a member or element of X), and which objects x are not in X 
(writing x € X or xe X). An empty set Ø isa set such that x e Ø is false for 
all objects x. Logically, for a set X we cannot handle with safety the collection 
of all x € X. However, we suppose given a definable universal set U that 
contains all objects considered in a given theory, and then can define the 
complement U\ X (or \X if U is understood) as the set of all x e U with x ¢ X. 
For example, U could be the set R of all real numbers (the real line) or the set 
C of all complex numbers (the complex plane). 

If xe Y when x e X, we write X € Y,or Y 2 X,or X isa subset of Y, or X is 
contained in Y, or Y contains X. If X © Y and Y € X we write X = Y. For 
example, the set X of a, a, b is the set of a, b. It does not matter how many 
times we prove that ae X, once is enough. If X, Y are empty sets then X — Y 
and we suppose that there is just one empty set. If X — Y is false, we write 
X # Y,or, X and Y are distinct. If X S Y, X + Y, we write X c Y,or Y > X, 
or X is a proper subset of Y, or X is contained in Y properly, or Y contains X 
properly. 

If x, y are objects let sing (x), pair (x, y) be respectively the singleton of x (i.e. 
x alone) and the pair of x and y (i.e. x, y alone). Logically, x esing(x), and if 
zesing(x) then z = x. xepair(x, y), ye pair(x, y), and if zepair(x, y) then 
Z — X Or z = y. The ordered pair (x, y) of x and y is pair(sing(x), pair(x, y)), 
so introducing the required asymmetry. Logically, pair(x, x) — sing(x) and 
(x, x) = sing(sing(x)). 

If A(x) is a collection of symbols involving an object x, such that the 
substitution of a particular object y for x gives a statement that is either true 
or false, we call A(x) a propositional function of objects x, often writing A(x) 
for ‘P (x) is true’. We write (x: P (x)) for the set of all x for which A(x) is true. 

A relation R is a set of ordered pairs (x, y), writing xRy if (x, y)e R. The 
relation R is an equivalence relation if reflexive (x Rx if x Ry), symmetric (yRx if 
xRy), and transitive (if x Ry and yRz, then xRz), the R-coset (or R-equivalence 
class) R(x) being the set of all y satisfying xRy, written {y: xRy}. 

The Cartesian product X & Y of sets X, Y, is the family of ordered pairs 
(x, y) for all xe X, all ye Y, i.e. if xe X, yeY, then (x, ye X x Y, while if 
z€ X x Y then z = (x, y) for some xe X, some ye Y. 

A function (mapping, operator) f on a set X to a set Y, written f: X > Y or 
y =f (x), is a subset Z of X ® Y such that if xe X, there is a ye Y with 


(x, y) e Z, and that if, for the same x, (x, z) e Z for some ze Y, then z = y. If 
X, € X, Y, € Y, we write 
f(X1) = ly: y 2 f(x), xe X,), f^ (Yi) = {xr y =f (x), ye Y,, x« X, 


respectively the f-image of X, and the inverse f-image of Y,. 
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We can now give a more general definition of a Cartesian product. For 
each ae A let Y, € Y. Then the Cartesian product Déi, Y, is the set of all 
f: A Y for which f(a)e Y, when acA. If Y, = Y(ae A) we write the 
Cartesian product as Y 4, so that fe Y 4 if and only if f: A — Y. When A is 
the set 1, 2, 3,..., n of positive integers, the Cartesian product is often 
written 

GI Y, = FOTO Y, 
j= 2 

The union ( join, sum) of those Y for which A(Y), is the set of all objects, 
each of which is in some set Y with A(Y), and the intersection (meet, product) 
of those Y, is the set of all objects, each of which lies in all Y with A(Y), and 
we write, respectively, 


u(Y:2(Y), n(Y:29(Y). 


Variations of this notation occur. The union and intersection of two sets X, Y 
are written, respectively, X u Y and X n Y. For n sets or a sequence of sets 
we use 


U Xj, N X, UX; sa x; 


= j=1 


Note that no limit process is used to define the last two. If 2 is a family of sets 
X, or if A is a family of suffixes a, then 


Ux-UtQt:xez (1x-[)(x:xem) 
Ar g 


UX =U {XżacA} (1X, - N {X ae}. 
A A 


Two sets with empty intersection are called disjoint. If cach pair of distinct 
sets from a family X of sets is disjoint, we say that the sets of 4^ are mutually 
disjoint. 
The de Morgan rules for operating with complements are as follows 
\ULY: 2(Y)) = n (NY: 2(Y)] 
VO (Y: &(Y)) = o (NY: 9(Y)) 


Example 0.2.1. WY 2 X for all X satisfying A(X), then Y > U {X; #(X)} 
If Y € X for all X satisfying A(X), then Yo m{ Xi A(X )}, 


Example 0.2.2 For the universal set U, and, of course, X © U, then 
YU\X U, XX (4 


Example 0.2.3 UA: U, Y © U, we write the complement of Y relative 
to X as X VY, the set of points in A that are not in Y, so that 
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XNY 2 X S (UN Y). Then XXNY) 2 X ^ Y, 
u(X:2(X) NY = v (XAY: 2(X)), 
nÍíX:2(X))NY = n(XNXY:2(X)). 


Example 0.2.4 
u(X:2(X))n u(Y:21(Y)) = u(XoY:2(X) P (Y)}. 
n(X:2(X)) u n(Y:2,(Y)) = n (Xo Y: A(X), /,(Y)). 
Example 0.2.5 The indicator y(X; x) of a set X is the function that is 1 when 
xe X, and 0 when x ¢ X. Denoting pair (0, 1) by 2, the indicators of all subsets 


of X form 2*. Thus it is usual to write 2* for the family of all subsets of X. 
Or one can interpret 2* in terms of cardinal numbers. 


Exercise 0.2.6 Let A, B be two index sets, and let X: A ® B 5 2". Given 
that (a), 2(b) are propositional functions of ae A, be B, respectively, show 
that 


N | () {X (a, b): 2 (a)}: an) =f) d (X (a(b), b): 2(b)}: P(a(b)), am) 


B AB 


which generalizes Ex. 0.2.4. 


Example 0.2.7. |) {X,: P(a} NU (Y: FO} € () (XN Ya: P@} 
A A A 
where X,, Y, are functions of ae A, their values being sets. (Use Ex. 0.2.3.) 


Example 0.2.8 The symmetric difference of two sets X and Y is 
d(X, Y) 2 (XN Y)u(Y\X). 
If X <U, YSU, WCU, then 
d(\X, NY) = d(X, Y), d(W, X) o d(X, Y) 2 d(W, Y). 


Example 0.2.9 a(M {x,; 2(a), MIr, em e |) (4(X,, Ya): 2(a)) 
A Á A 
when M is the symbol u and the symbol ^A. 


Example 0.2.10 Let f: X > Y. Then 
(0.2.1) f(V{Z:Z EX, AP(Z)\) = VIS(Z): ZS X, A(Z)}, 
(0.2.2) f(Otz:Zex,»z)yeonltf(ZuZe X, A(Z)}, 
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Example 0.2.11 Let f(x) = 0 (x > 0), X = (0, 1), and let P (Z) denote that 
Z = (0, £) for some e > 0. Then in (0.2.2) the left side is empty, while the right 
side is sing (0). 


Exercise 0.2.12 Let proj: X & Y > X with proj (x, y) = x. For A a set of 
suffixes with X, € X, Y, S Y, and for some ye Y let ye Y, (all ae A). Prove 
that 


(Q x.) G sing(y) € X, & Y, (each be A), proj (Q Kc d 
A A 
= ( X, = (^) proj(X, & Y,). 
A A 


Example 0.2.13 There is equality in Ex. 0.2.10(0.2.2) when f(x) = y = f'(z) 
always implies x = z, which is when an inverse function can be defined. 
Equality also occurs in Ex. 0.2.12 when f = proj, the intersection of the H, not 
being empty, even though proj‘ cannot be defined. 

Example 0.2.14 If f: X > Y, then for various Z € Y, 


FOZ) = uf TG FOZ) = of" Z). 


0.3 BASIC DEFINITIONS FOR ALGEBRA 


A structure involved in generalized Riemann integration is the algebra of the 
space K of values of the functions to be integrated, sometimes more general 
than R (real line) or C (complex plane), and so we turn to definitions, 
beginning with a function m: K x K > K, called multiplication and written 
m(x, y) = x.y, the product of x and y. If x, ye K and X, Y € K we write 


x.X ={x.z:zeX}, X.y={z.y:zeX}, X.Y-ízwizeX,weY), 
x.(X.y) = {x.(z.y):zEX}, 


etc. K has an identity (or unit) u, relative to m, if there is a uc K with 


(0.3.1) AS. Us, Ke E (all x € K). 

For two units z, u, z = z.u = u, and so the unit is unique if it exists, K is à 
semigroup if the multiplication is associative, i.c. 

(0.3.2) vu zs (x.y).z (all x, y, ze K), 


so that we can omit brackets and write x. y.z, and can write N,CY vil as 
X. X . y, etc. 
The multiplication is commutative if 


(0.3.3) x,.yos y, x (all x, ye K), 
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Then, and only then, we usually write the multiplication as addition, 
m(x, y) =x + y with various sets x + X etc. (unless a second operation of 
addition is already used). If the unit exists it is then called a zero. If also K is a 
semigroup, we say that K is an additive semigroup. 

K is a group, if it is a semigroup with unit u, such that each xe K has an 
inverse 


(034) x !'eKwiühx.x !2u-x' '.x;X ! z(z zeX) 


When K is also additive, it is an additive group and we write x ! as —x, 


x.y“! as x -(—y)orx—y,and X^! as —X. 
For x in a group K, x ^! is uniquely defined. For if x. y = u then 


c ec) 


WEE: 1 


u = x71. (x.y) =(x71.x).y=u.y =y, 


and similarly, if y. x = u then y = x ^ +. Further, for all x, ye K, 


et wb my fx? ey} =? (0t. = y.u. y) 
SEET? 
and the uniqueness of the inverse gives (0.3.5), (0.3.6). 
(0.3.5) (x.y !-y !.x^!, 
(0.3.6) ix) -x 


A ring is an additive group K with group operation x + y, together with a 
multiplication for which K is a semigroup (thus (ab)c — a(bc)) distributive on 
the left and right, i.e. 


a(b+c)=ab+ac, (b+ c)a — ba + ca. 


Then a + b is the sum of a, b, and ab their product, and aa is written a?. 
A ring K is commutative if, for all a, be K, ab = ba. The unit of the addition 
operation of K is called the zero, 0. By its uniqueness, 


aa=(a+0)a=aa+0a, aa=a(a+0)=aa+a0, 0a=0=a0 
(all ae K). 


If the non-zero elements of a ring K are a commutative group under 
multiplication, K is called a field. Then the unit of the commutative group 
under multiplication is written 1 and called the unit. The inverse of x # 0 in 
the multiplication group keeps the same name in the field and is written x !. 
There is no 0! since a0 = 0a = 0, never 1. 

A linear space (vector space, linear vector space) K over a field F, is an 
additive group K with unit 0, inverse —x of xeK, and a function 
f:F & K >K, written f(a, x) = ax, that is distributive in a and x, 


a(x + y)=ax +ay, (a -+b)x = ax +bx, a(bx) = (ab)x, 
Ix = x(a,b, le F, x, ye RK), 
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The elements of K are then called vectors, those of the coefficient field F being 
called scalars. Normally F = R (real line), K being a real vector space, or 
F = C (complex plane), K then being a complex vector space. 


0.4 BASIC DEFINITIONS AND THEORY FOR TOPOLOGY 


‘Nearness’ is the idea behind that of the limit x of a sequence (x,); x, is ‘near’ 
to x for all sufficiently large integers n. To clarify this idea we put another 
structure on the space K of values, a topology (here) or an order (next section), 

A topology in K is a collection Y of some subsets G of K, called Y-sets, with 
the properties: 


(a) K and the empty set are in 4; 
(b) if Æ c 4, the union of the Ge # lies in 4; 
(c) the intersection of any finite number of Ge is in 4. 


Then (K, 4) is called a topological space. Subsequent definitions often 
mention @. If in a long stretch of theory 4 is unaltered, it is safe later to omit 
4, calling 4-sets open sets. The G-interior X? of a set X € K, is the union of 
all 4-sets G € X, which union by (b) lies in 4. A 4-neighbourhood of a point 
xeK is any Ge4 with xe G. A G-neighbourhood of a set X € K, is any GE% 
with X € G. A family # € 4 is a local base for 4 at a point x € K if, for cach 
Ge4 with xeG, there is an HeX with xeH CG, ie. every 4-neiph- 
bourhood of x contains an #-neighbourhood of x. # is a base for G if it is a 
local base at each point of K. # is a subbase for € if # SY and if all 
intersections of a finite number of members of # form a base for @, 

A &-closed set F is the complement (with respect to K) of a @eset, By 
repeated use of the de Morgan rules on complements, the family # of all 
G-closed sets satisfies: 


(a)* The empty set and K are in F, 
(b)* if # € F, the intersection of the Fe Jf lies in F, 
(c)* the union of any finite number of Fe. F, is in ZF. 


Conversely, if a family F of subsets of K has these properties, the family of 
complements is a topology. The -closure X = «X of X € K is the inter 

section of all 4-closed sets F > X, G-closed by (b)*, and contains X as cach 
such F 2 X. An xeK is a G-limit-point (or G-cluster point) of a set X S K if 
cach Ge% with xeG contains a ye X with y # x. The set X’ of all Gelimit 

points of X is called the G-derived set of X. An xe K is a G-contact point of X il 
cach Ge% with xe G contains a point of X, which in this case can be x. A set 
X c K is G-dense in a set Y € K,if YS X. A set X € K is nowhere «dense 
(or G-rare) in. Y € K, if the Geset \X is @-dense in Y, If Y= we omit 
the Y in the definition, The set X © K is of the first @-category, or V-meagre, 
in K, if X is the union of an at most countable family of nowhere dense sets 
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in K. The complement of a set of the first 4-category is Y-residual or Y-co- 
meagre. A set X € K is of the second Y-category, or non-G-meagre, in K, if not 
of the first 4-category in K. A set X is of the second Y-category at a point 
xeK, if X intersects each 4-neighbourhood of x in a set of the second 
G-category. For X € K, GeY, and GAX not empty, GNX is called a 
G-portion of X. An xe XXX' is called a G-isolated point of X. Then some 
4-portion of X contains only x. The set X is G-dense-in-itself if X' > X, while 
X is G-perfect if 4-closed and 4-dense-in-itself, so X’ = X. The set X is 
nowhere G-dense-in-itself if each Y-portion of X has a 4-isolated point of X. 


Theorem 0.4.1. 

(0.4.1) G is a 4-set if and only if G contains a G-neighbourhood of each x e G. 
(0.4.2) A set is GY-closed if and only if it contains all its G-limit-points. 
(043 XX-(XXy. 

(044) IfX € Y € K then X'S Y' and X CY. 

(0.4.5) If X SK then X = X UX’, the set of all Y-contact points of X. 
(0.4.6) IfX,YcKthn(XoYy-X'uY,XoY-XuY. 


Proof. For (0.4.1), if Ge 4 then G is a Y-neighbourhood of all its points. 
Conversely, if G(x) € G for a 4-neighbourhood G(x) of each x e G, the union 
of the G(x) is G, and by (b), the union is in 4. For (0.4.2) let x € F, F 4-closed. 
Then xe VF, a Y-neighbourhood of x free from points of F. Thus x cannot be 
a €-limit-point of F and all such points lie in F. Conversely, if F contains all 
its Y-limit points and x € F, x is not a Y-limit point. So a -neighbourhood of 
x is free from points of F and lies in VF. By (0.4.1), VF is a 4-set and F is 4- 
closed. For (0.4.3), for all 4-closed sets F 2 X, and so all 4-sets VF C \X, 


\X =\nF= UM (Xy. 
(0.4.4) is trivial. For (0.4.5), if X € F € K, F 4-closed, (0.4.4) gives 
XUX'CFUF'=F, XUX'CX., 


If x¢ X o X’, a 4-neighbourhood of x has no points of X nor of X’, and 
(0.4.1) gives 


NVXuouX)e?2, XcXouX', XcXuouxX', X-Xux. 


For (0.4.6), if x e(X o Y) and x é X’, then a G-neighbourhood G of x has no 
points of X. For G, a 4-neighbourhood of x, GO G, is a -set containing x 
andsoageX u Y with g z x. AsgeG,g¢X and so ge Y and xe Y'as G, is 
arbitrary. Hence 


(XoYyc X'UY, X'c(XoY), Y'c«(XoYy)y, (XUV eae XY. 


0.4 BASIC DEFINITIONS AND THEORY FOR TOPOLOGY 15 
Using (0.4.5), 
XoY -(XoY)u(XoYy-XoYoX'uY'-(XoX^)u(YuY? 
UY, 


Gel 


Theorem 0.4.2. 

(0.4.7) X is nowhere G-dense in Y if, and only if, each G-portion of Y contains 
a G-portion GA Y (Ge) with GA X empty. 

(0.4.8) For X, Y, Z € K, if X, Y, are nowhere G-dense in Z, so is X U Y. 
(0.4.0) A set X is not nowhere G-dense in a set Y, if and only if there is a 
G-portion of Y contained in X. 

(0.4.10) If Ge 4 then G\G is nowhere G-dense. 


(0.4.11) If F is 4-closed then FNF? is nowhere G-dense. 


(0.4.12) If the union of a sequence (Y,,) of sets is of the second G-category in X, 
then for an integer n, Y, is 4-dense in a G-portion of X. 


Proof. For(0.4.7)let Ge 4 with G ^ Y not empty. As \X €Y, G = G\X ré 
by (c). If X is nowhere G-dense in Y then G, ^ Y is not empty. The converse is 
clear. For (0.4.8), if Ge 4 with G ^ Z not empty, then by (0.4.7) G contains a 
G E% with G; ^ Z not empty but G, ^ X empty. In turn, G, contains a 
GE% with G,^Z not empty but GH empty. Hence by (0.4.6), 
G4 ^ X ^ Y is empty, proving (0.4.8). For (0.4.9), if X is nowhere -dense in 
Y, then 


Ëer 


so that every -portion of Y contains a point of V X. If this is false, there is a 
G-portion of Y lying in X, and conversely. For (0.4.10), G\G is @-closed, H 
not nowhere 4-dense, then by (0.4.9) there is a non-empty Ge% lying in 
GG, so that G4 € G. As G, is a 4-neighbourhood of each of its points, Ga 
contains a point of G, contradicting G4, € G\G. Hence (0.4.10). For (0.4.11) 
we replace G by F°, G by F, and the same argument gives a non-empty 
Gs S F, so that G, € F^, a contradiction. For (0.4.12), by definition at least 
one Y, is iot nowhere Y-dense in X, so a 4-portion of X is contained in Y,,, 
giving the result. C 


We now turn to metric spaces, in which these ideas are used, 
A function d: K x K — R (real line) is a pseudometric in K if, for all x, y, ze K, 
(0.4.13) d(x, y)  d(y, x) > 0; 
(0.4.14) d(x, y) - 0. ix y; 
(0.4.15) d(x, y) + d(y,z) > d(x,z) | (triangle inequality), 
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Then we can consider cosets X such that x and y are in the same X if 
d(x, y) = 0, and x and y are in different cosets if d(x, y) z 0. If for points we 
substitute these cosets we obtain a metric which with a reasonable definition 
of a suitable function d, satisfies (0.4.13) to (0.4.15) together with 


(0.4.16) If d(x, y) 2 0 then x = y. 
A sphere S(x, r) centre x and radius r > Q, is 


{y: d(x, y) < r}. 


The family of all spheres in K is a sub-base for a topology in K called the 
metric topology, say Y, and (K, d) is then called a metric space. A closed sphere 
CS(x, r) centre x, radius r > 0, is 


{y: d(x, y) <r}. 


A sequence (x,) K is d-convergent to a d-limit x if, given & > 0, there is an 
integer N, depending on e, such that d(x,, x) « e (all n > N). (x,) is d- 
fundamental if, given e > 0, there is an integer M depending on e such that 
d(x,, Xn) < € (all m, n> M). If every d-fundamental sequence in K is d- 
convergent to some d-limit we say that (K, d) is d-complete, and K (or (K, d)) 
is a complete metric space. 


Theorem 0.4.3. 45S(x,r) € CS(x, r). Let (x,) S S(x,r) with d-limit y. Then 
yeCS(x, r). 


Proof. Given ¢>0 and yeYS(x,r), there is a point zeS(x, r) satisfying 
d(y, z) < e. By (0.4.15), 
d(y x) < d(y, z) + d(zax) «eor, duer, 


since y and x are independent of e > 0. Hence ye CS(x, r). A similar proof 
gives the second result. 


Theorem 0.4.4. (Baire's category theorem) Every complete metric space (K, d) 
is of the second G-category in the metric topology 4. 


Proof. For (X,) a sequence of nowhere 4-dense sets in K let x, € K and 
S, = S(x,, 1). By mathematical induction, given S, = S(x,, r,), there are x, ,.; 
and r,,, > 0 such that 


KÉ = S(Xn+15 Fail = Sn» Ty < min {1/(n P 1), (r, ge d(x,, Xn+1))/2}, 
with $,,, free from all points of X, (n = 1, 2,...). Then 
d(x,, x,) < max(1/(m + 1), 1/(n + 1)), 


so that (x,) is d-fundamental and so d-convergent to some point x. As 
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Xn+1€5S,41, by Theorem 0.4.3, 
A(X, Xn+1) S fni € (r4 Dan x441))/2, 
A(x, Xn) < A(X, x,.1)  d(x1, Xn) < (Fn + A%n4 15 x,))/2 < Ts 


and xe$,, so that x¢ X, (n = 1, 2,...), and K is not contained in the union 
of the X,. Hence the result. 


Returning to general topological spaces, a Y-cover C of aset C € K, is a 
family of Y-sets whose union contains C. Then C is 4-compact if, for each @- 
cover € of C, there is a Y-cover €, € € of C containing a finite number of sets 
(i.e. a finite cover). Borel’s and Goursat's covering theorems show that finite 
closed real intervals and finite-radius closed circles on the complex plane are 
compact in their respective metric topologies. 


Theorem 0.4.5. 
(0.4.17) If Ge, C G-compact, then C\G is 4-compact. 
(0.4.18) If F is 4-closed, C Y-compact, and F € C, then F is 4-compact. 


Proof. For € a Y-cover of C\G in (0.4.17), G with € is a 4-cover @, of C. 
Thus there is a finite 4-cover €, of C in @,. Taking G from €, if Ge €,, we 
have in € a finite Y-cover of C\G, which is therefore 4-compact. 

In (0.4.18) \FeY and F = Ca F =C\(\F). Use (0.4.17). C 


A family F of sets in K has the finite intersection property relative to a set 
X & K if each finite collection from ¥ has a non-empty intersection with A. 


Theorem 0.4.6. A set C is €-compact if and only if every family F of 4-closed 
sets with the finite intersection property relative to C, has a nonempty 
intersection with C. 


Proof. For C satisfying the second condition let 4, be a family of @-sets 
such that no finite union covers C. The complements of sets of 4, are a family 
F, of G-closed sets with the finite intersection property relative to C, so that a 
point ce C lies in the intersection of all sets of F,, c cannot be in any set of 
G,, and 4, cannot be a 4-cover of C. Hence each 4-cover of C contains a 
finite sub-Z-cover and C is 4-compact. Conversely, if C is -compact we 
reverse the argument to finish the proof. O 


For (K,, 4j) (j= 1, 2) two topological spaces and f: Ky Ky, fis 
41-4 ,-continuous at a point ve K, when, given a -neighbourhood 
G, of f(v), there is a @,«neighbourhood G, of r with /(G,) € Gy, and fis 
@,-@,-continuous in Ki M @,@y-continuous at every point of K,, 
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Theorem 0.4.7. 

(0.4.19) f: K, >K, is 4,—4,-continuous in K, if and only iff !(G;)e4, 
(GEG). 

(0.4.20) Ifin K,, C is G,-compact and f G- ;-continuous, then f (C) is 
€ -compact. 


Proof. For (0.4.19) let f be 2,-9,-continuous and f (v)EG,€9,. Then a 
Y,-neighbourhood G, of v has f(G,)S G, and so Gef !(G,) By 
Theorem 0.4.1(0.4.1), f ~1(G,)eG,. For the converse we reverse the argu- 
ment. For (0.4.20) let Y, be a Y,-cover of f(C). By (0.4.19), if Deg, 
f^ !(G4)e4,. Also, as the G5 € $, are a G,-cover of f(C), the f ummy. 
cover C, which is Y,-compact. So a finite number, say f ~1(G;) (4<j <n), 
F -cover C, and each point of f (C) lies in a G; (4 <j € n), giving a finite 
9 ,-cover of f (C), which is therefore Y,-compact. O 


Theorem 0.48. For f:K,— K,, Y,-Y,-continuous in K,, f(V9,X)c 
$;f(X) (X € Ki), or f(X) € f(X) if the two topologies are assumed. 


Proof Let xe4,X with G, a -neighbourhood of f (x). There are G,, v 
with 
xeG,e4,, f(G,))c G,, vEXNG,, f()ef(X)nG,. 


As true for all such G,, f (x)€Y, f (X), proving the result. O 


The topology 4 is a Hausdorff topology if every two distinct points of K 
have disjoint 4-neighbourhoods. Then (K, SI is called Hausdorffian, or 
Hausdorff, or a Hausdorff space. 


Theorem 0.4.9. If (K, 4) is Hausdorff, a Y-compact set C € K is G-closed, 
there are disjoint G-neighbourhoods of C and each x€C, and if X € C then 
GX cC. 


Proof. If fixed xéC, ye C, there are disjoint -neighbourhoods G(x, y) of x, 
G*(x, y) of y, the G*(x, y) being a Y-cover of the Y-compact C. So, for a finite 
number y;,,..., y, of y, the union of G*(x, pd (j=1,..., n) isa 
-neighbourhood N * of C. The intersection N of G(x, y;)(j=1,...,n)isa 
-neighbourhood of x, and 


n 


NnN*-—|J NaG*(x, y) e U G(x, yj) n G*(x, yj) = Ø. 
J 


J=1 


Hence x¢C, C=C. If XcC then ZX: *?C-— C, Hence the 
theorem. [1] 
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Theorem 0.4.10. Let (K,, 9;) (j 2 1, 2) be Hausdorff with f:K,>K,, 


J 
$,-92;-continuous in K,. If XcCcR, E G,-compact, then 


f (9$, X) = €; f(X); loosely, f(X) = f(X). 


Proof. Let yeY, f(X), yeGe,. Then Gof (X) has an f(x) with xe X. 
For 4, Hausdorff, if 


X(G)2f"(G^X, X@EXSC, e«,x(G)ee,c-c 


by Theorem 0.4.9. The family of sets Y,X(G) with ye Ge £,, has the finite 
intersection property and so has a common point z by Theorem 0.4.6. If G, is 
a -neighbourhood of f(z), there is a G, with zeG, e£, and f(G,) c G3, 
and there is an xEX(G)AG,, so that f(x)eG. As xEG,, f(x)eG, and 
G ^ G; is not empty, G and G, being arbitrary Y,-neighbourhoods of y and 
f(z), respectively. As 4, is Hausdorff, 


f@=y, zeg, X(G)S 4,x, 9,f(X) € f(X). 


By Theorem 0.4.8 the last two sets are the same. 


Using product topologies, Theorems 0.4.8,0.4.10 extend to functions of two 
or more variables. Let A be a set of suffixes and, for each ae A, let (K,, 4,) be 
a topological space. For L the union of the K, so that K, c L (ac A), we 
construct 


K= Q; E. G=®,G,, Geng, (acA). 


The family # of all G with G, = K,, except possibly for just one ac A, is a 
sub-base for the required product topology, a base is the family .¥ of all G 
with G, — K, except possibly for a finite number of a€ A, and the product 
topology 4 is the family of all unions of subfamilies of f£, with the empty set 

We now bring in the algebra with the topology. First we say that K is a 
topological group with topology G, if (K, 4) is Hausdorff, a group using x. y, 
and with x ^! .y 4 @ Y-G-continuous. Normally the mention of % is sup 
pressed. There are weaker conditions that lead to the same conditions, see the 
examples. 


Theorem 0.4.11. If K isa topological group with topology %, and G a 
G-neighbourhood of a point ve K, there is a G-neighbourhood of x whose 
$-closure is in G. Such a topological space is called regular. 

Proof. For u the unit, u^'.x-x, so that by continuity there are 
4-neighbourhoods G; of u, G, of x, with G, !.G, € G, If yi G}, Gi, y is a 
G-neighbourhood of y, and so has a point ze Ga, Thus, for some 


(Ur Gis g. y 5 y il l Zt G, ! G, | G, G, | G N 
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Theorem 0.4.12. If K is a topological j 
y un bi a gical group with topology 4, and X S K, 


Proof lfyeX.G !theny-x.g^! Y 

: y=x.g * (xe X,geG),xex.g™. -nei 
ele of x. Hence for veX n(x.g !.G) oan Mic ue 
y-v.h^ieX.G-1, X.G-! c X.G-1. The opposite inclusion is trivially 
tree . The opposite inclusion is trivially 


Theorem 0.4.13. In a topologi j j 
è pological group K 
there is a sequence (G;) € 4 with icr C a 
G, =G, ueG;, G,.G;* SG,-, (j =2, S: 
Gy+1-Gy+2-°°'.G,SGy (q 2 NZ 1) 


Proof. By continuity of x. y and x. y ^!, given ue Ge there isa Gj}, with 
u€G;,,1€2, Gren, Dier, Drun. Greet: (jol2,...) 
Gyai 77.8, 4. Ga S Din, rr Da Da Gy S Dan, Da Gaai 
S... S Gys,-Gyi, € Gy. O 


Theorem 0.4.14. In a to ] ; 
. pological group K ; 
each Ge with ueG, then ye X. group K with topology 4, if ye X .G for 


Proof. If y=x.g for xeX S 
. , gEG, then x = y.g ! and Xn (y.G !)i 
f ) y.G ^)is not 
SEN Given an arbitrary Y-neighbourhood G, of y, a Ee G 
of u has y. G ! € Go, X A Ge is not empty, and ye X. O 


‘a ops additive groups we have linear spaces in which we impose topo- 
se E : a linear space K is a normed linear space, or a normed space, if to 
x€ K corresponds a real number |x| called the norm of x, which satisfies 


(0.4.21) [0| = 0; |x| > 0 (x #0), 
(0.4.22) Ix + yl <|x| + ly] (x ye AR 
(0.4.23) |ax| = |a||x| (x e K, ae F (scalar field)). 


T _ : E T. 

i yl ps metric B K, giving the norm (or strong) topology. 

s a linear topological space (topological vector s if K 
D A - m 

» a SE Se under addition, if the scalar field F has a om At 
pping (a, x) > ax of F x K > K is conti i i 

of F and K, and the topology of K. M eo DM Ed 

For F the real line R, a set X c K is convex if x, ye X and 0 <a < 1 imply 


ax -4 (1 a) y X, 
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A set X is balanced (équilibré) if xe X and |a| « 1 imply axe X. A set X is 
absorbing M for each x eK there is an a > 0 with a! xe X. Then 


py(x) = inf {a:a > 0, a~*xeX} 


is the Minkowski functional of the convex balanced and absorbing set X © K. 

A linear topological space is called a locally convex linear topological space 
(or a locally convex space) if each G-neighbourhood of 0 contains a convex, 
balanced and absorbing 4-neighbourhood of 0. In such a space a convex, 
balanced and absorbing closed set is called a barrel (tonneau). Then also K is 
called a barrel space if each of its barrels contains a Y-neighbourhood of 0. 
Theorem 0.4.15. A locally convex space K of the second category is a barrel 


space. 


Proof. Let X be a barrel in K. As X is balanced and absorbing, K is the 
union of closed sets nX (n = 1,2,...). As K is of the second category with nx 
continuous, one nX, and so X, have interior points, say nxo and xo. If xo = 0, 
X contains a G-neighbourhood of 0. If zez 0 then —xgeX as X is 
balanced. By convexity X contains (xo +(—Xo)) 70 as a G-interior 
point. O 


A linear space is an F-space if 

(0.4.24) it is a metric space with an invariant metric d, i.e. 
d(x, y) = d(x — y, 0); 

(0.4.25) the mapping (a, x) > ax of F Q K > K is continuous in a for each x, 
and continuous in x for each a; 
(0.4.26) the metric space K is complete. 

Here, |x| = d(x, 0) is a norm. 

A complete normed linear space (LN C-space, or Banach space) is a normed 


linear space that is complete in its norm topology. Or, a Banach space in an 
F-space with |ax| — |al.|x| for the norm of the general vector in the space 


Theorem 0.4.16. An F-space K is a topological group of the second category 

Proof. By (0.4.26) and Theorem 0.4.4 (Baire's category theorem) the space is 

of the second category. Given e > 0 and an integer k, the set Q(a, k, £) where 
\2-*ax| + | —2°>ax| < € 


is closed since 2~*ax and —2 Fox are continuous in x for each fixed a, K. 


Then " 
Qik c) Q Qa k,e) Pale) = () Qik e) 
1 kom 


DE 
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are also closed. These are the respective sets where 


N,(x) = sup {|2~*ax|+|—27*ax|}<e,  N,(x) «e (allk >m). 
la| «1 


Since ax is continuous in a, given x€ K, there is an integer m depending on x, 
t, such that N,(x) < e (all k > m) and so xe P, (c), and K is the union of the 
P „(£) for each e > 0. Since K is of the second category, there is an m for which 
P, (c) is dense in some sphere S. As P,,(c) is closed, it contains S. Now 


I2" *a(x — y)| + | 22^ *a(x — y)| < |2^*ax| + |-2^*ay| + | -27*ax| 
+ |2^*ay| < N,(x) + Ni(y) 
N,(x — y) < N,(x) + N,(y), 


taking the supremum for |a| < 1. Hence in the sphere S, with centre the 
origin and with the same radius r as S, we have 


|2 *ax| + |—27*ax| < 2e(\a| <1), |ax| + | — ax| < 2e(ļa| <27*, |x| < ô) 
and ax is continuous in (a, x) at the origin, and so everywhere in K, and K isa 
topological group. O 


Note that the use of 2~* is to ensure a countable number of P„(e) for each 
£ > 0, for the use of Baire's category theorem. 


Theorem 0.4.17. All locally convex F-spaces and all Banach spaces are barrel 
spaces. 


Proof. By Theorem 0.4.16 an F-space is a topological group of the second 
category. By Theorem 0.4.4 the same is true of Banach spaces. We now use 
Theorem 0.4.15. O 


Some barrel spaces are locally convex spaces of the first category. A linear 
topological space K is said to be an a-space if there is a sequence (X,) of 
subsets of K with union K, such that 


(0.4.27) 0eX,,X,— X, € X... (n=1, 2, 3,...), 
(0.4.28) | and every set X, is nowhere dense in K. 


A linear topological space K that is not an a-space, is called a fiÓ-space. Then 
every sequence ( X,) of subsets of K satisfying (0.4.27) does not satisfy (0.4.28), 
and at least one X, is dense in some neighbourhood. 


Theorem 0.4.18. Every locally convex [I-space K is a barrel space. 


Proof, Vor X a barrel in K and so closed, and X, = 2"X (n = 1,2,...),(X,) 
satisfies (0,4,27), so that an A, is dense in some neighbourhood, and the same 
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is true of X. Being closed, X contains the neighbourhood. Now apply the end 
of the proof of Theorem 0.4.15. (1 


Sargent (1953) gives examples of spaces of integrable functions that are 
locally convex fi-spaces of the first category, Thomson (1970b) brings in 
barrel spaces, and Henstock (1963c), pp. 142-9, gives a theory for topological 
groups. See Section 8.3 later. 

A linear function or functional F: K > H with K, H normed linear spaces 
each with the scalar field R (real line), is an F with the properties 


(0.4.29) F(f-g)- F(f)-F(g) (all, ge K), 
(0.4.30) F(af) = aF(f) (all ae R, fe K). 


The norm of F is defined to be sup |F( f)|/| f |(f& K, | f| 4 0), written |F| as for 
the norm of f. The first and second norm signs refer to the norms in K, H, 
respectively. 

Theorem 0.4.19. A linear function F on K that is continuous at a point of K 
has a finite norm, and conversely, a linear function F on K that has a finite norm 


is continuous everywhere in K. 


Proof. For linear F, if continuous at fe K, then given e > 0, there is a ô > 0 
such that for all ge K with |g — f| < ô, we have 


(0.4.31) |F(g) — F(f) «& IF(g —f) «e 


on using (0.4.29). As e > 0 is arbitrary, F is continuous at the zero 0 of K, and 
then everywhere in K. Noting the scalar multiplication in (0.4.30), (0.4.31) for 
just one £ > 0 gives 


Daniel = 38lgl/1gl = 46 < à(1gl # 0, ge K), 
|25F(9)/Igl| = |F39/ 190] < s. 


(0.4.32) |F(g)| | 1g] < 29/0. (g #0, ge K), 


and |F| is finite. Conversely, (0.4.31) follows for each fe K, from (0.4.32). 


Theorem 0.4.20. Let K be a normed barrel space, H a normed linear space, 
both with scalar field R, and let F be a collection of continuous linear 
functionals F: K = H, If for each ge K the corresponding collection of F (g) is 
bounded, then the corresponding collection of norms |F| is also bounded. 
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his is (an extension of) the celebrated theorem of Hahn, Banach and 
Steinhaus, see Banach and Steinhaus (1927). H can be just a locally convex 
topological vector space, until at the last we need a norm. 


Proof. For V a closed convex balanced set in H containing a neigh- 
bourhood of 0, put 


B= (FO) (gs {F(g): FeF}. 


Then B is closed, convex and balanced. It is also absorbing, for if ge K, F (g) is 
given to be bounded and so lies in aV for some a > 0. Hence g€aB and B is 
absorbing. So B is a barrel in the barrel space K and so contains a 
neighbourhood of the zero. As F (B) € V for all Fe F, and as V is arbitrary 
with K, H normed spaces, the argument of Theorem 0.4.19 shows that the 
collection of norms |F|, for the Fe F, is bounded. o 


A subset X of a locally convex topological vector space K is called 
precompact if, for every convex balanced neighbourhood U of the Zero, X is 
covered by a finite number of sets of the form a + U (ae K). 


Theorem 0.4.21. Let K be a barrel space and H a Hausdorff locally convex 
topological vector space. If (F,) is a sequence of continuous linear functionals of 
K into H that is pointwise convergent to a functional F,, then F, o i$ a continuous 
linear functional and the convergence is uniform on every precompact subset 
of K. 


Proof. For each fek, (F,(f)) is bounded and so by the proof of 
Theorem 0.4.20, (F,,) is equicontinuous, in the sense that if V is an arbitrary 
closed convex balanced set containing a neighbourhood of zero in H, there is 
a neighbourhood U of zero in K with F,(U) € V for all n. For feu, 


Fo(f) = lim F,(f)eV=V 


and F, is continuous at the zero, and trivially linear, and so continuous 
everywhere. If X is a precompact set there are a; and integers m; 
(j=1,..., k) with 


X € Ua; $0), F,,(a;) — Fo(aj)e4V (n > m;). 


1sjs 


For ny = max(m,,... , m) and n > no, and each fe X, there is some j with 
f — a;eiU, and 


FAS) — Fo(f) = Ff — aj) + F,(a;) — Fo(a;) 
= Fo(f— a)e FU) - 4 V + FGU) V, 


Thus the convergence on X is uniform, |] 
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When H — R (real line), Theorem 0.4.20 (Banach and Steinhaus) holds for 
a normed K if and only if K is a barrel Space. See Robertson and Robertson 
(1966), Proposition 1, Corollary 1, pp. 65—6. The proofs of Theorems 0.4.20, 
0.4.21 are taken from that book. In these two theorems K can be a Banach 
space, a locally convex F-space, or a locally convex f-space; sec 
Theorems 0.4.17, 0.4.18. 


Exercise 0.4.1 Prove that the product topology contains the intersection of 
a finite number of its sets, and so satisfies all conditions for a topology. 


Exercise 0.4.2 Prove that if (T p (j= 1, 2, 3) are topological Spaces 
with f: T, > T; and g: T, > T; both continuous, then g(f(.)): T, > T, is 
continuous. 


Exercise 0.4.3 Let (T, 4) be a topological space, K the real line R or 
complex plane C with the modulus topology and let f: T> K, g: T> K both 
be continuous. Given that ek show that 


fh x fg fg 
are continuous. Given that K — R, show that 


max ( f, g), min ( f, g) 
are continuous. 


Exercise 0.4.4 Prove that a convergent sequence and its limit form n 
compact set. 


Example 0.4.5 In Theorem 0.4.8, let K, = R, the real line with the modulus 
topology, and K, = R@ R. Then equality of f(X) and f(X) does not always 
occur. For let f(x, y) = x + y, continuous in K,. Let X be the set of all 
negative integers and Y the set of real numbers n+4+1/n(n=3,4,..,), 
Then 

X=X, Y-Y, 4eX+Y, 44+? 


Exercise 0.4.6 Let x. y be continuous in (x, y) with X, Y compact in (K, 14 ), 
Prove that X. Y is compact in the product topology of K ® K. (Hint: Prove 
that X ® Y is compact and then use Theorem 0.4.7.) 


Exercise 0.4.7. Let (T, 4) be a topological space with C @-compact and 
(xp) © C, Prove that there is a point ve C such that if G is a neighbourhood 
of v then x,c 6 for an infinity of j. 


(Hint: Uf I’ is the closure of the set of points x,(K = j), the sequence (Pj) has 
the finite intersection property relative to € Hence there is à point v in the 
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intersection of all the F;. Let m be the greatest integer j for which x; has been 
found to lie in G. As ve Fm+1, then a value x,, with t > m + 1, lies in G.) 


Exercise 0.4.8 Whatever the space K, define p(x, y) to be 0 (x = y) and 
1 (x # y). Given that (x,) is a p-fundamental sequence show that for some N, 
x, = xy (all n > N), so that (x,) is convergent, and (K, p) is complete. 


Exercise 0.4.9 For s the space of all sequences of complex numbers and 
x = (x,)es, y = (y,)es, let 


p(x, y) = A A- "e, a Val / {A ep E? E Val}. 
Show that p is a metric for which s is complete. 


Exercise 0.4.10 Let m be the space of bounded sequences of complex 
numbers, with 


p(x, y) = sup E E Yal: 
Show that p is a metric for which m is complete. 


Exercise 0.4.11 Let c be the space of convergent sequences of complex 
numbers, which metric as in Exercise 0.4.10. Show that c is complete for this 
metric. 


Exercise 0.4.12 Let K be a group and a locally compact Hausdorff space 
with continuous multiplication. Prove that K is a topological group (R. Ellis 
(1957)). 


05 BASIC DEFINITIONS AND THEORY FOR ORDER 


A set K is partially ordered if a relation x < y between some x and y of K 
satisfies: 


(0.5.1) x < y and y < z imply x <S Z; 
(0.5.2) xxx (all xeK). 


If X € K,akeK is an upper bound of X when x < k for each xe X. A ke K 
is a supremum of X if k is an upper bound and if k < m for all upper bounds m 
of X. AkeK isa lower bound of X if k < x for each xe X, and k is an infimum 
of X if kis a lower bound and m < k for all lower bounds m of X. The set K is 
directed upwards if every finite subset of K has an upper bound; K is directed 
downwards if every finite subset of K has a lower bound. In either case K is a 
directed set. 
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In this book we use two important examples of directed sets, the set ¥ of all 
positive integers with the natural order, and the set A|E given later, set 
inclusion being the order, and the direction being ‘as % shrinks’ (defined 
later). A sequence is a function S: % > K, and a generalized sequence for a 
directed set D is a function S: D> K. 

Using the samesign « for D (directed set) and K (partially ordered set), if 


(0.5.3) S:DK,S(d)) S(d, (d, < d, in D), 
we say that S is monotone increasing. If we replace (0.5.3) by 
(0.5.4) S: D> K, S(d,) x S(dj) (d, < d; in D), 


we say that S is monotone decreasing. If either occurs, we say that S is 
monotone. We often replace K by 2F, the family of subsets of K, the partial 
order being set inclusion. 

For (K, 4) a topological space, D a directed set, and S: D> K, S is D 
convergent with D-limit ke K if, given any Y-neighbourhood G of k, there is a 
d, € D depending on G, with S(d)e G when d, < d (d < d,)in D for D directed 
upwards (downwards, respectively). If S: D — 2* we replace S(d)c G by 
S(d) SG in the definition of S D-convergent to k. When S is monotone 
decreasing, S is D-convergent to a set X S K if X S 4 S(d) for all d e D, and if 
for té X there is a deD with t¢YS(d), Then X = () YS(d). 

D 


Theorem 0.5.1. For (K, 4) a Hausdorff space and D a directed set, every 
D-convergent S: D > K (or 2*) has only one D-limit ke K. 


Proof. Two different D-limits have disjoint G-neighbourhoods, say Gi, Ga 
l'or D directed upwards and S: D — K, there are d;e D such that S(d)« G) for 
all de D with d; < d (j = 1, 2). Ford’ an upper bound of d,, d}, and d c D with 
d' < d, S(d)e G, ^ G5, the empty set. Hence if the D-limit exists it is unique 
For D directed downwards, use a lower bound, and if S: D 2^ use 
S(d)c G, O 


lVheorem 0.5.2. For (K, Y) a topological space, C Y-compact in K, D directed, 
S: D — C, and X (d) the set of all S(d') with d'eD and d = d'(d' = d) for D 
directed upwards (downwards, respectively), then 


(0.5.5) S=(\¢X(d) 


D 
is not empty, and if G is a -neighbourhood of S, there is a d c D with 
(0.5.6) X(d) « GAC. 


If S: D 2^ with D directed downwards, S monotone decreasing in the direction 
of D, and S(d) © € for some de D, then X (d) = S(d')(all d'c D), S(d') «. € (all 
d = d in D), and (0,5,5), (0.5.6) hold for S 
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(0.5.7) Further, if, with (L, 4,) a Hausdorff topological space, f: K > L is 
4-4 -continuous, then f (X (d)) has D-limit f (S). 


Proof. As D is directed and by construction of X (d), X(.) and 4 X(.) have 
the finite intersection property relative to C. By Theorems 0.4.6, 0.4.5, 5^ C is 
not empty and C\G is Y-compact for $ € Ge@. If xe C\G then x¢S and 
there are d(x)e D xeG(x)e4 with S(d) G(x) empty for all deD with 
d(x) < d (for D directed upwards). The G(x) cover C\ G, so that so do a finite 
number, say G(x4), ... , G(x,). For d' an upper bound of d(x,),..., d(x,), 
G(x,)U ++: UG(x,) contains no points of S(d) when d’ <d in D, and 
GX (d') ^ (CNG) is empty and (0.5.6) true. Similarly for D directed down- 
wards and for S: D + 2F. For (0.5.7) let t¢f(S). As 4, is Hausdorff and 5 
compact, so that f(S) is compact by Theorem 0.4.7(0.4.20), there are disjoint 
-neighbourhoods Gi, G;, respectively, of t and f (5) by Theorem 0.4.9. For 
G a 4,-neighbourhood of f(S), by 4-4,-continuity of f there is a 4- 
neighbourhood G4 of S with f(G,) S G^ G,. There is a deD with 
X(d) € G3, by (0.5.6, so that f(X(d) € G^ G, and téf(X(d)). Hence 
(0.5.7. D 


A lattice is a partially ordered set K for which 
(0.5.8) if x < y and y < x, then x= y (x, yeK); 
(0.5.9) if x, ye K, pair (x, y) has a supremum x v y and an infimum x ^ y. 


A lattice K is order-complete if every non-empty subset of K with an upper 
bound has a supremum, and every non-empty subset of K with a lower 
bound has an infimum. A lattice K is relatively order-compact if every non- 
empty subset of K has a supremum and an infimum. An order-complete 
lattice can be made relatively order-compact by adjoining two elements 
analogous to +% and —oo. 

Using o for an abbreviation for order, with D a set directed upwards and K 
a lattice, a function S: D > K is o-convergent to the o-limit ke K, written 
S(d) +k, or k = o-lim S(d), if there are two sets D,, D,, directed upwards, 
and T;: D K (j = 1, 2), T, monotone increasing, T, monotone decreasing, 
such that 


(0.5.10) k = sup T, (p) = inf T,(q); 
(0.5.11) given p, q, there is a de D such that for all d' of D with d < d', 
T,(p) < S(d') < T;(q). 


Temple (1971), p. 16, calls such an arrangement the ‘bracketing of a wild 
function by two tame ones’. 


Theorem 0.5.3. For D a set directed upwards and K a lattice, the necessary 
and sufficient condition for a monotone increasing S: D => K to be o-convergent 
to k, is that sup S(d) exists and is Kk. 
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Proof Let S(d)->k. Given q, a d exists for (0.5.11). D being directed 
upwards, given d'e D, there is an upper bound d" of d, d' with S(d") < T,(q). 
By the monotonicity of S, S(d') < T>(q) and S(d') is a lower bound of the 
T,(q) in (0.5.11). Thus 


(0.5.12) S(d') < inf T,(q) = k (all d'eD), supS(d) < k. 


If S(d) < v (all de D) then by (0.5.11), T, (p) < v (all pe D,) and v is an upper 
bound of the T, (p), so that k = sup T, (p) < v. For v = sup S(d), k < sup S(d) 
By (0.5.12), (0.5.8), k = sup S(d). Conversely, for monotone increasing, 
S(d) with supremum k we take D, = D, = D, T,(q) — k (all qe D), and 
T, (p) = S(p) (all pe D), and (0.5.10), (0.5.11) are true. Hence the result. |] 


Theorem 0.5.4. 

(0.5.13) If S:D— K, S*: D> K, S(d) < S*(d)(deD), S(d) >k, S*(d) ^k*, 
then k < k*. 

(0.5.14) If S(d) o-converges to a limit, it is unique. 

(0.5.45) If S'(d) < S(d) < S*(d)(de D), o-lim S'(d) = k = o-lim S*(d), then 
S(d) 5 k. 

(0.5.16) Like a subsequence of a sequence, if D* c D with the same order, if for 
each d e D there is a d* € D* with d < d*, and if S: D > K, S*: D* > K have 
S* (d) = S(d)(de D*), then S(d) 5k implies S*(d) >k. 


Proof. For (0.5.13) let T7 be the T, for Sr For pe D,, qc DI there are 
d, d*eD with 


T\(p) < SL S*(d") < T3(q) (all d', d" €D with d < d', d* € d"), 
Both inequalities hold with both d, d* replaced by d, = sup(d, d*), and with 
d' = d" > d, so that 
lip) € S(d') < S*(d') < T3(q), k = sup Ti (p) < T$ (q), k « inf 1 3(q) An 
(0.5.14) uses (0.5.13) and (0.5.8). For (0.5.15) replace S", S* by T^, IT. For each 
p, q there are d d*eD with 

T (p) € S'(d,)(d' < d, in D), S*(d,) < T*(q)(d* < d, in D), 
Use sup (d', d*). For (0.5.16) D, and D, are independent of D and so of Dn. If 
(0.5.1 1) holds for D, then it holds when we restrict d, d’ to lie in D*, which is 
possible since for each d there is a d* with d < di Thus the first o-limit 
implies the second. [1 


The definitions of fundamental and convergent sequences in a metric space 
(sce the remarks between (0.4.16) and Theorem 0,4,3) are straightforward and 
well known, as is the definition of order-converpence involving (0,510) and 
(0.5.11), Turning to fundamental (Cauchy) and order-fundamental (order 
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Cauchy) sequences and functions in a space K with a multiplication opera- 
tion x. y, possibly without a subtraction operation, it appears that we cannot 
use Weil's uniform spaces unless K is a group or something similar. McShane 
(1969), p. 3 and p. 5 (2.7), seems to be the first to give a suitable definition, 
followed by Henstock (1978), p. 72, and the following is a simplified version. 

Let D be a set directed upwards. If D is directed downwards we replace 
d < d' by d' < d. For a topology 4 in K and a multiplication operation x. y 
on every pair x, y of points of K, a function S: D  K (respectively, 2%) is D- 
convergent if there is a te K such that for each 4-neighbourhood G of t there 
isa de D with S(d')eG (respectively, € G) for all d < d' in D. Then t is called 
the D-limit of S. The function S is D-fundamental if there is a t € K such that for 
each Y-neighbourhood G of t there are an se K and a deD with s.S(d')eG 
(respectively, € G) for all d < d' in D. If for K, D, every such D-fundamental 
S is D-convergent we say that (K, 4) is D-complete. 

In a topological group the definition of D-fundamental becomes more 
traditional. For s. S(d')e G gives S(d')es !.G, a 4-neighbourhood of s^! .t. 
If also S(d*)es~'.G, then 


S(d*)^!.S(d')eG-!.s.s *.G— G71.G = Go, 


a -neighbourhood of the unit u, which is the traditional definition for 
a group with a topology. Conversely, if S(d*) '.S(d')eG,, we take 
s = S(d*) !, t = u; for the semigroup definition of D-fundamental. 

For order-fundamental functions the 4-neighbourhood is replaced by two 
functions T, as in (0.5.10) with t replacing k and with s.S(d’) replacing S(d’) 
in (0.5.11). 


Theorem 0.5.5. For some keK let k.x be continuous in x. Then a D- 
convergent S is D-fundamental. 


Proof. If x = D-limit S let G be an arbitrary Y-neighbourhood of k.x. By 
continuity there are a Ge% with xeG, and k.G, € G, and a deD with 
S(d')e G, (respectively, = G,) for all d < d' in D. Then k.S(d')eG (respect- 
ively, € G), as required by the definition of D-fundamental. UO 


Theorem 0.5.6. For the positive integers ¥ let an N: D + J exist, monotone 
increasing and unbounded. Then a D-complete K is .4-complete. Conversely, let 
each point of K have a countable base of its €-neighbourhoods and let x.k be 
continuous in k for each x e K. Let S: D — K be D-fundamental, so that for a 
te K and a countable base (G,) of 4-neighbourhoods of t that we can assume are 
monotone decreasing, we have 


(0.5.17) (s,) SK, (d)€ D, sS(d)cG, (all deD with d,- d), for 
n«m1,2,.... 
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(0.5.18) Iffor some point t € K, each G-neighbourhood G of t, and some se K, 
d € D, both depending on G, we have s.S(d')e G (or S G) for all d < d' in D, 
with S(d,) — x as n — oo, then S(d) is D-convergent, and so to x. If K is 
Jf complete, then it is also D-complete. 


Proof. Let (x,) € K be an .%-fundamental sequence with V(d) the set of x, 
with n > N(d). Then a te K is such that for each 4-neighbourhood G of t, 
there are an se K and an integer p with s.x,,€G when m > p. If d has 
N(d) > p then s. V(d) € G and V(d) is D-fundamental and so D-convergent 
to a D-limit, say x. By construction of V(d), (x,) is ./-convergent to x and K is 
.f-complete. Conversely, let K be .¥-complete and let S, (s,), (d,), G, be as in 
(0.5.17). The G, being monotone decreasing, we can assume the d, monotone 
increasing, replacing d, by sup(d,, d,,..., d,) if necessary. Writing 
x, = S(d,), Sn- Xm € G, (m > n). As the G, are a base for the 4-neighbourhoods 
of t, (x,) is %-fundamental and so ¥-convergent, say to x. Thus S(d,) is 
./-convergent to x, and so S satisfies the conditions of (0.5.18), and is 
D-convergent to x, so that K is D-complete. 


Requirement (0.5.18) is complicated but makes good sense when K is a 
topological group, taking t = u. For we have 


S(d,)ex.G(n > m) S(d')es ^! G, S(4,) ! . S(d')eG !ss !'G-—G It 
S(d')eS(d,)G-  GexGG-!G. 


A judicious use of Theorem 0.4.13 with G replaced by a G; shows that S(d) is 
D-convergent to x. Thus (0.5.18) is not just a hope but a reasonable require 
ment. 

Finally we have a slight anomaly. 


(0.5.19) When K = R or C with x.y denoting ordinary multiplication, then in 
the definition of a D-fundamental S(d) we have to take t # 0. 


For if in the definition t = 0 = s, then s. S(d')e G for any S(d'), even for n 
divergent S(d). However, if t #0 we can take G so that 0d G and then we 
cannot have s = 0, 


Example 0.5.1 For an example in which intuition can lead us astray let D be 
the family of finite sets of real numbers such as d and d,, and let a direction in 
D be given by d < d, meaning d € d,. If 


0 (x du 
I(x, y) ! De falX) 5 sup (x, y), 
| l (x y) ved 
then = 0 almost everywhere, yet for direction. upwards, lim f, — | 
d 


everywhere, 
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In the simplest case the process of integration is the addition of areas of non- 
overlapping elementary figures, possibly followed by the taking of some kind 
of limit. As with so many other things the Greeks began the process, and 
eventually Eudoxus (c. 408-355 B.C.) produced the method of exhaustions in 
which the geometry of the figures was used to fit a sequence of non- 
overlapping triangles inside the main figure to finally exhaust the area. About 
120 years afterwards Archimedes (c. 287-212 B.C.) detailed this first crude 
limit process, giving the areas of the circle and sections of the parabola and 
similar figures. A barrier to further progress was the lack of graphs, which 
were invented two thousand years after Eudoxus, in A.D. 1619, by René 
Descartes (1596-1650), and mentioned in a letter from Christiaan Huygens to 
his brother Lodewijk on 21 November 1669. At about that time the calculus 
was invented and used by I. Newton (1642-1727) and G. W. Leibnitz 
(1646-1716), and integrals were computed by inverting the differentiation of 
known functions. As shown in Section 0.1, the modern refinement of this 
process leads to the gauge or Kurzweil-Henstock integral. 

The first constructive definition of the integral was developed by many 
people including Daniel Bernoulli (1700-1782), L. Euler (1707-1783), S. D. 
Poisson (1781-1840) A. L. Cauchy (1789-1867), G. F. B. Riemann 
(1826-1866), and J. G. Darboux (1842-1917), who finally gave the definition 
that elementary calculus books now use. See Cauchy (1821), Riemann (1868) 
(written 1854), H. J. S. Smith (1875), Darboux (1875), and Gillespie (1915), 
while a recent account can be found in Henstock (1988a), pp. 1-3. 

Riemann (1868), art. 5, shows that the necessary and sufficient condition for 
his integral of a bounded function to exist is that the total length of the 
subintervals for which the oscillation is greater than any fixed positive 
number, is arbitrarily small. Those already knowing measure theory will 
recognize that here appears the result that a bounded Riemann-integrable 
function is continuous almost everywhere, though not expressed in the 
‘Lebesgue’ notation. (Nowadays it is customary to refer results in Lebesgue 
integration back to Lebesgue, even though he did not produce everything.) 
Note that E. Borel (1871—1956) and H. Lebesgue (1875-1941) were both born 
after Riemann died. It could be that Riemann's condition inspired them to set 
up a theory of measure of sets of points on the real line, and then the 
Lebesgue integral, which we will consider in turn. 

Given an interval [a, b] on the real line with b — a finite, Riemann used 
partitions (0.1.2, choosing an arbitrary point x; in uj, € x; €u;. If 
f:[a, b] > R is the function to be integrated, Riemann calculated the sum 


s= A. f(xy)(u,— uj-,). 
CH 


If s tends to a limit as the mesh of the partition tends to 0, where the mesh is 
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the greatest length of the subintervals, and so the maximum of u; — uj..,, we 
say that the Riemann integral of f over [a, b] exists. Darboux (1875) Section 2, 
replaced f (x;) by the supremum of fin [u;..,, uj] to obtain an upper Darboux 
sum U. For a lower Darboux sum L he replaced f (x;) by the infimum of f in 
[u;-1; uj]. Clearly L < s < U. If Land U have the same limit J as the mesh 
tends to 0, we say that the Riemann-Darboux integral of f exists over [a, b] 
with value I, in which case s also tends to the same limit, which is therefore the 
value of the corresponding Riemann integral. Conversely, for a fixed partition 
of [a, b], we can take f(x;) as near as we like to the supremum in lu: , u, |, 
so that s can be taken as near as we like to U. Similarly, for different choices of 
the x; we can take s as near as we like to L, showing that if the Riemann 
integral exists, so does the Riemann—Darboux integral, with the same value, 
and for real-valued f the two integrals are equivalent. However, the 
Riemann-Darboux definition needs an order in the set of values and so can 
be used for lattice-valued functions, whereas for complex-valued functions 
the real and imaginary parts have to be integrated separately, and similarly 
for values in finite-dimensional Banach spaces. But the Riemann definition 
can be extended immediately to functions with these values and to functions 
with values in a topological space with addition and multiplication by 
scalars; see Graves (1927). In fact the Darboux method, useful in practice, 
turns out to be a barrier to further progress such as in the direction of the 
gauge integral. 

On Ra real-valued Riemann-integrable f has to be bounded, because of the 
Riemann-Darboux equivalent, but it can integrate some bounded simply 
discontinuous functions, see Example 0.1.1. But derivatives need not be 
bounded, see (0.1.8), though they satisfy Darboux's theorem on derivatives, 
Thus neither the Newton integral nor the Riemann integral includes the 
other. The common family of functions integrable to the same value by both 
methods on [a,b], contains all continuous functions over To, b |. (The in 
definite Riemann integral of a continuous function over the finite interval can 
be differentiated everywhere in that interval to obtain the continuous func 
tion, so that each continuous function is a derivative.) 

T. J. Stieltjes (1856-94), in his research (Stieltjes (1894), on continued 
fractions, used two functions f and g, instead of the single L replacing 
f ()(o — u) by f(t)(g(v) — g(u)), and defining what is now known as the 
Riemann-Stieltjes integral. This gives the famous expression of F. Riesz 
(1880-1956), of the most general continuous linear functional on the space of 
continuous functions on a compact interval; see Riesz (1914). Also see Bliss 
(19174), Carmichael (1919), Dunford (1938), p. 312, Vanderlijn (1941) (with g 
values in a Banach space), and Vulih (1941) (B. Z. Vulih (1913-78). 

H. L. Smith (1925) integrated 51 firt + f)! Juin) ` gia)! (Stieltjes: mean 
integrals) used by Steffensen (1932) in actuarial mathematics, de Finetti and 
Vacob (1935) pave the integration by parts, with an expression for the most 
peneral continuous linear functional on the space of bounded. functions 
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having at most discontinuities of the first kind. Also see Fréchet (1936) (M. R. 
Fréchet (1878-1973)) and Kaltenborn (1934, 1937). A complicated expression 
was given by W. H. Young (1914) (W. H. Young (1863-1942)). Expressions 


(fe) —f())^/(g(v) — gw} and (f(v) — fF} (h(v) — h())/(g(v) — gw} 


were integrated by Hellinger (1907, 1909) (Hellinger integrals), Hobson (1920), 
and Kolmogorov (1930). Then Gowurin (1936) integrated a bilinear function 
of f(x) and g(v) — g(u). J. C. Burkill (1924a, b, c) systematized the theory, 
integrating interval functions h(u, v) (Burkill integral). See also Saks (1927), 
R. C. Young (1928a), Getchell (1935), and Kempisty (1936b, 1939). 

From the Riemann integral up to this point, the integrals are mesh limits, 
we take the limits of sums as the mesh tends to 0. If the limits exist, they give 
constructive integrals as an algorithm can be used. For example, for the u; of 
(0.1.2) we can take u; = a + (b — a)j.27" (j 20,1,2,3,..., 2") with X; = uj. 

Moore (1915) seems to be the first to use refinement limits (o-limits, 
refinements of subdivisions) followed by Pollard (1923), H. L. Smith (1925), 
Hyslop (1926), Dushnik (1931), Getchell (1935), L. C. Young (1936), and 
Glivenko (1936). Lebesgue (1904, 2nd edn 1928, p. 272) (H. Lebesgue 
(1875-1941)) and Ridder (1933c) gave integrals equivalent to the refinement 
integral. See also Shohat (1930), Fréchet (1936), Copeland (1937), Dienes 
(1947) (P. Dienes (1882-1952)), and Appling (1962a, b, c; 1963a, b, and many 
more). Henstock (1946, 1948) applied c-limits to interval function integration, 
while Cesari (1962) used an abstractly defined mesh. 

Real and complex numbers have two algebraic operations, addition and 
multiplication. In all of the above we have used sums. Replacing sums by 
products, we have product integrals. Birkhoff (1937b, pp. 104—24), Masani 
(1947, 1981), Neuberger (1958), MacNerney (1964), B. W. Helton (1966, 1969, 
1973, 1976), Chatfield (1973, 1979), Martin (1973), Plant (1974), J. C. Helton 
(1975a, b, 1978), Kay (1975), and J. C. Helton and Stackwisch (1978) use the 
refinement definition, and so does part of the book, Dollard and Friedman 
(1979). Arley and Borchsenius (1945) give a special definition, and so does 
Hildebrandt (1959) (T. H. Hildebrandt (1888—1980)), that is equivalent to the 
refinement integral. 

All such integrals share the major limitations of mesh limits, they cannot 
integrate all finite-valued derivatives (or the equivalent for product integra- 
tion, nor the limits of all bounded convergent sequences of integrable 
functions over compact intervals. The Lebesgue integral removed the second 
of these limitations; see Lebesgue (1902, 1904, 1909a, 1910, and 2nd edn 1928). 
W. H. Young (1904b, 1905, 1910, 1914) used monotone sequences to extend 
Riemann's integral, W. H. Young (19045) being independent of Lebesgue 
(1902) as Young's paper was written in 1903 and Young read Lebesgue’s 
paper in 1904. Daniell (1917/1918) (P. J. Daniell (1889—1946)) appeared after 
Young's paper, so that W. H. Young has the priority for the method of using, 
monotone sequences of functions, See also Daniell (1919/1920), Stone 
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(1948(1), 1949), and McShane (1949) (E. J. McShane (1904—89)). Hahn (1915) 
and Tonelli (1923) (L. Tonelli (1885—1946)) used open sets of small measure, 
on the complement of which the function is continuous, extended the function 
linearly over each interval of the open sets, then took the limit of the Riemann 
integral of the extended function as the open sets shrank. Riesz (1919) used 
limits of step-functions. Banach (1923, 1932, pp. 30-32) (S. Banach 
(1892-1945)) used an abstract linear functional *Hahn-Banach' approach, 
with monotone sequences in Banach (1937), followed by Goldstine (1941) and 
Matsuyama (1942). All these methods were used to produce an absolute 
integral, for which, if f is integrable, so is |f|, and the same integral was 
produced in the end for real- and complex-valued functions f. 

Integration of Banach-space-valued functions began with Hildebrandt 
(1927), then Bochner (1933), Gelfand (1936, 1938), Dunford (1936a, 1937) and 
Mikusinski (1964a, b). Or the values can lie in a lattice, see Izumi and 
Nakamura (1940), Orihara and Sunouchi (1942), Izumi, Matsuyama, and 
Orihara (1942), Izumi (1942a), and Nakano (1943). Izumi (1942a) showed that 
the functions f can be replaced by a linear o-complete lattice having a 
sublattice of step-functions, following a method given by MacNeille (1941), 

Product integrals using Lebesgue-type methods can be found in Birkhoff 
(1937b, pp. 124-30) and Dollard and Friedman (1978a, b, 1979). 

Stieltjes-type integrals in this region began with Radon (1913) (J. Radon 
(1887—1956)) using a completely additive set function, now called a Radon 
measure, obtained from a point function g of bounded variation in n dimen 
sions. But for n = 1 the Riemann-Stieltjes integral of 1 relative to g in [a, b] 
always exists equal to g(b) — g(a), whatever the g, whereas the Radon integral 
does not exist when g is not of bounded variation. If the Riemann-Stieltjes 
integral of f relative to a g of bounded variation exists, so docs the corres 
ponding Radon integral, the two integrals being equal if g is also continuous 
The Radon integral integrates the limit function of a bounded sequence of 
Radon-integrable functions over a finite interval if g is fixed. The Lebesgue 
and Radon integrals over a Baire set M contained in a finite or infinite 
interval I follow on multiplying the integrand by the indicator of M and 
integrating over J. Fréchet (1915) generalized Radon's theory to a afield in a 
peneral set, using W. H. Young's upper and lower integrals in part of the 
theory. Dunford (1935a, b) defined the integral in a Banach space, using, the 
L,-norm, while Birkhoff (1935) extended Fréchet's theory to a Banach space, 
his integral including Dunford's. Next, the measure values were put in a 
Banach space, with a bilinear transformation from the two Banach spaces for 
the values of f and the measure, to a third Banach space; see Bochner and 
l'aylor (1938), and Price (1940) who used ideas from Gowurin (1936), W, H, 
Young, and Birkhoff. Pettis (1938) defined a ‘weak’ integral using continuous 
linear functionals on a normed linear space with weak converpence, see 
Bourbaki (1959), Brooks (19694), Uhl (1972), and Chatterji (1974), Phillips 
(1940) had values in locally convex linear topological spaces, Rickart (1942, 
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1944) generalized Phillips (1940), Gowurin (1936), and Price (1940). Bochner 
and Fan (1947) gave a Young-Daniell-type definition with measure values in 
certain ordered spaces, the point function being real-valued. Carathéodory 
(1938) replaced the subsets on which the measure function is defined, bya 
Boolean algebra, and was followed by Wecken (1939), Ridder (1941, 1946), 
Olmsted (1942), Gomes (1946), and Kappos (1949). See also Freudenthal 
(1936). Izumi (1941) replaced Lebesgue sums by abstract linear forms and 
applied Moore-Smith limits. Also see Bartle (1956), Bogdanowicz (1965), 
Dinculeanu (1966) and Brooks (1969a, b). Dobrakov (1970, b) generalized 
Bartle (1956); both take f-values in a Banach space X and measure values as 
bounded linear operators from X to another Banach space Y, so that the 
measure value operates on the f-value. Kunugi (1954) defined a structure, an 
'espace rangé' (ranked space), weaker than a topology, and used it to define 
an absolute integral; see Kunugi (1954, 1956), Enomoto (1954a, b, c, 1955a, b), 
where the name changed to Nakanishi (1956, 1957a, b, 1958, 1968a, b, c, 
1969a, b, 1974, 1978a, b, 1978/1979, 1979, 1984), Nakanishi and Fujita (1970), 
and Okano (1957, 1958a, b, 1959a, b, c 1960, 1962a, b). 

Previous attempts at a Riemann-type definition of Lebesgue integration 
were given by Lebesgue (1909a, pp. 30-33), Borel (1910a, b), Hahn (1914), 
Denjoy (1919, 1931), and Levi (1941), but little progress was made. Only in 
the 1960s was a successful theory developed, in the sense that it included at 
least the proof of some theorem of ‘Lebesgue’ power, the first being Henstock 
(19615). But as the Riemann-type definition also applies to non-absolute 
integration, in which | f| need not be integrable even if f is, we turn to non- 
absolute integration, the main theme of this book. It began implicitly with the 
calculus and was brought out by Cauchy's work on functions with asymp- 
totes in the bounded interval [a, b]. If at a, the integral over [a, b] is defined 
as the limit (if it exists) of the integral over [c, b] as c > a + , where the latter 
integral is a Riemann integral or has itself been defined by such an extra limit 
process. This is now known as a Cauchy limit, see Cauchy (1823, Lec. 25); and 
similarly if the asymptote is at b. If there are many such asymptotes the 
process becomes difficult. If a is replaced by — oo, or b by +00, or both, we 
use the Cauchy limit process again, see Cauchy (1823, Lec. 24). For finite a, b, 
the integral over (— oo , b] is the limit of the integral over [a, b] asa — — oo, 
the integral over [a, + oo) is the limit of the integral over [a, b]asb — +00, 
supposing the limits exist, while the integral over — oo, +00) is the sum of 
the integrals over (— oo, 0] and [0, +œ), or the limit of the integral over 
[a,b] as — a and b tend independently to + oo . These details are elementary 
but should be remembered in this context; the implications were studied by 
de la Vallée Poussin (1892a, b) before Lebesgue's famous paper. A similar 
integral occurs in complex variable theory, but there, — a = b — + oo,anda 
divergence on the left can be cancelled by a divergence on the right, and a lot 
of the theory fails. After 1902 it was seen that a Riemann-integrable f is 
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Lebesgue-integrable, the converse being false, as the indicator of the rationals 
shows. But the modulus of the derivative of x?sin(x ?) is not Lebesgue 
integrable over [— 1,1], so that Newton’s integral is not included in 
Lebesgue's and it is natural to look for an integral that includes both. 
Beginning with Lebesgue integration, Denjoy (1912a,b) (A. Denjoy 
(1884—1974)) defined a process of totalization that others called the special 
Denjoy integral, using Cauchy limits and an extension of Harnack (1884), sce 
Theorem 2.10.7, in a transfinite inductive process. Modifying the Harnack 
extension he defined the general Denjoy integral, Denjoy (1916), and inde 
pendently Hin¢in (Khintchine) (1916, 1918). A systematic account is given in 
Denjoy (19165). Luzin (1912c) gave a descriptive definition of the special 
Denjoy integral. 

Lebesgue and Newton integrals are included in Denjoy's special integral, 
which is included in his general integral. The Denjoy integrals are nol 
absolute, | f| need not be integrable if f is. But if both f and |f| are Denjoy 
integrable, they are also Lebesgue integrable. Lebesgue integrals are in some 
ways like absolutely convergent series, while the Denjoy integrals are analog, 
ous to conditionally convergent series, and so need to be studied, not just for 
their esoteric value, but for practical use. Thus there is a need of simpler 
definitions than those of Denjoy. His process was axiomatized, sce Saks 
(S. Saks (18977—1942)) (1930, 1937 pp. 254-9), MacNeille (1941), Natanson 
(1961, pp. 169—78), and Solomon (1967, 1969a). 

A chain of descriptive integrals began with the Perron integral of Perron 
(1914) (O. Perron (1880-1975)). Then Hake (1921) proved that if the special 
Denjoy integral exists, so does the Perron integral, with the same value, and 
Aleksandroff (1924a, b) and Looman (1925) proved independently that if the 
Perron integral exists, so does the special Denjoy integral. Thus the two 
integrals are equivalent, see Saks (1937, pp. 247-52). Then Tolstov (1940) pave 
a Perron-type integral equivalent to the general Denjoy integral, 

A special Denjoy-Stieltjes integral can be defined if the integrator g is [airly 
smooth, and in particular if g is continuous and monotone; see Henstock 
(1960c). A Perron-Stieltjes integral can also be defined when g is strictly 
increasing. Otherwise definitions tend to be difficult. This led Ward (19364) to 
replace derivatives by increments to define the Ward integral, equivalent to 
the Perron-Stieltjies and special Denjoy-Stieltjes integrals when they are 
defined. The variational integral, equivalent to the Ward integral, was defined 
in Henstock (1960a, 1963c). 

The next step, travelling back to a Riemann-type integral, was taken 
independently by Kurzweil (1957, 1973a, b, 1978, 1980) and Henstock (1955b, 
pp. 277-8, 1963c, 1968a, 1988a). See also Henstock (19615) which gives a 
Riemann-type integral for an axiomatic system that developed into the 
division systems and spaces of later papers and this book, see Henstock 
(1968b, 1969, 19734, b, 1974, 1978, 1979, 19804, b, 1982, 1983, 1988/1989), 
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For Denjoy-type integrals, more general derivatives were used in Hin¢éin 
(1916, 1917, 1918), Denjoy (1917), J. C. Burkill (1923), Looman (1923), Saks 
(1923), Ridder (1931b, 1932, 1933a, b, 1934a, b, 1935a), Izumi (1933, 1935), 
Kempisty (1934, 1936a), Krzyzanski (1934), Verblunsky (1934), Jeffery (1939), 
Romanovski (1941a), and H. W. Ellis (1949). For Perron-type integrals see 
J. C. Burkill (1931, 1932, 1935, 1936b, 1951a); some of these can integrate all 
sum functions of convergent trigonometric series. So can the MZ-integral of 
Marcinkiewicz and Zygmund (1936), which exists when J. C. Burkill's (1951) 
symmetric Cesàro—Perron (SCP) integral exists. But Skvorcov (1972) contra- 
dicts Bullen and Lee (1973a, p. 499) as he says that the MZ-integral can exist 
sometimes when the SCP-integral does not. These integrals cannot integrate 
all Abel sums of Abel-convergent trigonometric series, and the 
Abel-Poisson-Perron integral of Taylor (1955) was constructed for this 
purpose. These and many more integrals that use a convergence-factor to 
smooth the integrand's oscillation, and with a length function as integrator, 
were put on a general foundation by Jeffery and Miller (1945), and Bullen and 
Lee (1973a) went further. Between the two papers, Henstock (19605) com- 
bined and generalized the approaches of Ward, and Jeffery and Miller, to give 
the N-integral, with the equivalent N-variational integral in Henstock 
(1960c). Being of Stieltjes type, the Ward, N-, and N-variational integrals 
cannot be included in Bullen and Lee's system, nor in Jeffery and Miller's 
system, while the N- and N-variational integrals include the other two. The 
N- and N-variational integrals are put into decomposable division spaces in 
Section 7.3 in the present book. 

Almost every integral that does not use a convergence factor in its 
definition is equivalent to a generalized Riemann integral over a division 
system or space or a similar structure. Henstock (1968b, pp. 219-25) gave 
several examples, and these and many more are given in Chapter 1 here. This 
causes a great economy in proving and displaying the theory. One no longer 
has to prove a result for one integral, and then when another integral of the 
same kind is considered, to prove the result again for the new integral. One 
proof normally suffices for all integrals of the particular system, and usually 
the greater generality gives a deeper insight into the mathematics involved. 
The generalized Riemann and variational integration theory has developed 
considerably since the original papers. The book, Henstock (1963c), now out 
of print, can now be replaced in the main by Henstock (19882), points not 
covered there being covered here. Many have written on the basic theory and 
have then developed other parts, and I hope to include as much as possible in 
the present book. Applications of the absolute part of the theory are given in 
McShane (1983), and for the moment I will not go over any part of the list of 
applications unless more of interest can be written. Neither will I deal with 
any non-standard theory using infinitesimals, such as can be found in 
Benninghofen (1984), Foglio (1985), and Mawhin (1986). Nor will any sys- 
tematic theory of the trigonometric or other orthogonal series be piven at 
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present. There is enough theory involved with the generalized Riemann and 
variational and N- and N-variational integrations, with functional analytic 
questions, to fill the present medium-sized book. 

Finally, this section shows that integration theory was not produced by a 
few individuals, but, on the contrary, it has been a co-operative effort of many 
people over a century (see the dates given). This section is an update of 
Henstock (19885). 


CHAPTER 1 


DIVISION SYSTEMS AND DIVISION 
SPACES 


1.1 DEFINITIONS 


Generalized Riemann and variational integration theory connect a base 
space T of points of some kind, a space K of values, and three structures, 
(a) division systems and division spaces in 7, (b) the algebra of K, (c) a 
topology or an order in K to define limits. As (a) is independent of (b) and (c) 
together, we can consider many combinations of the first structure with the 
other two. Two alternative theories of (a) differ trivially; here we begin with 
the theory using disjoint intervals, mentioning the one using non-overlapping 
intervals at the end of this section. The space K is the real line, the complex 
plane, or a Banach or more general space. Many integration processes have 
been devised for a variety of reasons. Almost every such process that does not 
use a convergence factor (a smoothing device) in its definition, can be given by 
a suitable division system or space—this is the point of the theory, as 
mentioned at the end of Section 0.6 on a partial history of integration theory. 

In the non-empty base space T of points of some kind we use a non-empty 
collection 7 of some non-empty subsets I of T called (generalized) intervals. 
These I are our ‘building bricks’, like intervals and rectangles in Euclidean 
space. But we are not restricted to Euclidean-type spaces, for see Section 1.11 
that deals with a general topological T;-space in which generalized intervals 
are compact set differences that have interior points. 

In integration theory we often associate points te T with intervals Ie 7, 
using products f (t) u(I), for example. Here we use a fixed family 4/! of some 
interval-point pairs (I, t) (I € 7, te T), saying that t is an associated point of I if 
(I, t) e &!. In Hellinger (1907, 1909), J. C. Burkill (1924a, b, c), and Cesari 
(1962) the t are omitted. Burkill integration was the first process that 
embraced many integrations in one method, but by including the t instead of 
omitting it, we are able to deal with many more integration processes. 


Usually there are many associated points t of each Ie., and to each te T 


there correspond many Ie 7 with t as associated point. Sometimes the t lie in 
one space, the I in another, with connections between the two; or several t 
could replace the single t, as in the weighted refinement integral of Wright and 
Baker (1969). The theory then proceeds up to the decomposability, where 
proofs for a collection of t might fail. For simplicity, here we keep to the single 
tin (I, t), with both t and 7 in T, noting that results in Sections 2.1, 2.3, 2.5, 2.7, 
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and possibly other results, also apply to integrations such as the weighted 
refinement integral. 

We use non-empty families A of some non-empty subsets Y% € %'; these A 
are the vital components in the theory, differences between the families A 
being reflected in the differences between the corresponding integrals. See the 
other sections of this chapter. 

We begin with the weakest basis for an integration theory. (T, 7, A) is a 
free division system if A is directed downwards in the sense of set inclusion, i.c. 
given eh (j=1,2), there is a WeA (hence non-empty €) with 
U SU, NU. The convergence is a Moore-Smith convergence along this 
downwards direction, colloquially called ‘as 4/ shrinks’, and this arrangement 
is sufficient for variational integration. 

Next, for X € T and Y € U! we define 


4 [X] = (0, t):(, DEW, te X}. 


(T, 7, A) is freely fully decomposable (respectively, freely decomposable, or 
freely measurably decomposable relative to a measure or measure space 
defined later) if to every family (respectively, countable family, or countable 
family of measurable sets) of mutually disjoint subsets X S T, and every 
function 4 (-): ¥ — A, there is a WEA with 


(1.1.1) UTX] SUX) (Xer). 
There is no need for the union of the X eX to be T. If, for the given A, 
UX] = U(X)[X] (Xem) 


we call 4/ the diagonal of the (W(X), 2’). 

To construct the generalized Riemann integral we need divisions of fixed 
sets in T, and so we move beyond the free division system, First, an 
elementary set E is a non-empty set that is an interval or a union of a finite 
number of mutually disjoint intervals. A subfamily W c 4! divides E, if, for a 
finite subfamily & € %, called a division of E from %, the (1, )e& have 
mutually disjoint J with union E. The corresponding collection of the 1 alone 
is called a partition 28 of E. These I are called partial intervals of E [rom W, &, 
and Y. A non-empty subset of 6, including & itself, is called a partial division 
of E from ^V and &, and the union of I from the partial division is called n 
partial set P of E that comes from & and %, while P is called proper if also 
P # E. M there are partial sets P,,..., P, from the same d, the P, are called 
co-partitional and their union is also a partial set. The subfamily % is called 
infinitely divisible if cach elementary set divided by D contains a proper 
partial set also divided by %. A division da of E is called a refinement of (or, 
refines) a division & of E, if there is a division of each J with (7, t) e 4, denoted 
by 6.1, formed of those (J, x)e £a with Jr I. We write do = 6 since Jr) 

Just one choice of t occurs in £ for each 7 with (Z, Oe d; two or more t with 
the same 7 would give nonedigjoint 7, (This is a trivial place where the 
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arrangement for the weighted refinement integral breaks down, and the point 
can be disregarded.) But a t might have several I with (I, t) e 4. The concept of 
a partition is near to the concept of a compact set covered by a finite number 
of open sets; the intrinsic topology of Section 2.9 develops this. But open sets 
usually overlap, while intervals of a partition are disjoint, making some 
proofs more difficult than those in topology. & is a finite collection, which is 
sometimes crucial in proofs. 

Let ër E be the set of all (I, t) e Y with J a partial interval of E, and A | E the 
set of all 4/. E dividing E with 4/ € A. The notation A|E is borrowed from 
number theory, where for integers a, b, a|b denotes that a divides b. If A|E is 
not empty we say that A divides E. Also we say that A is directed for divisions 
of E if, given 4/, and 4, in AJE, there is a 74€ A|E with 4/ € 4/, AU; here 
this is the direction ‘as Y shrinks’. If A is directed for divisions of E, and 
divides E, we call (T, Z, A) a division system for E. This is the minimal 
arrangement of conditions for defining the generalized Riemann integral 
over E. 

Intuitively, if the integral exists over E, it ought to exist over every partial 
set P of E, in order to have great use. To this end, a restriction of Y to Pisa 
family Ar, © U.P. The family A has the restriction property if, for each 
elementary set E, each partial set P, and each 4/ e A|E, there is in A|P a 
restriction of 4/ to P. If this holds, with (T, 7, A) a division system for all 
elementary sets, and if P,,..., P, are co-partitional whenever the P; are 
partial sets of the same E, we call (T, 7, A) a division space. We need the P; 
co-partitional to avoid the pathology of Example 2.3.7, and the condition 
also turns out to be the condition needed in order to construct an additive 
division space (see below) from a division space. 

The integral for a division space has many useful properties, but does not 
always behave well for integrability over the union of two disjoint elementary 
sets, given the integrability over the separate sets. To ensure good behaviour 
we say that A is additive, if, given disjoint elementary sets E; and 4/;€ A|E; 
(j = 1, 2), there is a 4 €A[E, VE, with Y € 4/, UM; . If A is additive in a 
division space (T, 7, A), we call it an additive division space. This concept 
works well in Euclidean-type and similar spaces, such as Cartesian products 
of the real line. But in topological 7;-spaces in which ‘intervals’ are compact 
set differences with non-empty interior, it has not been obvious till recently 
how to have an additive A. See the end of Section 2.7, which uses an old 
construction. 

More definitions occur out of the mainstream. In a division space the link 
between divisions 4 over E and divisions over the separate I with (I, t) e &, 
need only go one way, from E to the I. We need the opposite way to prove 
results for E when results for the I are known. We say that the space is linked 
if two more properties hold. First, for every partial set P of E and every 
4| € A|P, there is a € A[E with Pr, Secondly, if I is a partial 
interval of E, P a partial set of E, and I € P, then J is a partial interval of P. 
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Note that if P is a proper partial set of E, then so is EXP. Thus if 
44, € A| EXP. there is a 4/3€ A[E with %;.(E\P) S Ya, when the space is 
linked. If 4,€A|E with 4, € U, 4&4 then 4,.P € U, &4.(ENP) SU. 
But some (I, t) e 4/ , might not be in (Gr, P) o (&4.(EXVP)) and A need not be 
additive. 

Alternatively we use star-sets, the complements of open sets of the intrinsic 
topology of Section 2.9. For E an elementary set let E7, be the set of all t with 
(I, t) e 4 . E for some Ie F. Then the star-set E* is the intersection of Ej, for 
all Ye A|E. For P a proper partial set of E, the frontier star-set . (E; P) is 
P* o (ENP)*. If there is a Yge A|E such that every Y € A|E with Y c 4, has 
E%, = E*, we say that (T, 7, A) is stable for E. If true for all elementary sets E 
we say that (T, 7, A) is stable. 

For JZ, a special non-empty subset of F, e.g. 7) = J, if Eis an elementary 
set and P a proper partial set of E from Jọ, i.e. the union of a finite number of 
disjoint partial intervals of E from Zu, we say that the division space 
(T, Z, A) is weakly 7 -compatible with P in E when there is a Ype A|F such 
that (I, t) e4&/p and t£ P* imply I € EXP, and I, P are co-partitional. If also 
I* c E*NP* for some WpeA|E, we say that (T, Z,A) is strongly Zu 
compatible with P in E. More details on star-sets and the intrinsic topology 
are in Section 2.9. 

For 4 a topology in T, (T, Z, A) is compatible with 4 if for each Ge '4 and 
each elementary set E, there is a Y e A|E such that I © GA E when (I, t) c 
with te G. 

Returning to mainstream definitions, a division space such as in Section 1.2 
for Riemann integration gives enough structure for Riemann-type results, as 
will be seen. But Riemann integration has no Lebesgue-type limit theorems, 
so that the latter theorems need more structure, and we use the decom 
posability in free division systems, modified for divisions of elementary sets, 
Thus (T, Z, A) is fully decomposable (respectively, decomposable, or measur 
ably decomposable relative to a measure or measure space defined later) if to 
every family (respectively, countable family, or countable family of measur 
able sets) % of mutually disjoint subsets X CT. every elementary set E, 
and every function 44/(.; X — AJ|E, there is a  WcAJE with 
U [X] € U(X) (X e X). There is no need for the union of the X c H to be Tor 
E*. Again we have the definition of the diagonal of the (W(X), 4), 

In the definition of stability for E we note that for every (d E* there is à 
U = 4 (t)e A|[E with t£ Ex». If (T, Z,A) is fully decomposable there is à 
4 € A|E, independent of t, that lies in the diagonal of the (t), and % can 
serve as the Xy in the definition of stability. Thus: 


(1.1.2) If a division system for E is fully decomposable, it is also stable, 
Turning to product spaces, let 7' T" 69 T", the Cartesian product space 

of the spaces 7* and 7", and let Z" be the family of u-intervals I^ & 7", with 

dein the corresponding, family of (I*, u), all for u = x, y. Then 2". 4 '* are 
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taken to be the respective families of all J? = I* & P and all (I7, z) = (F Q P, 
(x, y)), written (I*, de", y), for all I" e 7” and all (I", u) e 4!" (u = x, y). Let 
A" be a family of subsets of 4/!", for u = x, y, z. Then we say that A*, A’, A? 
have the Fubini property in common, if two properties hold. For E" an 
arbitrary elementary set in T"(u = x, y and E? = E* & E", with %7 an 
arbitrary member of A*| E7, then to each x e(E*)* there is a W? (x) e A"| E", 
and to each collection of divisions &’ (x) of E" from %?(x), one division for 
each such x, there corresponds a 4/*&€A"|E* such that if (I^, x)eW*, 
(I^, y) e &?(x), then OU", x) @ (I”, vier" As this property is unsymmetrical in 
x, y, we usually assume also the property in which x and y are interchanged, 
keeping the product space as T* ® T". If the property is true only one way, we 
can say that A", A’, A? have an unsymmetrical Fubini property in common. If A" 
(u = x, y, z) have the Fubini property in common and if (77, 77, A?) is a 
division system (space) we call (T7, 77, A7) a Fubini division system (space). 

Note the use of star-sets to locate points, and note that the two division 
systems (spaces) in x, y could be totally different. 

To obtain a suitable (T7, 7 7, A*) from the separate (7", 7 ", A")(u = x, y) 
we construct A*. Let E" be an elementary set in 7" and, for each ze T* let 
W"(z) e A"| E" (u = x, y). Let % be the family of all (I, x) & (P, y) with I" a 
partial interval of E" and UN, u) e 4" (z)(u = x, y). Let A? be the family of finite 
unions of such %7 for all finite unions of disjoint products E* & E". Then we 
call (77, 77, A7) the product division system (space) of the (T", 7", A") 
(u = x, y). 

To define the product division system (space) that uses a finite set C of 
more than two coordinate variables we define T°, 7 €, 4/!^ as the respective 
Cartesian products of 7", 7“, 4/1" (ue C) and then define AC in the following 
way. Let E" be an elementary set in 7" and, for each reit let 
I/" (t) e A"| E" (ue C). Let A be the family of finite unions of such 4/^ for all 
finite unions of disjoint products Gi. E". Then (T°, 7 €, A^) is the product 
division system (space) of the (T", 7 ", A"). Product division systems (spaces) 
with a finite number of coordinate variables are studied in Chapter 5, while 
Chapter 6 deals with infinite-dimensional spaces, in which we need further 
definitions. 

Thus, for each b of an index set B let us have a stable fully decomposable 
division space (7(b), 7 (b), A(b)). For the Cartesian product T of T(b)(be B) 
we define a suitable (7,.7, A). For each C € B let [](X(b);C) be the 
Cartesian product of X (b) where 


X (b) & T(b) (b e C), X (b) = T(b) (be B\C). 


Let X (C) be the Cartesian product of X (b) for be C alone, so that 7(C) comes 
from T(b). We take the intervals of T to be 1 = | [( (5); C) for all finite sets 
€ € B and all Z(5)e 3 (b) (bc C), while 4' (C), W! are the Cartesian products 
of (1 (b), f (b)) for all be C, all be B, respectively, To construct suitable families 
W that divide elementary sets E. we associate a finite set Ci (W, f) & B with 
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each f with f (b) e T(b)* (be B) and a Y, (C; Y; f) e A(C) for each finite C c B, 
the (T(C), 7 (C), A(C)) being as constructed previously. Then 4 is the family 
of all (I, f) with 


(1.1.3) I-[[U0OSE C finite, C (U; f) SCE B; 
(1.1.4) € (1(b), f (D) e à! , (C; 4r; f); 
(1.1.5) f(b)e T(b)* (be B\O). 


For A the family of all such Y, (T, 7, A) is the product division space of 
(T(b), 7 (b), A(b)) (be B). 

Note that there may not be any order in the index set B, in which case the 
be B can be rearranged without affecting the construction. For example, B 
can be the set of positive integers, so that we are dealing with a sequence 
space, or the positive real axis, so that we are dealing with a function space 
and, for example, the functions could be random functions in a stochastic 
process. Here B has an order. Or B could be the complex plane, with no 
reasonable order in the sense we need. 

In the alternative theory of divisions, two intervals are non-overlapping if 
no Ieg lies in both. An elementary set E is an interval or a union of a finite 
number of mutually non-overlapping intervals. Two elementary sets are non- 
overlapping if no Ie 7 lies in both. A division of an elementary set E from 
U SU, is a finite subset & of 4/, such that the I from the (I, t)e are 
mutually non-overlapping with union E. Other definitions repeat the pre- 
vious pattern, replacing ‘disjoint’ by ‘non-overlapping’, except for the defini- 
tion of an additive A. Here, for an arbitrary positive integer n we take 
mutually non-overlapping elementary sets E,,...,E,, to avoid the patho- 
logy of Example 1.1.1. Another pathology is shown in Example 1.1.2. 

The non-additive division spaces and division spaces of the original theory 
are now written as division spaces and additive divisions spaces, respectively. 
B. S. Thomson (1971a, b, 1972a, b) examined the early theory and showed 
that variational integration only needed what he called ‘division systems’ and 
what in this book I have called ‘free division systems’, reserving the name 
‘division system’ for the arrangement where divisions are over some fixed 
elementary set. Thomson also pointed out that for divisions of E only the (J, t) 
were used with J € E, and all other (I, t) could be forgotten. Thus I borrowed 
a number theory notation and defined the A|E. Originally I used EX when 
(T, 7, A) was stable, but Thomson pointed out that E* could be defined 
always. For such clarifications I am very grateful. 


Example 1.1.1 In Euclidean two-dimensional space let ‘intervals’ be closed 
rectangles with sides parallel to two given axes at right angles, and also be 
segments of two lines at right angles, the segments having a common end- 
point, just like the letter Z in various orientations. If a rectangular interval is 
bisected twice by two lines at right angles, piving rectangular intervals 
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I,,...,I4, then I, does not overlap with the other three, but J, has an L in 
common with the union of the other three. Thus an elementary set E can be 
non-overlapping with each of the mutually nonoverlapping E,,..., E, while 
E overlaps with the union. 


Example 1.1.2 On the real line let a < b < c and let [a, b], [a, b), [b, c], and 
(b, c], be four ‘intervals’ with 


[a, b) O [b, c] = [a, c] = [a, b] v (b, c] = [a, b] v [b, c], 


so that [b, c] is a partial set of [a, c]. But (b, c] does not form a partition of 
[b, c], and 
[a, b) v (b, c] # [a, c]. 


Example 1.1.3 Thomson (1971a, b, c, 1972a, b, 1975) altered the theory, 
obtaining a less general but possibly more simple arrangement. His division 
system (T, Z,A) satisfies: given 4/,,4/,;cA, there is a &4€A with 
Uz, EU, OU, and ( C, t)e4 for all WEA, all te T, where @ is the empty 
set. It is a division space if also every YEA divides every elementary set. 
Instead of additivity, Thomson uses the set 


U(X) = ((,t: teä 1€ X) 


and assumes that for every % € A and every elementary set E with comple- 
ment T\E = VE, there is a Y, € A with Y, € U(E) 0 &/ (VE). This is very near 
to the property of additivity, which can use a division instead of E and VE. 
Many needs are satisfied, but it cannot deal with situations in which divisions 
are taken in several directions simultaneously, as in rotations of a plane. For 
example, as in Henstock (1973b), pp. 320, 321, let 7 be the set of all finite 
rectangles on the x, y plane with sides parallel to the axes, and all finite 
rectangles on the same plane with sides at angles of 45? to the axes, and let 
(T, Z, A) satisfy Thomson's conditions. For S the square with centre the 
origin, sides of unit length and parallel to the axes, and Q a square with one 
side a diagonal d of S, and a Y € A, let Y , Y, € A satisfy 


U, EUS) u (NS) Uz E Ui (Q) Y Yı \Q). 


Then each rectangle I with (I, (x, y)e%,, is in one of S^ Q, SQ, 
QNS, N(Q US). If (I, (x, y)) is in a division & of S from %,, the sides of J have to 
be parallel to the axes, or else we would need triangles with points to 
complete &, and triangles are not in 2 . The union of such I from @ is S and so 
includes the diagonal d. As I is in $0 Q or S\Q, Id is empty or a single 
point. Hence an at most finite number of points of d is covered by those I. By 
this contradiction %, cannot divide S and the example cannot satisfy 
Thomson's conditions. This example follows since each We A has to divide 
each elementary set. 
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Example 1.1.4 McShane (1969) generalized Henstock (1968a) to produce a 
division space included in the arrangement of this book. His partition of a set 
YcTisa collection of mutually disjoint intervals I;(1 <j < k) whose union 
contains Y, each I; being associated with a point t;. Our d corresponds to the 
collections of (I; ^ Y, t;), and F is such that if J4, J;e T then J; J5e47 or 
is empty. For a non-empty set A of labels and each óeA, P(ó) is a set of 
(I, t) eZ, te T) with the property that if 6,, ô» € A, there is a ô, € A such that 


P(63) € P(6,) ^ P(;). 


Thus the A constructed from the P(ó)(ó e ^) is directed for divisions. As the 
empty set is not in 7, McShane (1969, p. 7, (3.1) (v) (vi) (a)) makes (p. 7, (iv) (b)) 
unnecessary. To go from intervals Y to subintervals, McShane (1969) used 
p. 11, (4.4), so that A has the restriction property, and (7, 7, A) is a division 
space. McShane integrates functions h(I ^ Y, t) that are finitely additive in Y, 
to compensate for the lack of additivity in A.. Property McShane (1969, p. 20, 
(7.6) (v)) is a restricted form of decomposability. Thus his system is included in 
the arrangements of this book. He gives a simpler version of the theory in 
McShane (1973). 


Some of the following sections are useful illustrations of the definitions of 
the present section and show that many integrals can be defined as division 
space integrals. Also see Chapter 6, which deals with integration in sequence 
and function spaces. 


12 THE NORM INTEGRAL 
(HENSTOCK (1968b, pp. 219-20, Ex. 43.1)) 


Here, intervals are n-dimensional bricks I with edges parallel to the coordin- 
ate axes, 


I= 6 [ay bj, f= @ [a bj], I? = & (aj, bj) (aj € b, j = 1,2,...., n) 
j 1 


j-1 j=1 j= 


I is the closure and I? the interior of I. An edge is the locus a, < x, bh fora 
fixed k in 1 <k <n, with x; = a; or b; (all j # k), and a face is the locus 
Xy = ay Or b, with a; & x; € b; (j # k). The vertices are the (x,,..., x,) 
with x; = a; or b; for each j. 

Burkill integration of functions of / does not use associated points, while 
in Riemann and Riemann-Stieltjes integration the associated points lie arbit: 
rarily in J. If f, g are functions of t= (t,,...¢,), the brick-point functions 
are f'(£)A,. Aud 


ni^ 


Aj Œ (Xise eng Xj- 1 b Xia XO) = Q(X, (Np qa Xp qs | Xn) 
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The norm of I, norm (I), is either 


n 1/2 
N,= max (b, —a;) or N, = P (b; — ay 
the same function for each I. As N, < N, < n? N}, either can be used for the 
norm. Then the norm of a division & is the greatest norm(I) for (I, t) e &, and 
we have a limit process as the norm tends to 0. Thus for Riemann, 
Riemann-Stieltjes, Hellinger, and Burkill integration we include in A those 
U S U! for which there are some elementary set E, some e > 0, with (J, t)e % 
if and only if I € E, te I, and norm(I) < &. The family A|E is not empty, for 
there are disjoint bricks with union E and we can bisect each such brick in the 
direction of the (n — 1)-dimensional plane of all axes but that of x,, and do 
this for j = 1,2,. . . , n, giving 2" smaller bricks, and repeat till the norms are 
less than e. The family A is directed for divisions of E, for if Y hase =; » 0 
(j = 1, 2), we take the 4/, defined by min(s,, £;) > 0. If the elementary set 
P c E, and if, given ¢ > 0, the faces of the bricks forming a partition of P of 
norm <€ are continued to meet the faces of the bricks making up E, we get a 
finite number of bricks forming a partition of E, some of whom form a 
partition of P, showing that P is a partial set of E. Similarly, when the disjoint 
P,, P, are partial sets of E, so is P, U Pj. For 4. P we add I € P to the other 
conditions on Z, so showing that 4 . Pe A| P when 4/ e A|E. Thus (T, 7, A) is 
a division space. A is not additive, for if elementary sets E,, E, are disjoint but 
with closures containing a common (n — 1)-dimensional brick B with 
(n — 1)-dimensional interior B°, there is a brick I € E, UE, with IgE; 
G = 1, 2), I? ^ B? not empty, and norm(I) arbitrarily small. For 4/, cA|E, 
G — 1,2), 4 € A[E, VE, tel, then (I,t)e4 for norm(J) small enough. 
but (I, t) £4/; (j = 1, 2). However, the space is linked. For if P is a proper 
partial set of E and e > 0 defines 4 € A|P, the same e defines a 4/, €cA|E 
with 4/,.P = 4/. If I is a brick in E and I € P, then I is a partial interval 
of E and P. Next, if I is E and (I, t) e4/ € A[E, then t ranges over the 
whole of J, so that Ej = E, E* = E, and (T, Z, A) is stable. Thus the 
frontier star-set (E; P) = s ^ EP Further, (7, Z7,A) is not weakly 
J -compatible with P. For if t¢P*, then te VP, an open set, and, given 
e > 0, t can be nearer to P than e. Thus if (I, t) e 4/ defined by e, the interior 
of I can meet P in an n-dimensional brick, and J, P are not disjoint. 
(7, Z,A) is not decomposable, nor measurably decomposable if closed 
bricks are measurable in the sense used. For let (1j) be a sequence of mutu- 
ally disjoint closed bricks in E with norm tending to 0. If 


0 « e; < norm(l;) (212,...) 


then e; — 0 as j> oo and, given £ > 0, an integer j has ej < norm(1,) < c. If 
t€ Ij, (Ij, t) is in the W defined by £, but not in the %, defined by £; 
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When n —1,(T, J, A) is a Fubini division space. In fact, if A" (u = x, y, z) 
are respectively for m-, n-, and (m + n)-dimensional spaces of the foregoing 
type, they have the Fubini property in common. For if E" is an arbitrary 
elementary set in T" (u = x, y) and if E7 = E* & E", let 4*€A*|E? be 
defined by e > 0, with Y (x) e A"|E" defined by 2^ !?e, and a division &"(x) 
of E"-from (x) If norm(I*)< 2712, xel”, (P,y)eé"(x) then 
norm(I* QI) < e, using either N, or N,, and so (I^, x) @ (I’, vier" Inter- 
changing x, y, we have the proof of the other Fubini property. 

Several examples are contained in the book, Henstock (19882), Sections 1, 
2, pp. 1-29, and many can be found in books on Riemann integration. 


13 THE REFINEMENT INTEGRAL 
(HENSTOCK (1968b, p. 220, Ex. 43.2)) 


For T a set of points and J a finitely additive family (Le. if L, I, 6.7 , then 
I,UlLe4 when I,, I, are disjoint, and otherwise I, ^ IL; eZ ) of non-empty 
subsets, called intervals, of 7, so that elementary sets are sitem let A be 
the collection of exactly those 4/ for which there are an interval J and a 
partition F of I, such that all partitions 2" of I with’ < 2 (i.e. to cach Je’ 
there corresponds an Ie? with JSI) come from %. This leads to 
Moore-Pollard (refinement) integration, Moore (1900, 1915, 1939), Moore 
and Smith (1922), and Pollard (1923). Clearly A|I is not empty if 1 c 7 , Using 
(J, t) with J € I and teJ, or teJ for a reasonable J, then A is directed for 
divisions of I. For if Z, P' are partitions of I with 2” the family of all non 
empty J ^ J' with JeZ, J'e2", then Jo J'e4Z and 2" is a partition of | 
with 2" < P, 2" < 2'. Each partial set P of I is in Z, and if P ^ I, so is IP, 
and A has the restriction property. If J,, I, are disjoint with 7, defined by à 
partition P, of I;(j = 1, 2), we define Y for I, U I, by the partition 7, WA), 
Thus A is additive and ( T, Z, A) is an additive division space. 

For T a Cartesian product of two such sets 7“ (u = x, y) we define 3 to be 
the set of Cartesian products of intervals. Assuming where necessary that 
( T", 7", A") is stable (u = x, y) we follow the pattern of this example to 
define A, and we have that ( T, 7 , A) is an additive Fubini division space, But 
in general (T, Z, A) is not decomposable nor measurably decomposable, 
particularly when the following construction can take place. 

Let JeF, let (Jj) be a sequence of mutually disjoint intervals in J with 
union J and with m &J,(j-1,2,...) If 4 is decomposable relative to 
these J} and if 4 is a division of J, then only a finite number of points ( in 
(I, t) are used to form d. Let K be the largest integer such that JE contains 
one of these t. Then em" JT cannot be covered by 4, and this contra 
diction stops decomposability, 
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14 THE GAUGE (KURZWEIL-HENSTOCK) INTEGRAL 
(HENSTOCK (1968b, pp. 220, 221, Ex. 43.3; and 1988a)) 


We modify the arrangement of Section 1.2, going as far as but not including 
the norm, and not taking all rel We include in A those 4/ € 4/! for which 
there are a positive function 6 on T and an elementary set E, such that 
(I, t)e& if I € E, tel, and I € S(t, ó(t)), the open sphere centre t and radius 
6(t). Following McShane (1969) we then say that (J, t) is 6-fine. The calculus, 
Riemann, refinement, Lebesgue, special Denjoy, Perron, Ward, and gauge 
(Kurzweil-Henstock) integrals are all included in the integral produced by 
this (T, Z, A). 

To define 4 € A and a division & of E from 4, it is enough for 6 to be a 
positive function on E. To prove that A|E is not empty we have 


Theorem 1.4.1. Given an elementary set E and a positive function 6 on E, there 
is a 6-fine division Ê of E. 


Proof. Eisafinite union of bricks I; if a ó-fine division of each such I exists, 
the union of the divisions is a 6-fine division of £. Thus we can take E = I. 
Bisecting each edge of I we have 2" smaller bricks J. If the theorem is false, by 
the same argument at least one J has no ó-fine division. There is thus a 
sequence [=I], 251, ::-: of bricks having no 6-fine division, with 
diam(J;,,) = $diam(I;) for j = 1, 2, . . .. Let (xj) be the sequence of centres 
of the bricks. Then for k >j, x, € I;, and so for metric ||x — y ||, 


|| x, — xl < sup lx — y||(x, ye I;) = diam(J;) 
—-2!-idiam(I,) 0 (j co). 


Thus (x;) is fundamental and so convergent to some limit x. As x;cI c E, 
x€ E, and 6(x) > 0 is defined. For k >j, x, €I;j, so xeI;. As diam (I;) > 0 
(j ^ oo), eventually I; € S(x; ó(x)) and (1j, x) forms a ó-fine division of 
Ij, contradicting its definition. Hence the theorem. O 


In one dimension Borel’s covering theorem gives a proof. Again we can 
assume that E = [a, b) with a, b finite. Each x e [a, b] has a symmetrical open 
neighbourhood I(x) = (x — ó(x), x + ó(x)). As a, b are finite, by Borel's 
covering theorem a finite number, say I(u,),. . ., I(u,,), cover [a, b] (i.e. their 
union contains [a, b].) We now look for the most economical cover. 


(1.4.1) We can arrange that each point of [a, b] lies in at least one and at most 
two of the I(u,). 


Foraxucv-cwzzblet I(u) I(v), I(w) have a common point. We 
remove one of the three. If y — d(v) < u — ó(u), then 


O(v) = Ó(u) + o — u  Ó(u), v + Ó(p) = vb öllu) > u+ A(t), ui: Tv), 
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and we omit I(u). If v + ó(v) 2 w + ó(w), similarly I(w) € I(v) and we omit 
I(w). Otherwise, as all three intervals have a common point, 


u —ó(u) «v —ó(v) < v + ó(v) < w + ó(w), I(v) € I(u) u I(w), 
and we omit I(v). (1.4.1) follows, from which we can assume that 
agu ease" «uy, xb, ael(u,), bel(u,) 
the I(u,) (k = 1,2,..., m) being consecutive. The intersection 
(1.4.2) (uj, uj 4.1) OL (uj) o I(uj41) = G, 


say, is not empty and so .is an open interval, in which we choose a point y, 
( — 1...,m-— 1). The a, b, u;, y; are suitable points of partition for a ó-fine 
division of [a, b). We have proved more than what is required. 

Returning to n dimensions, A is directed for divisions of E, for by 
Theorem 1.4.1, if 6; > 0 defines Y, (j = 1, 2), 6 = min(6,, 05) > 0 defines 'w 
with Y CA, AY. Asin Section 1.2, the A here has the restriction property, 
so that (7, Z, A) is a division space. A is not additive, since if disjoint 
elementary sets E; have a common point x in their closures that is not at a 
vertex, as in Section 1.2, and the (n — 1)-dimensional brick B, we can find 
n-dimensional bricks J in E, U E, with (J, x) ó-fine, but with J not entirely in 
E, nor in E,. 

As in Section 1.2, if we have elementary sets P, E with P c E, continuing 
the faces of P to meet the faces of E, we show that EXP is an elementary set, 
Divisions of P and EXP from Theorem 1.4.1 using 6 > 0 in E, then show that 
P isa partial set of E. This is true trivially if P = E. If (I, t) is d-fine and I & E, 
similarly I is a partial interval of E. If P is a partial set of E and the -fine 
I € P, then I is a partial interval of P. If with the above, 4 ATI, defined by 
ô 7 0 on E, we can extend Y to We A|E by using ô, and then Wa, P = W, 
and (T, 7, A) is linked. For E an elementary set, Ef, = E and E" = E, and 
the space is stable. It is strongly .7 -compatible with P in E, where P, E are 
elementary sets and P c E, for if t£ P* = P then t lies in the open set P and 
so is the centre of a sphere contained in V P. The only restriction on à is that 
ó(x) > 0 (x € E), so that (T, Z, A) is fully decomposable. 

Now let E* be the Cartesian product of elementary sets E" in 7'" (u = x, y), 
with ô a positive function on E". Using the Pythagorean metric, to cach fixed 
point x e E* with 5,,(y) = 2^ '?ó(x, y), let there be a ô; ,-fine division d (x) of 
E", and 6,(x) the least of the 6,,(y) for which (1”, vie & (x). HU", x) is 0,-fine 
and (UN. y)e (x), then 


J (05(x)* + 3865 y)?} € J (0G, y)? + alx, y)?} = 0x, y), 
so that /* 69 I" lies in the sphere centre (x, y) and radius d(x, y), and 
(I*, x) 69 (I, y) is ó-fine, Thus the first Fubini property holds, As usual, the 
second only needs x and y interchanging, So (77, 7 *, A*) is a Fubini division 
space, Note that 77^ and 7" can have different dimensions. 
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The first appearance of the gauge integral was implicit in Henstock (1955b, 
pp. 277-8), and then in Kurzweil (1957, pp. 424—8). The book, Henstock 
(1963c), due to be published in 1962, was held up with production difficulties 
of further books in a series. It was a pioneering book with a few errors found 
subsequently by students at lectures, and is now out of print. (The book, 
Henstock (1988a), contains the bulk of the material, with many improve- 
ments and simplified proofs.) On 3 October 1963, K. Kartàk informed me of 
J. Kurzweil's paper, so that until then, Kurzweil and myself were working 
independently. Subsequently Henstock (1968a) appeared, a simplified ap- 
proach to the theory. Then J. Mawhin found a lemma of Cousin (1895) that 
gives a two-dimensional version of Theorem 1.4.1. Luzin (1915) used the one- 
dimensional case for trigonometric series, and it was mentioned by W. H. and 
G. C. Young (1915). The first incomplete proofs of Theorem 1.4.1 are in 
Kurzweil (1957, p. 423, Lemma 1.1.1) and independently in Henstock (1961a, 
pp. 129-30, Theorem 16). M. McCrudden found the error in my proof for 
n — 1. When the unsymmetrical defining interval at x is 


(x — ài (x), x  à5(x)) 


the proof breaks down for the case when, for some j, 


uj-3 < Uys, — Oy (Uj41) € uj-1  Ó5(uj-.1) < uj — ô, (uj) < uj < Uj 44 


< uj41 + 05(uj41) < joo — Ôi (Uj42) < uj + aluj) < Uj 42 


The intervals are so interlocked that the removal of one uncovers part of the 
main interval. However, the proof is sound for symmetrical intervals with 
61 (x) = ô2 (x). 


15 THE GAUGE INTEGRAL, ASSOCIATED POINTS 
AT VERTICES, AND INFINITE INTERVALS 


A simple change in Section 1.4 gives an additive division space. We include in 
A those 4/ € %* for which there are an elementary set E and a positive 
function 6 defined on T (or, equivalently, on E) such that (J, t)e 4 if I c E, 
I< S(t, 6(t)), and t a vertex of I. The only change is that involving a vertex. 
A division of E from 4 is called a restricted division. As in Section 1.4, the 
proofs show that (T, Z, A) is a division space. The proof of Theorem 1.4.1 
needs a slight alteration, since at the end the limit x need not be at a vertex of 
I;. However, splitting J; by hyperplanes through x and parallel to all but one 
coordinate axis, we have a ó-fine division of J; with x as associated point at 
various vertices, 

The best proof of additivity seems to be in Henstock (19884, 
Theorem 4,6(4,7), p. 46), Perhaps a shorter proof will be found, 
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Let E,, E, be disjoint elementary sets with E, ^ E, not empty. (Otherwise 
the proof is trivial.) For E? the interior of E and E^ = EXE? its boundary or 
frontier, by geometry E? is a finite union of parts of faces of bricks that make 
up E,, the parts being bricks of dimension one less than the dimension of T. If 
te E? U ES let 2ó(t) be the distance from t to E} u E}. If te E} U E} let 26(t) 
be the least distance from t to the parts of faces in E? U E} on which t does not 


lie. Then ô > 0 is defined on E, u E>. If (I, t) is 6-fine and J has no points in 
common with E? u ER then by construction te E? and I € E}, or te E2 and 
I € E,. If I intersects E? U E then te E! U E} and I does not intersect any 
part of a face in E} U E} on which t does not lie. If t lies on face F, then ast is a 
vertex of I, no interior point of I lies on F. As I € E, UE, I cannot have 
interior points in E, and other interior points in E;, or else a face would have 
interior points of J. Hence either I € E, or I € Ez, finishing the proof. 

The elementary sets we have considered have been bounded. In order to 
have arrangements for unbounded intervals such as (— oo, a), [b, +00), 
(— oo, +00) in one dimension and similar intervals in higher dimensions we 
consider conventional vectors x with x; = — œ or x; = +, for one or more 
j. Instead of spheres centre these conventional x, we use Cartesian products of 
(a, bj), where a; < x; < b; and 2x; = a; + b; (when x; is finite) or a; = x; = 
— oo, or x; = b; = + oo. Then we can deal directly with generalized Riemann 
integrals over infinite intervals, avoiding an extra limit process. See Sec- 
tion 2.10. 

We have assumed that the gauge function 6 is completely arbitrary, except 
that it is positive everywhere. In Section 0.1 it is pointed out that if 6 is 
continuous on the real line then we can take ó constant on compact intervals, 
which leads to ordinary Riemann integration on those intervals. Thus we 
need discontinuous ô. We can assume that 6 takes values in the set of 
reciprocals, {1/n:n = 1,2, 3,...), which in this case implies that decom- 
posability and full decomposability are the same property, Examples 2.4.1—3 
look further into the question of decomposability and full decomposability. 

At the 10th Summer Conference in Vancouver, B.C., Canada, in 1986, P. S. 
Bullen asked whether ô could be taken measurable (see Bullen (1986/1987)). 
Liu (1987/1988) proved this on the real line, while Pfeffer (1988b) went 
further, showing that on the real line, 6 can be taken upper semicontinuous 
on a subset Z with \Z of measure zero, i.e. of L-variation zero, where L is the 
length function on the real line. Buczolich (1987/1988) extended this to IR", i.e. 
finite-dimensional Euclidean space. Foran and Meinershagen (1987/1988) 
showed in Example | that on the real line there is a Lebesgue integrable f (i.e. f 
and |f| are generalized Riemann integrable) for which there is no Borel 
measurable ó to give Riemann sums within c 0 of the integral, and also in 
various theorems that if Z, is the set where the derivative of the integral exists 
and is f; and if Z is an F, subset contained in Z, with complement of measure 
zero (of L-variation zero) then ó can be chosen to be Baire 2 in Z. If either 
(a) F is ACG* and f= F’ wherever F’ exists, and f = 0 otherwise, or (b) if | | 
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is dominated by a Baire function, or (c) fis bounded and measurable, then 6 
can be Baire 2 everywhere. Can these results be extended to R”? 

Examples of gauges are given in Henstock (1988a), pp. 48-50, Exx. An 
(1 & n « 9). 


16 McSHANE’S MODIFICATION, GIVING ABSOLUTE 
INTEGRALS 


McShane (1969, 1973, 1983) modified the constructions in Sections 1.4, 1.5, 
omitting ‘tel’ and ‘t a vertex of I’, respectively, and only imposing the 
condition t€ E, with the 6-fine condition, which increases the number of ó- 
fine divisions, potentially imposing a greater restriction on the integral. It 
turns out that the integral is absolute, equivalent to that of Lebesgue and 
Radon, and cannot integrate all derivatives. The different geometrical arrange- 
ment of McShane's from those of Sections 1.4, 1.5 produces the differences 
between McShane's and the gauge integrals and there therefore arises the 
question: what is the essential geometric difference? 

The (T, 7, A) follow roughly the same pattern for McShane's arrangement 
as the gauge integral pattern in Section 1.4, additivity being missing. 


1.7 SYMMETRIC INTERVALS 


McGrotty (1962) modified the constructions of Sections 1.4, 1.5, for one 
dimension, in another way, taking associated points at the centres of inter- 
vals, with a gauge 6. He proved that [ — a, a) can be divided if 5 > 0 is defined 
there, provided that in place of the symmetric intervals at — a and a we use 
[—a, —a+h) and [a — h,a) together, for 0 < h «ó( — a). Thus we are 
effectively dealing with intervals mod(2a) or with arcs of a circle of circum- 
ference 2a. Thomson (1980/1981a), pp. 86-7, omitted the [—a, —a+h) 
and [a — h, a), proving that there is a set D c (0,a) with the closure of 
(0, a)\D countable, such that every interval [—x, x), with xe D, is divided. 
(Actually he translated the main interval to [a, b) with centre c in place of 0.) 
Then Preiss and Thomson (1988—89) proved that if the symmetric intervals 
are given for every real x, there is a countable set N on the real line such that 
every interval is divided if neither of its end-points is in N. Clearly these 
results can be extended to finite-dimensional Cartesian products of such 
arrangements that are independent in each dimension, e.g. see Henstock 
(1968b), p. 222, Ex. 43.6. A simple argument will suffice for a proof of the first 
two papers' results. 


Theorem 1.7.1. Let the gauge 6 > 0 be defined at each point of (a, b), but not 
necessarily at the ends, For c the midpoint (a + b), [e = x,e + x) can be 
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divided, for all x except possibly a finite number, in (0, d), for each d in 
0 < d < i(b — a). If intervals [a, a + h) and [b — h, b) can be used together, for 
some 1 > 0 and all h in 0 < h < n, then [a, b) can also be divided. 


Proof. Lets be the supremum of numbers y > 0 such that (c — x, c + x) can 
be divided, for all x in (0, y — c) except possibly for a finite number of x, where 
it can easily be arranged that ó(c — x) = ó(c + x) for all x in (0, b — c). If 
s « b then also s > a and ó(s) > 0 exists. Using intervals [s — x, s + x) with 
0 « x « ó(s) and [a + b + x —s,s — x) divided, and [a +b —x — sa +b 

Fx—s) [a--b—x-—s,s- x) is divided, for all but a finite number of 
x < b — s and x < ó(s). This contradicts the definition of s, hence s = b, and 
the first result follows. Note that the s « b in the proof can join the 
exceptional points. For the second result we only need one h in 0 < h < y for 
which [a + h, b — h) is divided, and the two extra intervals fill the gaps. l 


Next, in two dimensions we have squares with sides parallel to the axes and 
with associated points at their centres. These were mentioned in Henstock 
(1961a) as a way of dealing with twice integrated trigonometric series F(x) on 
putting G(x, y) = F(x + y). G turns out to be a variational integral, using, 
squares, of the sum-function of the original trigonometric series, Unfortu 
nately the gauge integral of this arrangement does not exist, and it might be 
necessary to modify the gauges used for Henstock (1961a), pp. 109, 110, 

For let S be the main square [ — z, x) & [ — m, x) and let D be either the 
diagonal connecting the points ( — 2, — x) and (z, z), or the diagonal connec 
ting ( — 2, x) and (x, — 2). For each (x, y) é D let d(x, y) be the least distance 
from (x, y) to D. If ó(x, y) > 0 is arbitrary on D and satisfies d(x, y) * h(x, y) 
at other points, then any possible division of S will cover D. By construction 
the only squares whose closure contains a point of D, and that are ó-fine, 
must have their centres, the associated points, on D. As these closures do not 
overlap, two adjacent closures must have one common point, on D, leaving 
two V-shaped regions between them. By construction no finite collection ol 
off-diagonal squares can completely fill these V-shaped regions, so that no 
division is possible. 

If D is x + y = 0 then we can have 0 < ó(x, y) < Als + y| off the diagonal, 
vun that even if ó(x, y) is a function of x + y alone, we still get no division 


L8 THE DIVERGENCE THEOREM 


Alter the integration of derivatives in one dimension, the next stage is the 
divergence theorem, which amounts to the same result in more than one 
dimension, Many papers have been written on the subject and work contin 
ues om What is the best integral to tackle the divergence theorem on manifolds, 
Until the theory clarifies it seems best to give a list of papers; Verblunsk y 
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(1949), Marik (1956), Matik and Matyska (1965), Shapiro (1958), Mawhin 
(1981a, b), Pfeffer (1982, 1984a, b, 1986, 1987a, 1988a, 1988/1989b), Pfeffer and 
Yang (1988/1989, 1989/1990), Jarnik and Kurzweil (1985a, 1988), and Jarnik, 
Kurzweil, and Schwabik (1983). 


19 THE GENERAL DENJOY INTEGRAL 


After constructing the first of his extensions of Lebesgue integration (now 
known as Denjoy-Perron or special Denjoy integration), Denjoy (1916a, b) 
gave an even deeper construction, now known as the general Denjoy or 
Denjoy-Hinéin integral (see Hinéin (1916, 1918). Later, Tolstov (1939b) gave a 
Perron-type construction of an integral equivalent to the general Denjoy 
integral, and in turn we can construct the corresponding generalized 
Riemann integral (see Henstock (1968b, pp. 222-3, Ex. 43.9; 1979, pp. 2, 3)). 

Let the real interval [a, b] be the union of a sequence (P;) of perfect sets and 
let 6 be a gauge on [a, b]. Then the corresponding 4 is the family of all (I, t) 
with I = [u, v), t = u or t = v, u and v in the same Pj, and v — u < ó(t), except 
that when that P; is isolated at t on the side on which the other end-point lies, 
we can let that end-point take all values distant not more than ó(t) away 
from t. 

To prove that [a, b) and all subintervals [u, v) are divided, let us say that an 
interval I = [u, v) € [a, b) is admissible if every [w, x) € I is divided. If two 
admissible intervals abut or overlap, their union is admissible. If H is the 
union of interiors of all admissible intervals and if the closed interval I € H, 
then every tel lies in the interior of an admissible interval. Hence by Borel's 
covering theorem I is covered by a finite number of such interiors and so is 
admissible. If P = [a, b]\H then H is open and so P closed. Apart possibly 
from a, b, if P has an isolated point t then for some integer j, te P,. If P, is 
isolated at t, then on the isolated side all intervals from t to w (say) are 
included that have 0 « |t — w| « ó(t). On the other side, or on both sides, t is 
approached by other points of P;, giving intervals that link together divisions 
on both sides of t. Hence t is an interior point of an admissible interval, 
contradicting its definition. Hence P is closed with no isolated points and so 
is perfect (except possibly for a, b). If P n (a, b) is not empty, then by Baire’s 
density theorem, P is of the second category since [a, b] is complete. Hence 
there are a closed interval J and an integer j, such that J? ^ P is not empty 
and that P; is dense in J ^ P. Hence JAP € Pj, so that each te J n^ P is the 
centre of an interval K(t) = (t — ó(t), t + ó(t)) such that every interval [u, t), 
[t, u) € K(t) with ue P, is divided. By Young's covering theorem, which says 
that J ^ P is compact, a finite number of K (t), and so of [6 w), [u, t), cover 
J P. The intervals of J outside the cover are admissible and finite in 
number, so that J is admissible and J ^ P empty, Hence at most, a, be P, But 
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there are suitable intervals from a, b to show that [a, b) is admissible, 
completing the proof. 


Exercise 1.9.1 Show that for some integer j, P; contains an interval over 
which we have an arrangement involving a gauge, and so a special Denjoy 
integral is definable. 


1.10 BURKILL'S APPROXIMATE PERRON INTEGRAL 


The approximate Perron integral of Burkill (1931) has a generalized Riemann 
integral form that is easily obtained. See Henstock (19614; 1968b, p. 223, Ex 
43.11; 1979, p. 3). 

Let M bea continuous non-atomic measure on the Borel sets of [a, b |, with 
M ((x, y)) > 0 for all (x, y) € (a, b). For each t e (a, b) let U- (t) be the family of 
all [u, t) € [a, b) with u in a set of left lower M-density 2 d. at t, the set 
varying with t, and let U, (t) be the family of all [t, u) € [a, b) with u in a set of 
right lower M-density >d, at t. If d_, d, are independent of t, with 
d +d, zl. then this arrangement divides every interval of [a, b) If 
necessary, we can put 

U= |) U*()oUt(t, 
a&t&b 

we take a one-sided arrangement at a and at b, where the asterisk means that 
t is also included. 

The proof is taken from Henstock (1961a), p. 131. Taking 


£ — (d. +d, — 1y3 

then ¢ > 0, and to each t e(a, b) there is a gauge ó(t) such that if ic (0, oi the 
set of points y in [t — h, t) with De, t) eU (t), has M-measure greater than 
(d c)M ((t — h, t)), and the set of points y in [t,t + h) with It, vie Ua (f) 
has M-measure greater than (d, — €) M ((x — h, Lo 
(1.10.1) t — (t) cu c t-u-tó(u) 
Phen [u, t) is in [u, u + ó(u)) and in [t — ó(t), t), so that the set of points y 
in the open interval (u, t) with [u, y) e U , (u) or [y, t) e U (t), have respective 
M-measures greater than (d. — 6) M ((u, t)), (d £6) M ((u, t)). As 

d, ~e+td ead, +d 2(d +d, IV) 

(2+d_.+d,)/3> 1, 


the two sets have a y in common, and [u, v) U, (u), [ y, DE U- (t); For X, the 
set of ¢ with d(f) >n !, clearly | )X, = [a, b]. 

Let uś say that In, 0) is admissible if every [w, x) € [u, v) is divided, We then 
proceed as in Section 1,9, taking H (he union of interiors ol all admissible 
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intervals, and P = [a,b]\H. If te(a, b) is an isolated point of P there are 
suitable [u, t), [t, v) with u and v in appropriate sets, and the u, v link up with 
admissible intervals on the left and right, so that t is an interior point of an 
admissible interval, giving a contradiction. Hence P is perfect or empty. If P is 
not empty, there are an integer n and a portion P ^J of P such that X, is 
everywhere dense in P ^ J. If [w, v] is any interval containing points of P ^ J, 
then PoJn[w,v] can be covered by a finite number of intervals (u, t) 
satisfying (1.10.1), and these intervals link up with the finite number of 
intervals of the open set (w, v)\(P AJ), PJ is empty, and the theorem is 
proved. 

The case d_ = 1 = d, gives the approximate Perron integral by using the 
theory of Section 7.1 


1.11 DIVISION SYSTEMS AND SPACES IN A TOPOLOGY 


See Henstock (1968b, pp. 224—5, Ex. 43.14; 1980a, pp. 397-8). Let T be a 
topological T;-space (i.e. every point is a closed set, and for each te T and 
each neighbourhood G of t, there is a neighbourhood G, of t whose closure is 
contained in G). In T we can construct a fully decomposable stable division 
space, as follows. Let X, X? be the closure and interior of X € T, respectively, 
with # the family of non-empty compact sets. The generalized intervals are 
those I = X \ Y(X, Ye #) with I? non-empty. Let A be the family of all 4 
defined by an elementary set E and a function J: T T with teJ(t)°, such 
that 4 contains all (I, t) with teE nT and I € J(t) ^ E. Then A divides 
each E. It is enough to show that A divides each interval I = X XY. As 
IcX-—Xe3f,Iis compact. Thus for a finite number of points t,,.. . , t, 
in I, the union of the J (tj)? (1 <j < n) contains I. As Tis a T;-space there are 
open sets G; containing the t;, with disjoint G; € J (t;)°. Let 


Gf =J(t)\U G, G-L...,n) 
kj 

Then G;* is a neighbourhood of t j and the union of the G7 contains I, while 
G; ^ G, (k + j) is empty. The following mutually disjoint I jform a division of 
I=X\Y. 

j-1 

I,=XoG{\Y, L=XaG}\U Gut (j=2...,n) 
k=1 


For each IjeT and I; € XX Y, and the union of the J; contains X VY. The 
other properties are now easily shown. The construction of Section 2.7 gives 
an additive division space. 


CHAPTER 2 


GENERALIZED RIEMANN AND 
VARIATIONAL INTEGRATION IN 
DIVISION SYSTEMS AND DIVISION 
SPACES 


21 FREE DIVISION SYSTEMS, THE FREE p-VARIATION, 
FREE NORM VARIATION, AND CORRESPONDING 
VARIATIONAL INTEGRAL, AND THE FREE VARIATION 
SET 


In the base space T of points we use a collection 7 of some non-empty 
subsets I c T called (generalized) intervals, a non-empty collection W' of 
some interval-point pairs (1, t) (Ie Z,te T), and a non-empty family A of 
some non-empty subcollections 4/ € 4/!. (T, 7, A) is a free division system if 
A is directed downwards in the sense of set inclusion (i.e. given "Wc A 
(j= 1,2), there is a WEA with 4 € Yi ^ 4^.) Colloquially, this results in 
convergence ‘as Y shrinks’. 

The minimal requirement of the space K of values is that it has a 
multiplication (or addition) operation x.ye K for all x, ye K. If also it has n 
function p: K > R* (non-negative real line) such that 


(2.1.1) p(x.y) < p(x) + p(y) (x, ye K) and p(u) = 0 
for the unit u in K, if it exists, we call p(y) the p-modulus of y. From (2.1.1), 
(2.1.2) if p(x) = 0 = p(y) then p(x. y) = 0. 
Given h:4/! > K we define 
FV,(h, Y) = sup(4)»; p(h, 0) 


over all arbitrary finite collections d of some (I, t) e & with mutually disjoint 
I, where & and Y are non-empty, & c Mr 4', and where (4)», denotes 
summation over d. If a finite supremum does not exist, by convention we 


write FV (i 4) = +œ. Clearly 


(24.9  FV, (n; 4) & FV,; Ar U ev, url, jd, 2, W non 
empty), even allowing for the convention, Thus it is reasonable to define 
the free pevariation of h relative to A to be 


FV (h A) = inf PV, (a W) (EA), limsup (4) p(n, 0) 
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as 4/ shrinks. Here, conventionally, FV,(h; A)= +00 if and only if 
FV,(h; %) = +00 for all 4/ € A. If FV,(h; A) is finite, we say that h is of free 
bounded p-variation relative to A, and if FV,(h; A) = 0, we say that h is of 
free p-variation zero relative to A. 


Sometimes the topology of K needs an infinity of functions p to define it. 
But if p(x) is a norm ||x|| in K we change the term ‘free p-variation' to ‘free 
norm variation’; or ‘free variation’ if K lies in R or C with the modulus as 


norm. We also omit p from FV, and FV,,. 
Using the indicator y(X;-) of the set X let p(h(I, t), X) be p(h(, t)) x(X; t), 


FV,(h; 4; X) = sup(£)Y p(h(I, t); X), 
FV,(h; A; X) = inf FV,(h; 4; X) = limsup(£)Y p(h(, 2) x(X; t) 


as & shrinks, with the same requirements for £, % and the same conventions 
for +œ. Clearly, even with the convention, 


(2.1.4) 

FV,(h; A; X) < FV,(h; A; Y) < FV,(h; A; T) = FV (h; A) (X= YST) 
If FV,(h; A; X) 2 0, we say that X is of free p-h-variation zero, and if a 
property holds except in such an X, we say that the property holds free p-h- 
almost everywhere. If h = h* .h,, h* = h.h,, and h,, h, are of free p-variation 
zero, we say that h and h* are free p-variationally equivalent. If K is a group, 
h, = hy}. 

Theorem 2.1.1. 

(2.1.5) FV (hy ho; U) < FV, (hy; U) + FV, (ho; U), 
(2.1.6) FV,(h, bi A) < FV,(h,; A) + FV,(h2; A). 
If h and h* are free p-variationally equivalent then 

(2.1.7) FV,(h; A) = FV,(h*; A). 


(2.1.8) If K is a semigroup, free p-variational equivalence is an equivalence 
relation. 


Proof. From (2.1.1), when & comes from %, 
(£)Y ph, .h5) < (EF phi) + (EX p(h;) € FV, (hy; U) + FV, (ha; 4). 
Hence (2.1.5). Given £ > 0, there are %eA for which 


FV, (hy; U) < FV,(hy A) je. (J 1,2). 


2.1 FREE DIVISION SYSTEMS nl 

Let ër € 44, VNU, WEA. Then by (2.1.5), (2.1.3), 
FEI, -hz; A) < FV, (hy hz; U) < FV,(h,; Y) + FA U) 
< FV,(hy; A) + FV,(h; A) + & 
giving (2.1.6). Using this for (2.1.7), 
FV,(h; A) < FV,(h*; A), FV,(h*; A) < FV,(h; A). 
When K is a semigroup, if h, h* and h*, h* are free p-variationally equivalent 
there are h; (j = 1, 2, 3, 4) of free p-variation zero, such that 
h=h*.h,, h*=h.h,, h*—h*.h., h* =h*.h,, h-h*.(hy b.) 
h* = h.(h,.h,), 

and by (2.1.6), h4.h, and h;.h, are of free p-variation zero. Hence h and |i! 


are free p-variationally equivalent. The other properties of an equivalence 
relation are trivially true. O 


We can multiply together n values k,, .. . , kae K by taking them in pairs, 
c.g. for n = 4 we have ((k;.k4).k,).k4 or (k,.k4).(k5. k4) or... Given the n 
values, we write the set of all such products as TI? , kj. A finite union ol 
mutually disjoint intervals is called an elementary set. A function. H ol 
clementary sets is finitely multiplicative if 


iu H(I;) = sing(H(E)) 


when E is the finite union of mutually disjoint intervals Tu = |, n) In 
(his case it is immaterial where the brackets are put in the multiplication, and 
the values of H lie in a commutative subset of K. 

If the function H of elementary sets is finitely multiplicative and if Hr lies 
pevariationally equivalent to h where h:4/! > K, we say that H is a free p 
variational integral of h, writing 


H(E) = w| dh, 
E 


and omitting (A) if A is understood. 


l'heorem 2.1.2. 
(2.4.9). If h is of free p-variation zero, if the unit u exists in Ky ifh W' » K 
exists with 

uh U, O ul, DEUE A) 


ani if hi ! is also of free pevariation zero, then the unit function H(E) = u (all 
elementary sets E) is an integral of h, We write u for the unit function also 
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(2.1.10) Let Y^ be the family of all finitely multiplicative functions H of 
elementary sets of free p-variation zero, and let K be a commutative group. If 
h:4! + K with free p-variational integrals H,, H,, then H, = H4.H,, 
H,=H,.H, where H}, HEV. If Y^ =sing(u) then H, = H, and the 
integral is unique. 


Proof. Taking the u in pairs, if n is a positive integer, u" = u and the unit 
function is finitely multiplicative. As 


h=u.h=H.h and H-h.h! 


then by definition h is p-variationally integrable over E to H(E) =u, 
giving (2.1.9) 

If K is a semigroup, Theorem 2.1.1(2.1.8) is true. Hence in (2.1.10), H, and 
H, are free p-variationally equivalent and so H, = H;.H4, H, = H,.H,, 
where H3, H, are of free p-variation zero and are functions of elementary sets. 
To show that H;, H, are finitely multiplicative, K needs to be a commutative 
group, and then H4, H. are in Y. O 


Theorem 2.1.3. Let X,,..., X, be sets in T with union X. Then 


FV,(h; A; X) « Y, FV,(h; A; E 
j=l 


Proof. By (2.1.4) we can assume the right side finite and the X; mutually 
disjoint. Given € > 0, let 4€ A satisfy 
(2.1.11) FV,(h; U; X5) « FV (5 A; Xj) +8.27 (j=1,...,n). 


By direction in A there is a WEA with 


US () UY. 


j-1 


If & comes from 4, (2.1.11) gives 


()Y.p( X) = Y. (AZP X< Y, FV, U; X) 


^H 


< Y, FV(h; A; Xj) + e, 
FV,(h; A; X) < FV,(h; à; X) € Y FV,(h A; Xj) + e. 
jmi 


As e > O is arbitrary, this gives the result. It cannot be extended to an infinite 
sequence of sets unless decomposability or something, similar holds, 
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We say that a set X c T is (Caratheodory) free p-h-measurable if, for 
each Y c T, 


(2112)  FV,(h; A; Yo X) + FV,(h; A; Y\X) < FV,(h; A Y). 
Then by Theorem 2.1.3, equality occurs in (2.1.12). 


Theorem 2.1.4. For X the union of mutually disjoint free p-h measurable sets 
X,,..., X, then X is free p-h-measurable, and for each Y & T, 


(2.1.13) FV,(h; A; Y)= Y, FV,(h; A; Yo X) + FV,(h; A; Y\X), 
j=l 


(2.1.14) FV,(h; A; X)= Y, FV,(h; A; X). 
j=1 


Proof by induction. Trivially true for X,, suppose true for X5,..., Xm 
(m < n) with union Z. By inductive hypothesis, Z is free p-h-measurable and 
Z^ X44, is empty. Hence by definition, even when the first term is -+ %, 


FV,(h; A; Y) = FV,(h; A; Yo X441) + FV (h; A; Y\X m11) 
= FV,(h; A; YO Xm41) + FV (h; A; (YNX S44) Z) 
+ FV,(; A; (Y\Xm+1)\Z) 
= FV,(h; A; YAXma1) + FV,(h; A; YAZ) 
+ FV,(h; A; Y\(Xm+1 UZ) 


mti 


FV,(h; A; Yo Xj) + FV,(h; A; Y\X mii U Z) 


using (2.1.14) for n = m. This gives (2.1.13) for n = m + 1. By Theorem 2.1.4, 
HA A; Y) > FV,(h; A; Y A(X m41 O Z)) + FV (AS A; Y\X mii 2). 
lhus by definition X,,,, v Z is free p-h-measurable. By induction we have 


(2.1.13), and (2.1.14) when Y= X. O 


Thus the finite union of p-h-measurable sets is p-h-measurable, which lends 
to the following definition. A class S of sets in T is called finitely additive il 
(i) Ø eS (ii) AX eS when X es (iii) the union of a finite number of sets of S, is 
also in S. 


Theorem 2.1.5. 
(2.4.45) If X and W are free pehemeasurable, so are X A W, NN, XNW, 
(2.1.16) If also WS X, 

FV,(h; A; X NW) FV A; X) = Fit A; Wi) 
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(2.1.17) The class S of free p-h-measurable sets is finitely additive. 

(2.1.18) If each X of a family € of subsets of T is free p-h-measurable with 
FV,(h; A; X) finite, if k(X) is finitely additive over the algebra A(X) of finite 
unions, intersections, and differences of sets of X, and if 


FV,(h; A; X) = k(X)(X ed) 
the same is true for X e A(& ). 


Proof. For Y € T and X, W free p-h-measurable, Theorem 2.1.3 gives 


FV,(h; A; Y) = FV,(h; A; Yo X) + FV,(h; A; Y\X) 
= FV,(h; A; YO X AW) + FV, (i; A; (Y n X)\W) 
+ FV,(h; A; YAX) 
> FV,(h; A; YA X AW) + FV,(h; A; Y(X 0 W)). 


Hence X ^ W is free p-h-measurable. As definition (2.1.12) is symmetrical in 
X and \X, \X is also free p-h-measurable. Then X\W = X ^ (NW) is also 
free p-h-measurable. In (2.1.16), X a W = W, so that the result follows from 
(2.1.12) on putting W for X and then X for Y. For (2.1.17), (i) is trivially true, 
(ii) comes from (2.1.15), and then for (iii) we take the sets disjoint and use 
Theorem 2.1.4. Then (2.1.18) follows from (2.1.14), (2.1.16). O 


The topology 4 of T is normal if, for each pair F,, F, of disjoint closed sets, 
there are disjoint neighbourhoods of F,, F,. We say that (T, Z , A) is freely 
compatible with € if, for each GEG, there is a WEA with I € G for each 
(I, t) e & with te G. These definitions lead to conditions when the variation is 
finitely additive without the sets having a measurability condition. 


Theorem 2.1.6. Let (T, 7, A) be freely compatible with the topology 4 in T, 
let X,, X; be subsets of T and G,,G, be disjoint open sets with X; S G; 
(j = 1, 2). Then 


(2.1.19) — FV,(h; A; X, U X3) = FV,(h; A; X,) + FV,(h; A; X5). 
(2.1.20) If 4 is also normal, (2.1.9) holds when the closures of X,, X, are 


disjoint. 


Proof. By compatibility, corresponding to G; there is a 4c A (j = 1, 2) and 
by direction there is a WEA with Y c Y, O U. M (I, tj) e and t;e X; then 
I; € G; (j = 1,2) and J,, I; are disjoint. Thus, given c > 0, we can choose 
E; SU such that if (1, ed, then te Xj, Ir G; 


(EDZ p)x(X 0) > FA A; X) te (ji 4,2) 
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FV,(h; A; X,) + FV, (I; A; X5) — € < (61) px (X; t) + (£2) p) x(X 5; 0) 
= (£, 0 £3)Y p) x(X, v X5; t) < FV,(h; UY; X, U Xa), 
FV,(h; A; X,) + FV (h; A; X3) — £ < FV,(h; A; X U X5). 


Being true for all ez 0, and using Theorem 2.1.3, we have (2.1.19). Then 
(2.1.20) follows from the definition of normal. 


For X, closed, it is sometimes possible to prove that for the open set 
G = XX, there are closed sets X, € G for which 
(2.1.21) FV,(h; A; X5) > FV,(h; A; G) 
and so prove the p-h-measurability of G. 


There is another indication of the variability of h without using p. Given h: 
jl ^ K and 4 eA, the free variation set FVS(h; U) for Y, is the set of values 


of all products 3. h(I;, t), for all finite collections (Ij, tj) e 4 (j= 1,..., n) 
j=1 


that have mutually disjoint I;. There is no product when the collection is 
empty. However, 


(2.1.22) FVS(h; U) & FVS(h; U) (4 c cu, 


except when 4 is empty. When K has a unit u, by convention we say that an 
empty collection has product value u, so that ue FVS(h; %)(We A), and then 
(2.1.22) is true even for an empty %, though such a YW would not be in A, Also, 
lor X € T put 


h(I,t) (te X), 


h(Lt; X) = | FVS(h; 4; X) = FVS(h(I, t; Xy H) 


u — (téX) 
When K has a topology 4 let the limiting free variation set FVS (I, A) be the 
intersection, for all eA, of the closure 4 FVS(h; 4), and similarly 


FVS (h, A; X) the intersection of 4 FVS(h; Y; X). We can now ask the ques 
tion: how many properties of the free p-variation are copied in some sense by 
[ree variation sets? 

First, if for some WEA, 4 FVS(h; W) is compact, we say that h is of free 
bounded variation (relative to A), and then, if FVS (h; A) only contains u, we 
say that h is of free variation zero (relative to A). W «« FVS(h; 4; X)is compact 
lor some eA, with VS(Ir A; X) ^ sing(u), we say that X is of free h 
variation zero, Ifa property holds except in such a set X, we say that the 
property holds free healmost everywhere, Wh = h* hy, h* hh, with hy, hy of 
Iree variation zero, we say that h and A* are free variationally equivalent, As 
will be seen, no clash occurs with earlier definitions, 

Virst we have an approximation result 
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Theorem 2.1.7. Let YFVS(h; U) be compact for a WEA. Then FVS (h; A) is 


not empty even if no unit exists, and for G an open neighbourhood of FVS (h; A), 
there is a YỌ € A with FVS(h; 4/,) € G. 


Proof. A being a free division system, the 4/ e A are directed downwards by 
set inclusion, making A a downwards directed set for Theorem 0.5.2, and 
FVS(h; %) is an X(d) (d = &). Hence the results. O 


Theorem 2.1.8. Let h;:4/! — K (an additive semigroup). Then 
(2.1.23) FVS(h, + hz; 4) € FVS(h,; 4) + FVS(h,; U) (UEA). 


(21.24) If also Y is Hausdorff, x+y continuous in (x,y), UEA, 
€ FVS(h;; 44) compact (j = 1,2), then for WEA, U S 4t 45, GFVS(h, 
+ h5; Y) is compact and 


(2.1.25) FVS(h, + h3; A) S FVS(h,; A) + FVS(h,; A). 

(2.1.26) If also hi, h, are of free variation zero, then h, +h, is of free 
variation zero. 

(2.1.27) If also h, h* are free variationally equivalent, then, 


FVS(h; A) 2 FVS(h*; A) 


and free variational equivalence is an equivalence relation. 


Proof. (2.1.23) follows from commutativity, associativity, 3 replacing [], 
and 


(AF {hy + hy} = (£)Y h, + (OY hze FVS(hy; U) + FVS(h,; de e U). 


In (2.1.24), Exercise 0.4.6 and continuity of x + y in (x, y) give X + Y compact 
when X, Y are compact. (2.1.23) and direction in A imply that the closure of 
the right side of (2.1.23) and so the closure of the left side are compact for the 
U of (2.1.24), and all FVS in (2.1.25) are non-empty. Using Theorem 
0.5.2(0.5.7) and Exercise 0.4.6, the closure of the right side of (2.1.23) tends to 
the right side of (2.1.25) as ër shrinks, and (2.1.25) follows. Thus (2.1.26) 
follows, and (2.1.27) also, just as (2.1.7), (2.1.8) follow from (2.1.6). O 


Theorem 2.1.9 

(2.128) FVS(h; U; X) € FVS(h; U; Y), FVS(h; A; X) € FVS(h; A; Y) 
(X&€YcT). 

For K an additive semigroup, $ Hausdorff, x + y continuous in (x, y), let 


X4, X, ben sets in T with union X and 4 H HAS 4; X) compact for some 
MEN (jm ty...) 
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(2.1.29) Then 4 FVS(h; U; X) is compact if UEA, US (^| 4r, and 
j=l 


(21.30) FVS(hA;X)&€ Y FVS(h; A; Xj). 
j=1 


Proof. By the trivial (2.1.28) we can in (2.1.30) assume the X; mutually 
disjoint. Then 


ht; X) }, hl, t; Xj), 
j=1 


giving the results from Theorem 2.1.8(2.1.24),(2.1.25) and mathematical in 
duction. They correspond to the results of Theorem 2.1.3. (1 


We now attempt to tie the variation sets with the p-variation. For cach 
non-negative real number M let S,(M) be the set of ke K with p(k) < M 


Theorem 2.1.10. 
(2.1.31) For p continuous relative to Y, FVS (h, A) S S,(FV,(h; A)). 


(2.1.32) Further, if FV,(h; A) = 0, €FVS(h; U) compact for some We A, and 
p(k) > 0 (ke K, k z u, the unit), then h is of free variation zero. 


(2.1.33) Further, for K an additive semigroup, if, for some fixed integer q > 0, 
the ke K are sums of at most q components k™(m = 1,..., q) such that 


n n q n n (mi) 

(È Km) = Y, pk), p(k") « p(k) « Y, bit, 3 k” ( » k,) 

j=1i ` J=1 m=1 jel ICH 
(m — 1,..., q), and if 4S,(M) is compact for each M > 0, then some point 
kc FVS(h; A) has p(k) > FV,(h; A)/q (if this is finite), or, for all WEA, 
4 FVS(h; U) is not compact (if FV,(h; A) = + oo). 
(2.4.34) If in (2.1.33) h has free variation zero, then FV,(h; A) = 0. 

(If p is the modulus in K = R let k® = max(k, 0), KV! = min(k, 0), giving 


{wo components satisfying the conditions in (2.1.33). If K is s«dimensional 
Euclidean we can use 2s components. Are there other interesting, cases?) 


Proof. For X S K let p(X) = supíp(k):ke X }. By (2.1.1), finite & & V, and 
p continuous, 
pie) Y. ha, 0) < éi ph, 0) < FV, Us 4), p(FVS (hy AN 
= p(@EVS(h, Ww) F V, A), 
giving (2,1,31) as # shrinks, From this, in (2, 1,32), 


ns A) = 0, FFS (h, A) = sing(u), 
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For (2.1.33) let p(FVS(h; 4&/)) = M, finite. Then for finite  < 4, 


(2.4.35) (£)Y'p(hQ, t)™) = p((&)Y AU, 0?) = p(((£)Y, AU, ois 
< p((&) Y, h(I, t)) < M, 


(£) Y, PO, t)) < qM, FV,(h; A) < FV,(h; 4) < qM, 


and FV,(h; A) is finite, a converse to (2.1.31), partial because q > 1. Further, 
given e > 0 (even if M = 0), there is a ke FVS(h; Y) with 


qM /(q + £) < p(k) < M. 


As S((M') is compact for all M’ 20, there is a ke4FVS(h; 4) with 
p(k) = M = p(FVS(h; U)). Then from (2.1.31), (2.1.35), 


p(k) < FV,(h; %) < gpk). 
Again using the compactness of S,(M’), there is a ke FVS(h; A) with 
p(k) = p(FVS (h; A)) < FV,(h; A) < qp(k), 


. giving the first part of (2.1.33). However, if p(FVS(h; %)) — --oo for all 
U € A, (2.1.31) shows that FV,(h; A) — + œ. As a continuous function is 
bounded on a compact set, FVS(h; Y) cannot lie in a compact set. In (2.1.34), 
by choice of 4/ € À, M = p(FVS(h; Z)) is as small as we please, and (2.1.35) 
gives FV,(h; A) = 0. 

A set XST is called free h-measurable if, for each Y € T with 
€ FVS(h; U, Y) compact for some We A, 


(2.1.36) | FVS(h; A; Yo X) + FVS(h; A; YAX) € FVS(h; A; Y). 


This looks like (2.1.12), but the FVS are sets, and the sum of two sets is the set 

of all sums of two values, one from each set. By (2.1.28), 4 FVS(h; 4; Z) is 

compact for Z = Y ^ X and Y\X, and by (2.1.30) there is equality in (2.1.36). 
Corresponding to Theorem 2.1.4, we have the following results. 


Theorem 2.1.11. For K an additive semigroup, 4 Hausdorff, x + y continuous 
in (x, y), let X be the union of mutually disjoint free h-measurable sets X i 
(j=1,..., n), with YEA and € FVS(h; U; X;) compact (j = 1,..., n). Then 
X is free h-measurable and for each set Y with 4 FVS(h; %; Y) compact for 
some WEA, 
(2.1.37) FVS(h; A; Y) — FVS(h; A; Yo Xj) + FVS(h; A; Y\X), 

=| 


J 


(2.1.38) FVS(h; A; X) = Y. FVS(h; A; X j). 
j^ 


Proof, Follow the proof of Theorem 2,1.4 with > replacing 
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Theorem 2.1.12. For the hypotheses on K as in Theorem 2.1.11, if X, W are 


free h-measurable, so is X ^ W, and the class of free h-measurable sets is finitely 


additive. 


Proof. Follow the proof of Theorem 2.1.5. O 


Theorem 2.1.13. For (T, Z , A) freely compatible with the topology $ of T. 
and G;e4, X; € G; (j = 1,2), G,, G, disjoint, then 


(2.1.39) FVS(h; A; X,) + FVS(h; A; X4) = FVS(h; A; X U X5). 


Proof. See that of Theorem 2.1.6. O 


My thanks are due to Thomson (1971a, b, c, 1972a, b, 1975), who examined 
the theory and showed that it would work with fewer hypotheses, coining the 
name, division system, which in this book is called a free division system. Here 
I have called a division system one that considers divisions of a fixed 
clementary set. See Example 1.1.3 for some details of Thomson's system. 

While writing the book, Henstock (19685), it became clear that the use of 
axioms would be most cumbersome, and J. J. McGrotty suggested the use of 
names to correspond to measure spaces. Thus I invented the name division 
space, and the original nomenclature can be found in that book, Section 43 
Slight changes have occured from time to time, and this book uses the 
definitive nomenclature. 

It appears that McShane (1969) pioneered the use of semiproup spaces ol 
values, Henstock (1969) only using groups. 

The very clever definition of measurability in (2.1.12) is of course due to 
Carathéodory, the ‘embroidery’ of this section being added on, 

The variation is a generalization of that in, say, Saks (1937), see Henstock 
(1979), while the variation set first appeared in Henstock (19615), p. 404, ‘The 
N-variation first appeared in Henstock (19614). 

It turns out that the version of the free variation set for division systems 
(so that ‘free’ and ‘F’ are dropped) is the most natural way of defining 
the variational integral without use of a p-modulus, and of linking this integ, 
ral to the generalized Riemann integral to be defined in Section 2,3, See 
Theorem 2.5.4. 


Exercise 2.1.1. Let (R, Z, A) be the gauge (Kurzweil- Henstock) arrange 
ment on the real line R of Section 1.4. Let ln !), t) = n (n= Li. A 
and otherwise let h = 0. Show that FV (h; A; [0, I ]) Eoo, FVS (n A;[0, E]) 

sing(0), and H FS(h; 4; [0, D)) is unbounded for each We A. This illustrates 
the need-in Theorem 2,1,7 and later theorems of an HUN set whose closure is 


compact, and not just à compact F FS set, 
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Exercise 2.1.2 If h and h* are free p-variationally equivalent and if X £ T, 
then show that 


FV,(h; A; X) = FV,(h*; A; X). 


(If FV,(k; A) = 0 then FV,(k; A; X) = 0, as all terms in sums are omitted 
except those with t € X, the only difference between the two kinds of sum. As h 
and h* are free p-variationally equivalent there are h,, h, with the property of 
k, such that h = h*.h,, h* = h.h,. Hence hy(X;-) and h* y(X ;-) are free p- 
variationally equivalent and Theorem 2.1.1(2.1.7) gives the result.) 


Exercise 2.1.3 If h: à! — R, h*:4(! 2 R, f: T  R, and h, fh* are free p- 
variationally equivalent, and if | f| < C in the set X c T, then for p the 
modulus, show that 


FV(h; A; X) < C. FV(h*; A X). 
Changing |f| € C to |f| > C in X, then 
FV(h; A; X) > C.FV(h*; A; X). 


Exercise 2.1.4 For a fixed positive integer n let K be the set of vectors k with 
n real components k,,..., k,, and with p(k) = {ki + «+: + k2)!7. Show 
that q = 2n. 


Exercise 2.1.5 Let K be the set of all bounded real-valued sequences 
k = (k,) with 


p(k) = sup |k,. 


Then q is infinite. For h:47! —^ K we have h(I, t) = (h,(I, t), a bounded 
sequence for each fixed (I, t). Let 


1 = yeh f= fet -1 pi 
h,(I, t) = (t=n at [n ,u, n  «u«(n—1) ), 

0 (otherwise). 
For the division system of Section 1.4 with suitable cz 0, show that 
FVS(h; U) is the set of (k,,) with k, = O or 1 (n = 1,2, .. ) while FV,(Ih; 4) = 
+œ (all 4 € A). 


Exercise 2.1.6 Given that the group operation in IR or C is multiplica- 
tion and p(z) = |z|, show that q = I with p(wz) = p(w)p(z) in (2.1.1), and 
p(unit) = 0 becomes p(1) = 1 because of multiplication instead of addition. 
In (2.1.33), using (2.1.31), there is a ke FVS(h; A) with p(k) = FV,(h; A), 
and p(F VS (hy A)) = FV (hy A). 
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22 FREELY DECOMPOSABLE DIVISION SYSTEMS 


To the definitions of Section 2.1. we add the following: (T, 7, A) is freely fully 
decomposable (respectively, freely decomposable, or freely measurably decom- 
posable relative to a measure (see (2.1.12); or measure space—defined later) if 
to every family (respectively, countable family, or countable family of measur- 
able sets) 4 of mutually disjoint subsets X c T, and every function %(.): 
X — A, there is a WEA with 


UX] = {(I, t): (I, NEU, tEX} € «(X) (XE). 
There is no need for the union of the X € € to be T. If, for the given X, 
U[X]=U(X)[X] (Xe2) 


we call A the diagonal of the (U(X), €). 
Here we assume decomposability. The FV,, FVS, and other functions and 
sets are as in Section 2.1, and we can now add to the results given there. 


Theorem 2.2.1. Let (X;) be a sequence of subsets of T with union X. Then 
(2.2.1) FV,(h; A; X) < Y, FV,(h; A; X). 
j=1 


If the X; are mutually disjoint and free p-h-measurable, then X is free p-h- 
measurable, and for each Y « T, 


(22) FW, A; Y)= Y, FV( A; Yo Xj) + FV,(h; A; Y\X), 
jei 

(123) FL A; X) 2 Y, FV,(h; A; X;). 
j=l 


(The last result is the definition of the countable additivity of FV (h; A; A ) in 
the family of p-h-measurable sets.) 

Let K also have a scalar multiplication by real or complex numbers, with 
p( fk) < | f |p(k) (ke K, f the scalar). 
(2.2.4) If FV,(h; A; X) 20, with f a scalar-valued point function, then 
HU, A; X) = 0. 
(2.2.5) If FV,(fh, A; X) = 0 with f #0 in Xo € X, then FV, (hy A; Xo) — 0, 


Proof. Win (2.2.1) all but a finite number of X , are empty, we use Theorem 
2.1.3. Otherwise, in the proof of that theorem we replace direction in A by free 
decomposability, By (2.1.4) we can take the X , mutually disjoint, and there is 
a WeA with 4[X,] S U; (j > D). M & comes from % and if A, A, are the 
subsets of 4 for which the points ¢ lie in X, Xj, respectively, as d is a finite set 
there is à greatest integer m depending on d, with Ap not empty, Also we can 
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assume the series in (2.2.1) convergent, or else there is nothing to prove. Then 


(26) (ALPA eat = ai 


< Y, FV,(h; dt; X;) 


CH 


KE 
H 
Di 


(FV,(h; A; X;) + £277) 


Ms 


< 
j=1 


úa 
D 


FV,(h; A; Xj) +6, 


A 
Ms 


j=1 


FV,(h; A; X) < FV,( U; X) < Y, FV,(h; A; Xj) + 6 
Zei 


and e > 0 is arbitrary. Hence (2.2.1) is true. If in (2.2.1) the X; are free p-h- 
measurable and mutually disjoint, then by (2.1.4) and Theorem 2.1.4(2.1.13), 


FV,(h; A; Y) 2 Y, FV,(h; A; Yo Xj) + FV,(h; A; Y\X). 
j=1 


Being true for all positive integers n, we can replace n by + oo. The opposite 
inequality follows from (2.2.1), giving (2.2.2), and (2.2.3) on putting Y — X. 
Then (2.1.12) follows for X on using (2.2.2) and (2.2.1), so that X is free p-h- 
measurable. 

Next, from p( fk) < |f |p(k) there is equality when f = 0, and when f 4 0 we 
have | f|p(f~*(fk)) < If llf ^ Ip(fk) = p(fk), giving the opposite inequality, 
so that 


(2.2.7) P( fk) = | f p(k). 


For (2.2.4) let X ; be the subset of X with |f| <j(j = 1, 2, . . .). Then by (22.1), 
(2.1.4), (2.2.7), 


FV, (fh; A; X) < z FV,(fh; A; X) < LFU A; Xj) 
j= j= 
< Y j.FV,(h; A; X) = 0. 
For (2.2.5) replace X and f by X, and 1/f in (2.2.4. (1 
Note that property (2.2.1) is the definition of an outer measure in Lebesgue 
theory. 


We now turn to corresponding results concerning variation sets, Scalar 
multiplication seems difficult to handle, and is omitted, 
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Theorem 2.2.2. Let (X ;) be a sequence of subsets of T with union X, let K be 
an additive topological group, and for some WEA let GFVS(h; Y; X;) be 
compact. Then 


(2.2.8) FVS(h; A; X) © Y. FVS(h; A; Xj. 
j=1 


Here the symbolism covers an operation that is not as simple as it seems. If 
K; SK (j= 1,2, ...) the symbol 32, K; denotes the closure of the set 


Ceci k;:k;e Kj, jas fran 12... 
j=l j=1 


If also the X; are mutually disjoint and free h-measurable, then X is free h- 
measurable and for each Y S&T, 


(229) FVS(h A; Y)= Y, FVS(h; A; Yo X;) + FVS(h; A; Y\X), 
j=l 


(2.2.10) FVS(h; A; X) = Y. FVS(h; A; X). 
j=l 


Thus FVS(h; A; X) is countably additive in the given extended sense for 
addition of sets, for X in the family of all free h-measurable sets. 


Proof. Theorem 2.1.9(2.1.28) shows that we can assume the X, mutually 
disjoint, and if then all but a finite number of X; are empty, Theorem 
2.1.9(2.1.30) and Theorem 2.1.12 give the results. Otherwise we begin with 
Theorem 0.4.13, an open neighbourhood G of the zero 0, and a sequence (6) 
of open neighbourhoods of 0, such that 


(2.2.11) G,-G, G;—G;€ G;.. (j 2 2), 

Geint + Gye2t-.-+G,5Gy (qo N 7 I) 
By the approximation result, Theorem 2.1.7, there is a ur A with 
(2.2.12) FVS(h; WG; Xj) € FVS (h; A; X; +G; 


the right side being an open neighbourhood of FVS (h; A; X ). In the proof ol 
Theorem 2.2.1 we now replace p(h) by h, < by e or € , and use the analogue 
of (2.2.6). 
m m 
(£)Y hü, t; X)=(AYh= Y AKT Y FVS(h; 4; X) 
ja i^a 
m. Í | 
c Y A FVS( A; Xj) +G; 
imi | Í 
Y FVS(hA; Xj) + Y G,& Y, FVS(h; Aj Xj) + G, 
=i j=l j-!. 
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FVS(h; à; Vie x FVS(h; A; Xj) + G, 


FVS (h, A; X) S FVS (h; A; X) + G. 


E 


j 


As K is a topological group, Theorems 0.4.11, 0.4.14 now give (2.2.8). 

Note that Y". , (4; + Bj) is the set of 375, (a; + bj) = 37-1aj + AË: bj, 
and so is)", A, + 37, Bj, and we can reverse the argument by pairing off 
a; with b; for each j. 

To prove (2.2.9), (2.2.10) we follow the proofs of (2.2.2), (2.2.3), using 
Theorem 2.1.11(2.1.37). O 


Decomposability first appeared as axiom (A4) in Henstock (1961a), p. 117, 
and was used to prove Theorem 8, p. 123, the N-variational form of 
Theorem 2.2.1 in the present book. It was named in Henstock (19685), 
pp. 216, 217 as was full decomposability. 


23 DIVISION SYSTEMS, THE GENERALIZED RIEMANN 
AND VARIATIONAL INTEGRALS, THE VARIATION, AND 
THE VARIATION SET 


There are at least three possible ways of defining variational integrals of 
functions with values in a Banach space B, and two ways of defining 
generalized Riemann integrals of such functions. We can use the norm of B 
directly through the norm variation to obtain the strong variational integral, 
as in Section 2.1 before Theorem 2.1.2. Or we can use a common device of 
integration theory, namely, a family of continuous linear functionals 7 on B. 
If an A-integral A(k) is defined for real functions k, if ^: 4/! > B, and if, for 
some H e B and each continuous linear functional F on B, A( F (h)) exists 
and is equal to ¥ (H), then we say that h is weakly A-integrable with weak A- 
integral H. For example, Dunford (1936b, c) and Pettis (1938) define the weak 
Lebesgue integral, and we could define the weak generalized Riemann and 
weak variational integrals. Theorems for A(h) follow from theorems for 
A(F (h)) by standard ways, and for a unique H we need enough continuous 
linear functionals to separate all points of B. At times this method is 
attractive, but when K does not have enough continuous linear functionals 
we need some other method. Also, on moving to spaces K without a norm, it 
is difficult to extend, say, the majorized or dominated convergence theorem 
from K — R to general K, except for an equivalence found recently that uses 
Riemann sums. So here we first define the generalized Riemann integral and 
the variation directly, the latter piving a better variational integral. 

In this section (7,.7 , A) is a division system for an elementary set E. For 
convenience we recite some of the definitions again, Using the collection .7 of 
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generalized intervals J and %' of interval-point pairs (J, t), the elementary set 
E is an interval or a finite union of mutually disjoint intervals. A subfamily 
U c: Ut divides E if, for a finite subfamily € € 4, called a division of E from %, 
the (I, t) e& have mutually disjoint J with union E. The collection of these I 
alone is called a partition of E from %, and the separate I are called partial 
intervals of E from %, any 2 S @ is called a partial division of E from 4, and 
M.E is the set of all (I, t) €& with I a partial interval of E. We use a family A of 
some non-empty subsets V c 4/!, and AJE is the set of all 4. E with WEA 
dividing E. (T, 7, A) is called a division system for E if A| is not empty and if 
A is directed for divisions of E, i.e. given 4/;& A|E (j = 1, 2), there is a % € A| E 
with 4 € Yi Oo. 

Let the space K of values have a Hausdorff topology and a multiplication 
operation x. y for all x, y e K, and let h: Y! > K. If U e A|E let S(h; Y; E) be 
the set of values of all products (4) | [ O for the (1, t) e & in any order and 
any grouping of pairs of terms in brackets separated by the multiplication 
dot, and for all divisions Z of E from %. In a semigroup K there is no need of 
brackets. If x. y is commutative we often write it as x + y, and (4)), for 
(&)|]; then the order of terms in brackets is immaterial. As A|F is directed 
by set inclusion, then ‘as Y shrinks’, S(h; 4/; E) is a monotone decreasing set- 
valued function of the 4/&€ A|E, even in the general case. We say that 
S(h; %; E) is convergent (A; E) with limit He K if, given an arbitrary G c '4 
with H € G, there is a 4/ € A|E depending on G, such that S(h; 4/; E) € G. The 
limit H is called the generalized Riemann integral of h over E (relative to A, '4), 
written 


H=H(E)=(A) | a=] dh, 
E E 


omitting A when it is understood. For additive K with another (possibly 
scalar) multiplication h(I, t) = f(t)g(1, t) and h integrable, we often write the 


integral as 
(a) | fdg = | f dg. 
E E 


Theorem 2.3.1. The generalized Riemann integral is uniquely defined. 


Proof. If JeK is also a limit, then given arbitrary G, in Je G, €, there is à 
W, € A|E with S(h; &,; E) € G,. A|E being directed, there is a W, € A| E with 
U, SUAU, and S(h; 4; E) lies in GAG,. As & is Hausdorff this can 
occur only when J = H. (1 


We say that S(h; 4; E) is fundamental (A; E) if there is a point ke K such 
that to each neighbourhood G of k there correspond an sc K and a 4 € A[E 
such that s; S(Ai; W; E) €. G, This corresponds to the definitions piven just 
before Theorem 0,5,5; that theorem and the next are vital here, 
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When S(h; %; E) does not have a limit we can use 


S(h; A; E) = () 4 S(h; U; E) (all4z € A|E). 


Theorem 2.3.30. Let GS(h;%;E) be compact for some T! €A|E. Then 
S(h; A; E) is not empty, and if G is a Y-neighbourhood of S(h; A; E), there is a 
U, € A|E with 


(2.3.1) S(h; 4,; E)e d. 
Proof. Follow the proof of Theorem 0.5.2(0.5.5), (0.5.6). O 


Sometimes two disjoint partial intervals from different partitions of E 
cannot together be part of another partition of E, see Example 2.3.7. Thus we 
cannot transfer the definitions of F V, and FVS to here, except by analogy. 
We need new definitions. 

Given h; 4/! > K, the p-modulus p(k) (ke K), the elementary set E, and 
U € A|E, define 


Vi(h; U; E) = sup (£)Yp(h(, Wu V,(h; A; E) = inf V,(h; &; E) 
= lim sup(&) >’ p(h), 


first over all divisions & of E from %, and then over all We A|E. If V, (h; A; E) 
is finite we say that h is of bounded p-variation over E, and if V,(h; A; E) = 0 
we say that h is of p-variation zero over E. When p is the norm we omit the 
symbol p and say, norm variation. 

The variation set VS(h; U; E) for a U € A|E is the set of values (2) [ [ (1, t) 
for all partial divisions 2 of E from 4/, the values being taken in all orders, 
with all arrangements of brackets around pairs of elements of K, separated by 
the multiplication sign. If K has a unit u and if P is empty, then by convention 
we take the product to be u. The limiting variation set is defined to be 


VS(h; A; E) = () 4$VS(h; 4; E) (allWeAlE). 


If for some 4 e A[E, 4 V S(h; A E) is compact, we say that h is of bounded 
variation in E; if also VS(h; A; E) = sing(u), we say that h is of variation zero 
in E. 

As a division of E from 4, is also a partial division, we have 


(2.3.2) S(h, U; E) S VS(h;W;E) S(h; A; E) S VS(h; A; E). 
If h has variation zero in E then S(h; 4; E) also has limit u as WY shrinks, 


(2.3.3) | dh= u, S(h; A; E) = VS(h; A; E) = sing(u). 
JE 
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For a set X € T we define 


ln  (teX) 


h(I, dE : e 


and write V,(h(1, t; X); 4; E) as V,(h; &; E; X). Similarly for V, VS, VS. 
for some Y € A|E, 4 VS(h; E X) is compact and tends to a limit, which 
has to be u, as Y shrinks, we say that X is of h-variation zero, relative to E, A 

Clearly 


(2.3.4) VS(h; U; E; X) S VS(h; U; E; Y) S VS(h; Y; E; T) 
= VS(h;%; E) (X SYCT), 


(2.3.5) if Y is of h-variation zero, then X is of h-variation zero for any 
X S Y and 


| dh(I, t; X) — u. 
E 


Theorem 2.3.3. For K an additive semigroup let h;: 4! — K(j = 1,2). Then 
(2.3.6) S(h, + h;; U; E) € S(h,; V; E) + S(h; %; E). 


For x + y continuous in (x, y) and h,, h, integrable over E, the first integral 
below exists and 


(2.3.7) | d(h, + hy) = | dh, «| dh,. 
E E E 


(2.3.8) For K = C with its modulus topology, hj: 4! — R and numbers H e W 
(j= 1,2), if hy +ih, is integrable to H, +iH,, then h, is integrable to 
H, (j= 1,2). 


Proof. 
(£)} {hy GO, t) + h(l, 0] = (@) YAO + (9) Y ha t) 
€S(h,; U; E) + S(hy; U; E) 

gives (2.3.6). If the integrals H, of h; (j = 1, 2) exist, then by continuity ol 
x y in (x, y), if G is a given G-neighbourhood of H, + H, there are 
'4-neighbourhoods G; of H, (j = 1, 2) such that G, + G, S G, and We Alt, 
such that S(A; V; E) c G; (j = 1, 2. By direction a Mr A[E. exists with 
U SE Ui VU, By (2.3.6), 


Sib, + hj; 4; E) & S(h,; V, E) + S(h3; 4; E) & G, + Gy & G, 


hy + hy dis integrable over E to Hy + Ha, and (2.37) follows, Por (2,8), 4 
partial converse, given s > 0, there is à 4 € ALE such that every division d ol 
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E from 4 satisfies 
e >|(£)} (hy t ih;) — (H,  iH;)| 
= |(@)V hy — H, +i{(£)} h, — H2}| > (£)Y h; — Hjl 


(j = 1, 2), so that as & > 0 is arbitrary, H; is the integral of h; (j = 1, 2). 
Instead of using a topology 4 in K, we now suppose that K is a complete 
lattice (see Section 0.5), and can then define the integral as the o-limit (order 
limit) of S(h; Y; E) for the downwards directed system of sets % e A|E. Let 
h,.h; > k,.k, when h;zkj;, for all such hjk; in K (j=1,2). If 
h(I,t) 2 kU, t) for (1, t)e4&/ and some 4 eA|E, if P(h) is a product of 
h(I; t) e K(j = 1,...,n) with a given arrangement of brackets and multi- 
plications, and if P(k) is the corresponding product of k(I;, tj) e K, with the 
same arrangement of brackets and multiplications, then an induction on the 
number and arrangement of multiplications shows that P(h) > P(k). O 


Theorem 2.3.4. If hj: Ut > K is integrable (j = 1, 2) with h, > h, in U+, then 


(2.3.9) | dh, > | dhy. 
E E 


If hj: %* > K, integrable, h; > 0 (j = 1,2, .. . ), K an additive complete lattice 
with x + y o-continuous in (x, y) and h = bm h;, an o-limit of a monotone 
increasing sequence, and if h is also integrable, 


(2.3.10) | dh Y | dh,. 
E j=1 JE 


Let there be scalar multiplication in K for real scalars. Iff = 0 on \X, f bounded 
on X with bounds m = inf f, M = sup f there, and h > 0, and if h(I, t; X)}andfh 
are integrable, then 


(2.3.11) m | dh(I, t; X) < | fah(I, t, nen dh(I, t; X). 


This is the mean value theorem for integrals. If in (2.3.11) we also have K — R, 
E — [a, b) c R, X € E, and f: E > R is continuous in E, then for some ce E, 


(2.3.12) | fdh(1, t; X) ^ f(c) | dh(I, t; X). 
E E 


Proof. (2.39) is straightforward, and (2.3.10) follows from h > Za h;, the 
analogue of Theorem 2.3.3(2.3.7) using o-convergence, and (2.3.9). In (2.3.11) 
we use mh < fh < Mhin X. Then as h > 0, if the integral of h(I, t; X) is 0, so 
is the integral of f (t) h(1, t; X), and (2.3.12) is true with 0 both sides. Other- 


wise 
| fdh || T 
"E Jf 
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lies between m and M, and (2.3.12) is true from the intermediate value 
theorem for continuous functions. O 


Exercise 2.3.5 shows that there need not be equality in (2.3.10), and Exercise 
2.3.6 shows that h need not be integrable. More can be proved for special 
kinds of h;, see Chapter 3. 

In this section all divisions have to be divisions of the elementary set E, but 
this fact does not affect the proofs of analogues of Theorems 2.1.1—13, so that 
the analogues of these theorems are true and need not be rewritten, except 
that Theorem 2.1.10 is partially rewritten here below. 


Theorem 2.3.5. 

(2.3.13) When K is a Banach space with norm p = ||.|, and h:%' — K, 
VS(h; A; E) is contained in the closed sphere centre the origin and radius 
V(h; A; E). 

(2.3.14) Ife also K is the real line (q = 2) or complex plane (q = 4), then some 
point ke VS(h; A; E) has |k| > V(h; A; E)/q if the right side is finite; or if 
V(h; A; E) = + oo, then for all 4 € A[E, 4€ VS(h;%; E) is not compact. 


Proof. See that of Theorem 2.1.10. O 


Theorem 2.3.6. For K a Banach space with norm ||. ||, and h: U! > K, with h 
and ||h|| integrable in the elementary set E, 


[sl fom 


Proof. For every division & of E, 


I(£)» hl «(GO)» Imi. 


Now take limits as % shrinks. O 


(2.3.15) 


Exercise 2.3.1 For a fixed positive integer n let K be the set of vectors k with 
n real components k; (j= 1,2,...,n) and p(k) 2 (kf +--+: t kR P. 


Show that there is an analogue of Theorem 2.3.3(2.3.8). 


Example 2.3.2 Let K be a set of bounded functions k: W — R, with 


p(k) = sup |k(w)|, Then 
wow 


e > sup léi h(w; IL, t) — H(w)| : WéI hin Lu H(wo)| 


we H 


and H ve is the integral of (wg; L t) foreach wuar H. His the integral of h, 
another analogue of Theorem 2,3,3(2, 8) 
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Example 2.3.3 If the group operation in R or C is multiplication, there is 
only one component, and here, Theorem 2.3.3(2.3.8) is trivial. 


Exercise 2.3.4 For addition and scalar multiplication in K, and a scalar 
constant b, an integrable h, and continuity of bk in the ke K, prove that 


[on = | dh. 
E E 


Exercise 2.3.5 On the real line, for each fixed integer j > 2 let h;([u, v), t) 
:v — uif (j + 1)u/j < v < ju/(j — 1) (u > 0), and otherwise let h; = 0. Then 


h= Y hj=v—u (u< v «2u) and otherwise h = 0. 
j=2 


l'or A from Section 1.4 (the gauge integral) show that 


| h,=0 (allj>2), | h=1 
[0, 1) [0, 1) 


(Henstock (1963c) Ex. 20.1, p. 29). (If for t > 0,0 < ó(t) < t/(n + 1) then 
hu (2<j<n) for 6-fine interval-point pairs. But if ó(t)«it 
(t > 0), h([u, v), t) = v — u for ó-fine pairs.) 


Exercise 2.3.6 In Exercise 2.3.5 prove that h* = 37, hp; is not integrable 
over any interval of [0, 1). Henstock (1963c), Ex. 20.2 p. 29. (For 4 e A|[O, 1) 
defined by 6(t) > 0, let X be the set of all x in [0, 1] such that either x = 1, or 
the supremum of finite sums of h* over divisions from 4 over [x, 1), is 1 — x. 
Let s = inf X. Then for xe X tending to s+, the supremum for [s, 1) is not 
less than 1 — x, hence se X and 0 < s < 1. If s > 0 then ó(s) >0 and there 
is an integer n with s/(2n) < ó(s), ([(2n — 1)s/(2n), s), s) is ó-fine, and 
ha, = s/(2n). Hence (2n — 1)s/(2n)e X while s = inf X. This contradiction 
shows that s — 0. Similarly y — x is the supremum of finite sums of h* over 
division from & of [x, y), for O0<x<y <1, while the infimum of finite 
sums of A* over divisions from % of [ x, y), is 0, proved by replacing 2n by 
2n + 1, Hence the result.) 


Example 2.3.7 Two disjoint partial intervals from different partitions of E 
cannot always be part of another partition of E. For let T = [0, 1] and .7 the 
family of intervals [ u, v) with v — u rational, or u = 0, or v = 1. Then the 
disjoint [0, 4) and [27 ">, f) are partial intervals from divisions of [0, 1). But a 

Deg th martit Tori E GET aont ints and 271/2 
partition with partition point 4 has only rational partition points and 2 
cannot be one of them, Such an arrangement cannot therefore be part of a 
division space arrangement, 
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Example 2.3.8 If h and h* are p-variationally equivalent and if X c T, then 
V(h; A; £; X) = V,(h*; A; 4; X). 
(See Example 2.1.2.) 


24 DECOMPOSABLE DIVISION SYSTEMS 


In this section (T, 7, A) is a decomposable division system for an elementary 
set E. Adding to the definitions at the beginning of Section 2.3, (T, 7, A) is 
fully decomposable (respectively, decomposable, or measurably decomposable 
relative to a measure, see (2.1.12), or a measure space defined later } if to every 
family (respectively, countable family or countable family of measurable sets) 
4 of mutually disjoint subsets X € T, and every function. 4/(.): ¥ > AJE, 
there is a 4/ €eA|E with 


UX] 8 (t: (lt)e&, tex) &«(X) (Xe&). 


There is no need for the union of the X e € to be T or E*. Usually we assume 
decomposability if any one of the three conditions is required. 


Theorem 2.4.1. Let h:4/! — K where K has a p-modulus, and let (X;) be a 
sequence of sets X; S T with union X. Then 


(24.1) V,(h; A: E; X) < b V,(h; A; E; X). 
j£ 


If the X; are mutually disjoint and p-h measurable, then X is p-h-measurable 
and, for each Y € T, 


8 


(2.4.2) V,(h; A; E; Y) - Y, V,(h; A; E; Yo Xj) + V,(h; A; E; YAX), 


KE 
H 


ipe 


(2.4.3) V,(h; A; E; X) - Y, V,(h; A; E; X), 


J 
V,(h; A; E; X) being countably additive in X. Let S be a set of scalars with 
S x K S K and p(sk) = |s|p(k) (seS, ke K). 
(2.4.4) If V,(h; A; E; X) = 0 with f: T 5 S, then V,( fh; A; E; X) = 0. 
(2.4.5) Conversely, if V (fh; A; E; X) 20 with fA0 in Xo € X, then 
V,(h; A; E; Xo) = 0. 
(2.4.6) For f: T S, h: 4t! ^ K, mt! + K, V(h — m; A; E) = 0, and fh 
integrable over E, then f m is also integrable over E and the two integrals are 
equal. 


Proof. The fact that in this section all divisions have to be divisions of 
the elementary set E does not affect the proof of the first five results, so that 
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the proof of Theorem 2.2.1 can be used. Thus we prove (2.4.6), using (2.4.4) 
to have V,(f(h — m); A; E) - 0. By Theorem 2.1.10(2.1.31) (analogue), 


VS(f(h — m); A; E) = sing(z), z being the zero. By (2.3.3), 


| fd(h — m) 0. 
E 


Thus Theorem 2.3.3(2.3.7), the finite additivity of the integral relative to the 
integrand, gives (2.4.6). O 


It is the first part of the result on integration by substitution. 


Example 2.4.1 If the division system (T, 7, A) for E is not decomposable, 
we can construct a decomposable (T, 7, A*) from it by decomposing the 4 
in the following way. A? is the family of all 4 € 4/! for which there are an 
elementary set E, a sequence (4/;) € A|E, and a sequence (X;) of mutu- 
ally disjoint subsets of T with union T, such that 4[X;]-— 4;[X;] 
(j=1,2,...). Thus AC A*. We can say that the 4€ A|E have been 
decomposed to form the V €A*. 

But there are (T, 7, A) for which not every 4/ € A* divides E. For let T 
be the interval [a,b] on the real axis, let 7 be the family of [u, v) € T, 
and let 4/! be the family of ([u, v), t) with u < t < v and t <b. Let A be the 
family of all 4 € t for which there is a 6>0 such that if v — u < ô, 
(Lu, v), dei, then ([u, v), t)e4.. Let 4/; be defined by ó; — (b — a)2? 
and take X, — sing(b), 


X;2[b—(b—a)2?*?,b — (b—a)27?*!) (j» 1) 


Then the corresponding % € A* does not divide [a, b). For if & is a finite 
collection of interval-point pairs that comes from certain %, let J be the 
greatest of the j. As 


b—(b—a)277*!40,—2b—(b—a)277, [b —(b — a)277, b) 


is free from intervals from E. Here the reason why 4/ does not divide [a, b), is 
that 74 [ X,] is empty. 


Example 2.4.2 If in Example 2.4.1 every Y e A* divides E, then (T, 7, A*) 
is a division system for E at least. For let V, 4 ;eA|E; Xj, XC T 
(j —1,2,...) with the (X;) mutually disjoint with union T; and the (X5) 
mutually disjoint with union T. Let % € A* be defined from (%;) using ( X ), 
and 2/?€ A* from ($) using (X$). Then we can put the non-empty sets 
X;o X, (j, k = 1,2,...)insequence say as(Y,) and replace ( X ;), (X$) in the 
constructions by ( Y;), repeating some 4/;, Yg where necessary to obtain new 


sequences to correspond to the ( Y,), again written (X), (4&5). As (T, Z, A) is: 


a division svstem for E there is a 4 / € A|E with W} € 4c 17, and from 


2.5 DIVISION SPACES 83 


(U7), (Yj) we can define 4 * €A* with 4/ * c 4 nU’, and by hypothesis 
44 * divides E. Thus A* is directed for divisions of E. 


Example 2.4.3 Clearly a fully decomposable (or decomposable) ( T, Z, A) is 
decomposable (or measurably decomposable). A decomposable ( T, .7 , A*) in 
Example 2.4.2 is fully decomposable if the 4/ €A* have been formed by 
decomposing a single fixed sequence (Vj) € A|E and a single fixed sequence 
(X;). For then, to each te T corresponds a 4/(t) e A*|E, and to each 'W(t), 
constructed from (V;), (X), there corresponds an integer k such that t6 X, 

We can thus replace 4/(t) by V, where k(t) = k, and so have full decom 

posability from decomposability. For example, let T be a metric space with 
the metric topology. If to each 4 € A|E corresponds a fixed ô > 0 such that 
(I, t)e&t ifIeZ,tel,andIliesin the sphere centre t, radius ô, then functions 
6 (t) > 0 correspond to the We A*|E, and A* is automatically fully decom 

posable. In fact we can choose V; using 6; = 1/j (j= 1,2,...) Thin in 
precisely the difference between the (T, 7, A) giving Riemann intepration 
and the (7, Z, A*) giving gauge or generalized Riemann integration, 


25 DIVISION SPACES 


Throughout this section (7, Z, A) is a division space. Thus we begin by 
reciting the conditions obeyed by the space. In the non-empty base space 7 of 
points we choose some non-empty subsets called (generalized) intervals. | 
their family being 7, while %* is a fixed non-empty family of interval point 
pairs (1, t) (Ie Z, te T), t being called an associated point of 1, A in à non 
empty family of some non-empty subsets Y € W!. An elementary set F in nn 
interval or a union of a finite number of mutually disjoint intervals, A subset 
MU c U' divides E if, for a finite subset & c %, called a division of E from W, ihu 
(J, t)e 4 have mutually disjoint J with union E, and called partial intervals ol 
E from U. The collection of these I is called a partition of E, A man ett: 
subset F of &, including @ itself, is a partial division of E from %, and the union 
of Ie is a partial set P of E that comes from & and ^k. P is proper if P # b. M 
there are partial sets P;,...,P, from the same 6, then P, are called vu 
partitional, their union being a partial set. For each elementary set E. and 
WV .Ethe set of all (I, t) e &/ with I a partial interval of E, let AIR be the set ol 
all 4. E dividing E with % e A. We assume that A|F is not empty so that A 
divides E; and that A is directed for divisions of E, i.c. given ur ALE (J = 1, 2), 
there is a 4 € A| E with W S 4, e ,. This is the direction ‘as "W shrinks, 
giving a Moorce- Smith type of limit. A restriction of V to P is defined to be à 
non-empty family W, S W.P, We assume that A has the restriction property, 
ic, for each elementary set E, each partial set P, and each We AE, there is in 
A|P à restriction of W to D Example 2.3.7 necessitates the definition of ‘vo 
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partitional’ and, to avoid such a pathology, we assume that if P,, . . . , P, are 
partial sets of E, then the P; are co-partitional. 

If (T, 7, A) satisfies all these conditions for all elementary sets and all 
partial sets, it is called a division space. 


Theorem 2.5.1. 


(2.5.1) For P a proper partial set of an elementary set E, and U € A|E, then % 
divides P. 

(2.5.2) Ifalso & is a division of P from 4t, with Y, € A|EN P, there is a division 
6, of ENP from U, depending only on P and not otherwise on E, such that 
€ VE, is a division of E from 4f. 

(2.5.3) If P,, P, are partial sets of E, then P, ^ P, P,NP,, P, U P, are either 
empty or are partial sets of E, the first two also being either empty or partial sets 
of P,. 


Proof. For (2.5.1), a restriction of 4/ to P lies in A|P and so divides P. Hence 
U divides P. Now let 4/;, 4/€ A|EXP, Y, a restriction of 4/ to E\P and 
Uz, SU, NU. For 6, a division of EV P from 4/,, &, is from dr, and 4/, and 
so from 4/, and & U @, is as given for (2.5.2). Then for (2.5.3), P, and P, are 
given co-partitional i.e. there is a division & of E from a We A/ E that gives a 
partition 2 of E, such that P, and P, are unions of intervals from P. Then 
P, ^ Pj is the union of those intervals of P in P, that are also in P5, and 
similarly for the other two sets. O 


Theorem 2.5.2. Let K have a multiplication x . y for which it is complete(A; P) 
for each elementary set P. Let h: 4! — K, and E an elementary set. 


(2.5.4) If H(E) =|, dh exists then H(P) = fp dh exists for all partial sets P 
of E. 


(2.5.5) Ifalso x: y is continuous in x and y separately, with 4 regular (i.e. for 
each -closed set F and each point xe K \ F, there are disjoint neighbourhoods 
of F and x), then 


H(E) = H(P). H(ENP) = H(ENP).H(P). 


(2.5.6) More generally, if in (2.5.5) P, P, are disjoint (and so co-partitional) 
partial sets of E, P, U P is a partial set and H is finitely multiplicative, 


H(P,). H(P5) = HIP, 0 P) = H(P;). HP, ). 


(2.5.7) If in (2.5.5) H(P) = u for a unit uc K and every partial set P of E, h is 
of variation zero in E, and conversely. 
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(2.5.8) If in (2.5.5) K has a cancellation law, unit u, all G with ue Ge, and 
S(h; U; E) S H(E).G (some 4 € A|E) 
then S(h;%; P) € H(P).G 
for every partial set P of E. 


Note that for G small enough, G is contained in an arbitrarily small 
neighbourhood of u. 


Proof. For (2.5.4) and P a proper partial set of E, and 4/ e A|E, then by 
Theorem 2.5.1(2.5.1), 4; divides P and E\ P, co-partitional partial sets of E. If 
G is any neighbourhood of HIEL 


(2.5.9) S(h; 4&;E)c G (some & € A|E). 


For q,, q products over divisions from % of P and E\ P , respectively, q.q, is 
a product over a division of E from 4/. By (2.5.9), 


(2.5.10) q.S(h;à;P)c G 


and S(h; 4/; P) is fundamental (A; P) for the Ye A|P in the semigroup sense 
of Section 0.5, and so is convergent (A; P) to a limit denoted by 


H(P)= | dh. 


Similarly S(h; 4; ENP) is convergent (A; E\ P) to H(E\P), In (2.5.5), 
H(E\P).q, is the limit of some q.q, and so lies in G. Hence 
H(ENP).H(P)eG; H(E\P).H(P) = H(E) 
by regularity and Hausdorff. Similarly 
H(P).H(E\P) = HIEL 
In (2.5.6), using the intervals that define P,, P, as co-partitional partial sets ol 
E,P, and P, are partial sets of Pub, Replacing P, EXP, E by 
P,, P2, P, O P, in (2.5.5) gives (2.5.6). For (2.5.7) we have a uniformity result 
from (2.5.10) as S(h; 4^; P) is given to tend to u. Thus q = q.ueG for every 
product q over every division from P of every partial set EN P, and so every 
partial division of E from %. Thus 
VS(h;&;E)cG 
and G is an arbitrary neighbourhood of HIE) = u. 4 being regular, h is of 
variation zero in E. The converse is trivial. For (2.5.8), as x. y is continuous in 
y we can replace G in (2.5.9) by H(E). G for arbitrary neighbourhoods G of u, 
and so 


q.que HUE) OG: HON P). que HOE). G, 
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by the continuity of x.y in x. Using (2.5.5) and the cancellation law, (2.5.8) 
follows 
It is of help to translate this into a Banach space version, as follows. 


Theorem 2.5.3. Let K be a Banach space with norm ||. |, let h: u+ > K, and 
let U € A|E for an elementary set E. If, given e > 0, we have for all divisions & of 
E from U depending on e, and some value H(E)eK, 


I(£) uh — H(E)|| < € 


then for all partial sets P of E and all divisions P of P from %, and some 
H(P)eK, 
I(2)»h — H(P)|| < e, 


the H being finitely additive in P. Thus we can write the second inequality as 


I(2)» (h — H)| < e. 


Proof. H(E)is the integral of h over E. Following the proof of Theorem 
2.5.2(2.5.4) S(h; V; P) is fundamental (A; P) for the 4/ €A|P. The Banach 
space is linear and complete, and so is a topological group. By Theorem 0.5.6 
it is complete (A; P). Thus S(h; 4/; P) is convergent (A; P), say to H(P). By 
the rest of Theorem 2.5.2, H(P) is finitely additive with the inequality 
involving P and 2. 


Theorem 2.5.4. Let K be an additive group with a regular topology €, x + y 
continuous in x, y separately, and with K complete (A; P) for each elementary 
set P. 


(2.5.11) If h: 44! — K is integrable to H(P) over each partial set P of an 
elementary set E, then h — H is of variation zero. 


(2.5.12) Conversely, if h — H is of variation zero with H finitely additive over 
co-partitional partial sets of E, then h is integrable to H(P) over each 
elementary set P. 


(2.5.13) If h — H is of variation zero in E, then h — H is uniformly continuous 
in E, in the sense that, given GEG with the zero z e G, there is a Ue AJE with 
h(I,t) — H(I)eG when (I, reit However, the % themselves usually shrink 
non-uniformly, so that the continuity is not uniform in the usual sense. 


Proof. Let the union of intervals from a partial division 28 of E be P. Then, 
given G in ze Ge, there is a Y € A|E satisfying (2.5.9), and 
(2Z)Y(h—H)2(2)Yh -H(P)eG, VS(h—H;d;E)cG * 


by the finite additivity of H, Theorem 2.5.2(2.5.6), (2.5.8). Regularity of 4 gives 
(2.5.11). For (2.5.12) the finite additivity of H with Theorem 2.5.1, a division 2 
from 4 of a partial set P of E, is a partial division of E from %, so that for 
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Ge% with zeG, and for 4 €eA|E and depending on G, 
(Z)Yh-— H(P) = (Z)Y (h — H)eVS(h — H; 4; E) SG. 
Hence (2.5.12). For (2.5.13) we take one (I, t) in 2. O 


If K is an additive group with H(P) finitely additive for co-partitional 
partial sets P, with h(I, t) — H(I) of variation zero in E, we say that H is the 
variational integral of h in E. This corresponds to a free variational integral 
defined using the free variational sets and suggested by the end of Section 2.1, 
Theorem 2.5.4 shows that the generalized Riemann and variational integrals 
are equivalent if also 4 is regular with x + y continuous in x and y separa tely, 
and so in this case the variational integral is uniquely defined. Similarly, as in 
Section 2.1, we can use V,(h — H; %; E) instead of VS(h—H;%; E), for the 
p-variational integral. If p is the norm we call the integral the strong 
variational integral. It involves 


(2.5.14) (€)¥ It, t) — H(I) «e 


and the norm variation. For finite-dimensional Banach spaces and possibly 
others there is often a link between variation zero and norm variation zero, 
giving the next theorem. 


Theorem 2.5.5. Let K be a Banach space with norm JL addition, and 
satisfying Theorem 2.1.10(2.1.33) with q components. (It is likely that such a 
space is finite dimensional.) Let h: 4t  — K be integrable to H(P) over each 
partial set P of an elementary set E. Then 

(2.5.15) h — H is of norm variation zero, and 

(2.5.16) V(h; A; E) = V(H; A; E). 


Proof. For (2.5.15) combine Theorem 2.5.4(2.5.11) with Theorem 
2.1.10(2.1.34), and then follow with Theorem 2.1.1(2.1.7) for (2.5.16), 11 


In this section we have to deal sometimes with more than one partial set at 
(he same time, so we need to know what is the behaviour of the p= A 
variation. 


Theorem 2.5.6. For K having a multiplication let P,, P, be co«partitional 
partial sets of E with e AJE and ur A|P, a restriction of V to Pj(j = V, 2). 
For h; A! — K and the p-modulus, 


(2.5.17) V,(h; 4 ,; Py) + V,(h; 4; Pa) & Vh; 4; P, Py), 
(2.5.18) . Valh; A; Pit VS A; Py) & VS A; P, o Po), 
(2.5.19) VS; M Pi) VSO Ua P) VSCOM Pi o Pa), 
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and if multiplication is continuous in K, 


(2.5.20) VS(h; A; P,). VS(h; A; Pj) € VS(h; A; P, U P). 


Proof. For (2.5.17) let Z^; be a division of P; from %; and so from 4/ (j = 1, 2). 
Then Z, UF, is a division of P, U P, from 4/ and hence 


(P1)> p(h) T (P2)¥ p(h) — (2, uU 23)Y p(h) < V,(h; 4; P, o P3). 


We have (2.5.17), taking suprema for varying 2. The left side of (2.5.18) is not 
greater than the left side of (2.5.17), so by taking the infimum of the right side 
of (25.17) for all WeA|E, we have (2.518) If uje VS(h; U;; P) 
(j = 1, 2), u.u; is a product for a partial division of P, U P; from 4/, U 4; 
and so from %. Hence (2.5.19). When multiplication is continuous, Theorem 
0.4.8 in two dimensions shows that if X and Y are sets of K, then 


X.Y c X. Y. This and (2.5.19) give 
VS(h; A; P,). VS(h; A; Pj) € €VS(h; A, P,). 2 VS(h; PI 
S 4(VS(h; 4i; P1). VS(h; U2; P2)} 
«€ €VS(h; U; P, o P3). 


(2.5.20) follows on taking the intersection of the right side for all 
4 €eAJ|E. O 


Theorem 2.5.7. 
(2.5.21) For P a partial set of E, &/ € A|E, 
V,(h; U; P) < V,(h; U; EL VS(h;4;P)cVS(h;4;E). 


(2.5.22) Anh of p-variation zero in E is the same in every partial set of E, and 
similarly for the variation set. 


(2.5.23) If K = R, h(1, t) 2 O((, t)e& e A[E), P a partial set of E, and h 


integrable over E, then 
| dh< Í dh. 
P E 


(2.5.24) If in (2.5.23) the integral on the right is 0, then h is of variation zero 
in E. 


Proof. Asa partial division of P is a partial division of E, and as the integral 
over P exists in (2.5.23), these results are obvious. O 


We now have a Jordan-type decomposition of a finitely additive real 
function of bounded variation into its positive and negative variations, 
remembering that the empty set is not an elementary set, 


2.5 DIVISION SPACES 89 


Theorem 2.5.8. For (T, Z, A) an infinitely divisible division space and W a 


finitely additive real function of bounded variation of elementary sets, if for all 


proper partial sets P of E, 
(2.5.25) W(E) = sup W(P), W(E) = inf W(P), 
then these are finite, finitely additive, and of bounded variation, with 
(2.5.26) W(E) 202 W(E) W(E) = W(E) + W(E), V(W; A; E) 
= W(E) + W(E). 
Proof. As the division space is infinitely divisible, Example 2.5.1 shows that, 
given an integer N > 1, a proper partial set P of E, and WeA|F, there are 


divisions &, of P and &, of E\P with M pairs (I, t) in &, U 6; from %, for 
some M Z N, and as W is finitely additive, 


(2.5.27) |W(P)| 2 (£,)); HUN < (6, Y 62) IW(Q)| < V(W; U; E), 
W(E) < V(W; U; E), 

[W(E) < V(W;%;E), W(E) = (£1 U &2)}, W(1) > M.W(E), 
W(E)« W(EJM, W(E)«0, W(E)> W(E)/M, W(E) > 0, 

as N > oo, and so M > œ. Given e > 0, proper partial sets P, Q of E have 
W(P) HIE) e, W(E)= W(P) + W(E\P) > W(E) — c4 WOE), 
W(Q)< W(E) +6, W(E) = W(Q)+ W(ENQ) < W(E) + £+ WIEL 
W(E)= W(E) + W(E) < W(E), W(E) > W(E), 


so that we can now drop the word ‘proper’ from the definitions of W, W, Let 
l^, P, be co-partitional disjoint partial sets with the partial set P © P, v) P 
Hy Theorem 2.5.1(2.5.3), P © P; is a partial set, or is empty and we omit 
W(P A P,). As POP; S P; (j = 1, 2), 


(2.5.28) W(P)= W(POP,) + W(P OP) € W(Pi) 
+ W(P,), W(P, 0 P) x W(P,) + W(P,). 
Further, given ¢ > 0, there are partial sets Dr: of P, such that 
W(Pj,;) » W(P) - 3e 1,2) 


P,, P, being disjoint, so are P4, P4, and the finite additivity of W comes from 
(2.5.28) and 


W(P,) - W(P5) = e < W(P4) + W(P4) = W(P; Y Pa) WOOP) Py), 
^s also W > 0, it is of bounded variation, Similarly for W, For & a division 
m 

[WO = [W() | WX) EOD, ob PPO) WUD) wt), 
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(2.5.29) (4)Y|W() <(€) (WW) — BUI, 
V(W; A; E) < W(E) — W(E) = W(E) + |W(E)I. 
If W(E) = 0 or W(E) = 0, (2.5.27) and (2.5.29) give the last part of (2.5.26). If 
not, let a proper partial set P of E satisfy 
W(P) > W(E)-ce—-W(E)- W(E)-e (0<e<}|W(E))). 
Then 
W(E\P) = W(E) — W(P) < W(E) -e«0, 
|W(E\P)| > |W(E)| — e, 
W(E) + |W(E)| — 2e < W(P) +|W(E\P)| =(€:)) WQ) 
+ I(£2)} WQ)I 
<S (610 43)Y|WQ)| < V(W; 4r; E), 


for divisions &,, é, of P, EXP, respectively, from a Y e A|E, since W is finitely 
additive. This and (2.5.9) finish (2.5.26). 


Theorem 2.5.9. In Theorem 2.5.8, if a proper partial set P of E has 
W(P) > W(E) — e, then W(P) > — e and W(E\P) < e, for given £ > 0. 


Proof. By Theorem 2.5.8, 
W(P)+ W(P)= W(P)> W(E)-ez W(P) e W(P)> — e, 
W(E\P) + W(ENP) = W(E\P) = W(E) — W(P) < W(E) — W(E) + € 
= W(E)+ 8< W(ENP)-e& W(ENP) «e. O 


Thus, in P, W is within e of being non-negative, and in E\P, W is within e of 
being non-positive. 

Saks (1927) p. 214, gave a lemma in Burkill integration that the author 
translated into the language of generalized Riemann integration, first using 
gauges and then division spaces, and it became known as the Henstock 
lemma. A better title would be the Saks-Henstock lemma. Here it appears as 
Theorem 2.5.2(2.5.8) with its Banach space translation in Theorem 2.5.3. 


Example 2.5.1 A subfamily Ar c 4/! is called infinitely divisible if each 
elementary set divided by Y contains a proper partial set also divided by 4v. If 
also (T, 7, A) is a division space, % divides an elementary set E, and N is any 
integer, there is a division of E from % that contains at least N interval-point 
pairs (I, t). (For in Theorem 2.5.1(2.5.1) we are allowed to take P proper, so 
that EXP is a partial set and X divides P and EN P. Thus there is a division of 
E from # having two or more (1, t). For each such J there is similarly a 
division from Y% containing (wo or more (J, x), and so on.) 
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26 DECOMPOSABLE DIVISION SPACES AND 
INTEGRATION BY SUBSTITUTION 


In this section (T, 7, A) satisfies the conditions at the beginning of Section 
2.5, together with one of the conditions of full decomposability, decom- 
posability, and measurable decomposability, as quoted at the beginning of 
Section 2.4. If not specially mentioned, we assume the second, i.e. decom- 
posability. 

We complete Theorem 24.1, particularly (2.4.6), and continue with results 
on integration by substitution. 


Theorem 2.6.1. 


(2.6.1) Let h:¥’!—>C and f:T >C. Then F(I) = f, f dh = 0 for all partial 
intervals I of an elementary set E, if and only if, for X the set where f 7 0, 


(2.6.2) V(h; A; E; X) ^ 0. 
(2.6.3) If . g: T2 C, h: 4? ^ C, have | fdh- | gdh 
I I 


for all partial intervals I of E, then f = g except in a set X satisfying (2.6.2), and 
conversely. 

(2.6.4) For h, kt! —^ C and f: T5 C, then f, f dh = f, f dk for all partial 
intervals of E, if and only if, for X the set where f + 0, 


(2.6.5) V(h — k; A; E; X) 0 


(2.6.6) If h: T2 C, k: 4t! —^ C, and f, g: T C, have h(I) J, gdk for all 
partial intervals I of E, then 


(2.6.7) | fdh = | fgdk 
E E 


provided that one side exists, and then the other side exists, too, 


Proof. Wf F(I) =0 for all partial intervals J of E, then by Theorem 
2,5.5(2.5.16), 
V(fh; A; E) = V(F;A;E)— 0. 

Now use Theorem 2.4.1(2.4.5) for (2.6.2). Conversely, if (2.6.2) holds, then 
V(f h; A; E; X) 0 by Theorem 2.4.2(2.4.4), and so V(fh; A; E) = 0 since 
f= 0 in V X. Hence the variational integral is 0, and f fdh exists with value 0, 
lor every partial interval J of E. (2.6.3) and (2.6.4) follow from this since, 
respectively, 


Gf — g)dh = 0, fdlh = k) = 0, 
ud 


"EI 


92 THE GENERAL THEORY OF INTEGRATION 


Then (2.6.6) follows from (2.6.4) since h and gk are variationally 
equivalent. O 


This is a most important theorem, it is the modern version of the calculus 
integration by substitution. In particular, too, we can relax the definitions of 
the generalized Riemann integral in that fin the integral of fh can be replaced 
by any point function g with f = g h-almost everywhere, and in that sense we 
can allow f'to be infinite in a set of h-variation 0, replacing f by such a g that 
is finite everywhere, before integration. 


2.7 ADDITIVE DIVISION SPACES 


In this section we assume that (T, 7, A) is an additive division space, and 
begin by reciting the definitions. Thus in the non-empty base space T of 
points we choose some non-empty subsets called (generalized) intervals I, 
with 7 their family, and 4/! a fixed non-empty family of interval-point pairs 
(1, t) (Ie 7, te T), t being an associated point of I. We use non-empty families 
A of some non-empty subsets Y < Y+. An elementary set E is an interval or a 
union of a finite number of mutually disjoint intervals. A subset 4/ c 4/! 
divides E if, for a finite subset & c Y, called a division of E from 4£, the (I, t)e & 
have mutually disjoint 7 with union E. The collection of these I is called a 
partition of E, the I being called partial intervals of E from %. A non-empty 
subset of &, including £ itself, is called a partial division of E from %, and the 
union of I from a partial division is called a partial set P of E that comes from 
6 and U, and P is proper if P # E. Partial sets from the same & have been 
called co-partitional. But here, Theorem 2.7.1 shows that we do not need this 
definition in additive division spaces as we prove that partial sets are co- 
partitional. 

For each elementary set E, and Y.E the set of all (J, t) e % with I a partial 
interval of E, let A|E be the set of all 4/ E dividing E with Ye A. Assuming in 
this section that the set A|E of all 4. E dividing E with 4/ € A is non-empty 
(we say that A divides E) and that A is directed for divisions of E (i.e. given 
4/,€ A[E(j = 1, 2), there isa V e A|E with & € 4/, ^ %,), this direction being 
called the direction as % shrinks; it gives rise to a Moore-Smith limit. A 
restriction of % to a partial set P is a non-empty family V, c 4/. P. We assume 
that A has a property called the restriction property, i.e. for each elementary 
set E, each partial set P, and each 4/ e A |E, there is in A|P a restriction of 4/ to 
P. Finally we assume that A is additive, the property that, given disjoint 
elementary sets Ej, and 4/,c A|E; (j = 1, 2), there is a 4^ € A[E, U E, with 
U E U, UU. The extra condition beyond Section 2.5 is the additivity of A, 
which simplifies many results. Previously, when A is not additive, other 
definitions off the mainstream have been used, But later in this section we 
return to an older construction, a special case being in Henstock (1946, 1948), 
which gives an additive division space from a division space, 
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'Theorem 2.7.1. 

(2.7.1) If & is a division of an elementary set E from a U € A|E, there is a 
W,€ A|E such that every division &, of E from Y, refines E, i.e. there is a 
division d, .I of each I with (I, t) e &, formed of those (J, x) e &, with J & I. We 
write &, « 6. 


(2.7.2) Each two partial sets of E are co-partitional, and Theorem 
2.5.1(2.5.3) holds. 


Proof. For (2.7.1), as A has the restriction property there is a 4/(I) c A|I with 
W(I) € &, for each (I, t) e &. As A is additive there is a 4, € A|E that lies in 
the union of the 4/(I). If &, is a division of E from 4/, then each (J, x)@ & has 
(J, vie, and so (J, x)e4/(I) for some (I, t)e&. Then J & I and so J is 
disjoint from every other I) with (Io, t9) e . As E is the union of all J with 
(J,x)€@ , that union includes I, and I is the union of those J & I. Hence 
a x é. 

Ti (2.7.2) let the partial set P; be the union of J from some (J, t) e &, where 
(, is a division of E (j = 1, 2). By (2.7.1) there is a 4/;& A|E such that every 
division of E from 4; refines £; (j = 1, 2). By direction there is a % € A| £ with 
V c U, 0&5, and then Y has the properties of %, and %,, and every 
division & of E from 4 refines £, and &,. Hence P, and P, are unions of 
some I with (I,t)e& and so P,,P, are co-partitional. Thus Theorem 
2.5.1(2.5.3) follows. O 


Let K have a multiplication x.y. An h: T > K is finitely multiplicative on 
Jy € J if for each Ie Z4, and each partition F of I, consisting of intervals 
Ji J 09 


(2.7.3) (2) [[^(J) = h(I), 


independent of the order of the J e 2. Then h can be defined unambiguously 
for finite unions E of disjoint intervals Je Zo, provided that if 7, 1?’ nro two 
partitions of E from Zo, there is a partition 2” of E from .7 a that refines (9 
and 2. This follows from Theorem 2.7.1(2.7.1) if (T, Zo, A) is an additive 
division space, and in particular if 7, = Z. 

If K has an order > and if (2.7.3) is replaced by 


(2.7.4) (2) IAC) > AC) 
we say that h is finitely submultiplicative on Zo, while if (2.7.3) is replaced by 
(2.7.5) h(I) = GP) JA) 


we say that h is finitely supermultiplicative on Zo. M K is additive we replace 
‘multiplicative’ by ‘additive’ in these definitions, 

If K Wor © there are two semigroup operations, We ean either use 
addition, possibly with scalar multiplication, or we can use ordinary multipli 
cation and obtain product integrals 
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Theorem 2.7.2. Let h: T — R be finitely subadditive on T. If, for a Y € A|E, 
S(h: U; E) is bounded with supremum s, then h is integrable in E with integral 
equal to s. However, if for some U € A| E, S(h; 4/; E) is unbounded above, then 
for each integer n there is a 4&4, € A|E such that S(h; U,, E) € (n, 4- oo). 


Proof. Weuse Theorem 2.7.1(2.7.1) and the finite subadditivity to prove that 
if ke S(h; 4/; E), there is a 47, € AJE such that S(h; 4/,; E) € [k, +00). If s is 
finite, then for each e > 0 we can take a k > s — e, giving the integrability of h 
to s in this case. If s = + œ we can find a k greater than any given integer n, 
proving the other part. O 


We now turn to various examples of use of the fundamental Theorem 2.7.2. 


Theorem 2.7.3. For K a Banach space with norm ||. |, let h: U! + K be strong 
variationally integrable to H(P) over each partial set P of an elementary set E. 
If h is of bounded variation, then | h|| and || H || are integrable over P to 


V(P) = V(h; A; P) = V(H; A; P) with | H(P)|| < V(P), ie. 


[o 
P 


If h is of unbounded variation, ||h|| and || H || cannot be integrable over P. 


(27.6) 


«| d'Al = V(h; A; P). 
P 


Proof. By definition H is finitely additive for partial sets, so that || H || is 
finitely subadditive. By Theorem 2.72, | H|| is integrable if and only if 
S(|| H ||; ^; E) is bounded above for some 4/&A|E. As h is strong vari- 
ationally integrable to H, by definition h-H is of norm variation zero over E. 
By the analogue of Theorem 2.1.1(2.1.7), V(H; A; E)= V(h; A; E), and 
S(|H |; &; E) is bounded above if and only if V(H; A; E) and so V(h; A; E) 
are finite. Further, 


[All — HII <lh- Hl, V(h— H; A; E) - 0, 


so that | H|| is integrable if and only if ||h|| is, with equal integrals. The 
remaining result (2.7.6) is proved on using 


l(£)» Al «(4)» hl. Ci 


It is worth while to write the corresponding results for R or C. 


Theorem 2.7.4. 


(2.7.7) For K = lor C with x. y meaning x + y, let h:W%' — K be generalized 
Riemann integrable over E, Then |h| is also integrable over E if and only if h is of 
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bounded variation in E, and 


[o 
E 


(2.7.8) For K = Ror C with x.y the ordinary multiplication, let h: 4f! — K be 
generalized Riemann integrable over E to H(E), non-zero to avoid the anomaly 
(0.5.19). Then |h] is generalized Riemann integrable over E to | H(E)]. 


<f d|h| = V(h; A; E) 
E 


if the right side is finite. 


Proof. For (2.7.7) by Theorems 2.5.2(2.5.6) and 2.5.5(2.5.15) h is (strong) 
variationally integrable, so that we need only apply Theorem 2.7.3. For 
(2.7.8), interpreting the neighbourhood of H(E) as a circle centre H(I) and 
radius e | H(E)|, we have for some % € A|E and all divisions & of E from %, 


ICA) ETIAL— IHE) = HIP TT Al — IHE) < (@) [TIR H| < eL HG?) 


In Lebesgue theory, to deal with the integrability of functions of 
interval-point functions of the type f,(t)u(J), a great use is made of the 
measurability of the point functions f;(t). Later we will show that if the 
interval-point functions are integrable then the point functions are measur 
able in some sense. Here we use a different method capable of dealing with the 
more general h,(J, t). We could use a continuous functional of h; for the jin 
some set J, but for simplicity we use a function r: K” > R, where K” is the n 
fold Cartesian product of K, here an additive normed group. We use two 
types of continuity condition; first, 


(2/79) ri, Y) — P(X, -- Zell 
«B, lys — 5l beta? + Belg, — x, 


lor constants B,>0,...,B,>0, eg. K=R and Jr/oxj| « BC 


Le adi) 

A more relaxed condition is the following. Given & > 0, x,,..., Xp We 
put s(x4,..., x, €) =suplr(yy, © © -o Bal = PUE, osx | yj xj] & 8 
je ,...,n). For arbitrarily large m, varying & — 0 (Kk t,....m) 


and fixed 


(2.7.10) Y en (-—1...,n) 


m m 


(2.7.11) K Ns en va" E) > 0 when Y, 6 > 0. 
Ka Ce 
Clearly (2.7.9) implies (2.7.11). 


Theorem 2.7.5. Let ri K"  W satisfy (2.7.9) or (2.7.11) with 


(7,42) rie F Yiya e cs XQ t y & rx s Xa) P FPV n) 
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for all (x1, ..., x), (yy, ..., Yn) in K", and let H; be the norm variational 
integral of h, AL, o in an Geet set E. Then r(h,, . . . , h,) is integrable with 


integral equal to that of r(H,,...,H,,), if and only if. for some Y e A| E and 
some compact set C, 


(2.7.13) S(r(h,, ..., S; E) S C. 


Proof. Given e > 0, there are 4/,€ AJE with 
(2.7.14) V(h;— H; U; E)<e (j=1,...,n). 


By direction in A|E we replace the 4 ; by a single 4 € A|E for which (2.7.14) 
holds for all the j. By (2.7.9) and each division & of E from X, with 


w er(h,,...,h) —r(H,,..., H,), 
(6) Diwl « Y. BAE lh- Hy « (By + ++ Bye 


and w has norm variation zero. If (2.7.11) holds, then for a division & of E 
from %, consisting of (I5, t;) (j = 1, . . . , m), we take 


yg = Bal, ty), An = Hl 2 An = Hj(E), 
& = V(h; — Hy; V; IL) + +++ + V(h, — Ay; Y; Hu) 


Y het, Alle Y SOL... HQ &) 
k=1 k=1 


m 


È & <V(hy Hi; Y; E) + +++ + V(h, — Hy; 4; E) < ne, 
k=1 


using Theorem 2.5.6(2.5.17) and (2.7.14). Hence E (2.7.11), V(w; Y; E) 0 by 
choice of 4 € A|E. Next, c(P) = r(H,(P), ..., H,(P)) is finitely subadditive 
since 


(6) Xel) = (€) Y rU 0)... HO) < r(4) X AyD, ..., (0) Y HQ) 
= r(H,(E) ..., H,(E) = c(E), 


by (2.7.12), for a division & of E. Hence c is integrable if and only if S(c; Y; E) 
is bounded for some WeA|E. As V(w; 4; E) ^ 0 by choice of 44 € A|E, 
r(hi,...,h,) is integrable if and only if Ste 4/; E), and so S(r(h,, ..., hy; 
U;E), are bounded, for some 4&A|E, giving (2.7.13) as a suitable 
condition. 


Theorem 2.7.6. With K = RW, r(xq,..., x) max(x,,..., x,) and h; integ- 
rable to H; (j= 1,...,n), Theorem 2.7.5 shows that max(hy,...,h,) and 
max(H,,..., H,,) are integrable in E (to the same integral) when for all choices 


of integers j(1, int... n and all divisions & of E from a ec A|E, and a 
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compact set C, 
(2.7.15) (£) X hu all, t)e C. 


Proof. (2.7.15) implies (2.7.13) for this r, for take j(I, t) — J such that 
h, = max(h,, . . . , ha), while (2.7.13) for this r implies that the sum in (2.7.15) 
is bounded above, and bounded below since 


r2h, r—h& < ir h2Yh-(n-ir (Q-L....n, 
k=1 


, 
J KA 


and since the h, are integrable. For (2.7.9) with B; = 1(j 5 1... n), 


x, = (xj — y) + yj & xj — Yl +; < Y bw Yel + max(yi, . Yi) 


max(x,,...,x,) — max(ys, .... Yn) € p3 Ix — pl 
giving (2.7.9) on interchanging the xs and ys. For (2.7.12), 
x; + yj < max(x,, ..., x,) + max(ys, . .. , ya). 


Now take the maximum of the left side. Theorem 2.7.5 gives the results. |. 


Clearly there is a corresponding theorem with the minimum. 


Theorem 2.7.7. Writing R* for the set of all non-negative real numbers, then 
tlf 


for t fixed in 0 < t <1 let r(x, y) = x'y! '* (x, yeR*). If fy, hz: U! ^ R" are 
integrable over E, so is h' hl *. 
Proof. This r needs (2.7.11) and Hólder's inequality, in which we put 
t=p 4, 1—t-q'l x =u”, z,=s?, xj-wv, z4-W, 
x, x17! ziz} < (x, +21) (xo +22)' ' (x, 202,20,/-1,2) 


Thus —r satisfies (2.7.12), and r > 0. By the mean value theorem (2.7.9) in 
false. We prove (2.7.11), first noting that for the f(x) below, /(0) = 0 and 
f'(x) > 0, so 


(2.7.16) f(x)ex'+2'—(x+2z)! 20 (x 20,2 20). 
Using (2.7.16) and x; 2 0, yj = x; + 2,;20(j = 1, 2), 
ye yh! & (x4 + [zy |) (xa + 1231)! ^* S (x4 + Lz I (x37 22]! 7) 
x^ x17! be x [24]! ^' te [zg lx17* A zilzal m x x17! E, 


162 E Changi T T up 
say, and — D, say, = yy! — xixj E, Changing the xs to ys and vie 
versa, we have D < E from 


D & |2,|"(Xq 4 24)! ! 4e (x4 4 2, y | 2,1! "d EMERG A 
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when z, < 0,2, <0. When z, 20, z, 20, D < 0 < E. The only remaining 
cases are when z, <0, z, >0, and when z; > 0, z, <0, and clearly the 
second of these follows from the first. When z; < 0, z, > 0, 


xi = (61 t z1) = zF < (x1 +24) + |z, 
XQx$ S (x, + zi) (xo + 22) ^* + |z, x17! D < E. 
Hence in all cases |D| « E, and (2.7.11) and the theorem follow on applying 


Hólder's inequality several times. O 


As the division space is additive, the p-variation and variation set are 
finitely additive over elementary sets, strengthening Theorem 2.5.6(2.5.18) 
(2.5.20). 
Theorem 2.7.8. If E,, E, are disjoint elementary sets, then 

(2.7.17) V (h; A; E,) + V,(h; A; E2) = V,(h; A; E, U E3). 


If multiplication is continuous in K with 4 VS(h; %; E, UE,) compact for some 
V € A|E, o E,, then 


(2.7.18) VS (h; A; E,). VS (h; A; E,) = VS (h; A; E, VE,). 
Proof. ‘Theorem 2.5.6(2.5.18) shows that the left side of (2.7.17) is not greater 


than the right. Thus we can assume the left side finite. Given ¢ > 0 let 
W ,€ A|E; be such that 


V (h; Uj; Ej) < V,(h; A;Ej)--3e (j=1,2). 


By the additive property there is some 4 € A|E, U E, with 4/ € UY, U U,. 
Hence 
V(h; A; E,) + V,(h; A; E2) > V,(h; Ui; Ey) + V, (h; U; E,) —€ 
V (h; &, 044; E, UE,)— E€ 
> V (h; 4; E, U E3) — € 
> V (h; A; E, U E3) — €, 


II 


giving the opposite inequality to (2.5.18) as e>0+, and so equality. 
Similarly 
VS(h; A; E, OF) S G VS(h; V; E, U E3) € G VSQ uh, EU Es) 
GVS Ws E) VS My; Es), 


remembering the convention about empty products, By Theorem OAI we 
can take the closure inside the product, obtaining (2.7.18) as Wi, W, vary, LI 
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The error in approximation for partial sets is not more than the same error 
for the elementary set. 
Theorem 2.7.9. If V,(h; A; E) is finite, and e > 0 and 4&/ € A|E satisfy 
(2.7.19) V (h; 4t; E) < V,(h; A; E) + e, 
then for all proper partial sets P of E, 
(2.7.20) V,(h; 4; P) < V,(h; A; P) + e. 
(2.7.21) In particular, p(h(1, t)) < V,(h; A; I) + e(l, t) e 42). 


Proof. Using Theorem 2.5.6(2.5.17) and (2.7.19), (2.7.17), 
V (h; U; P) < V,(h; U; E) — V,(h; 4; ENP) 
< V,(h; A; E) + £ — V,(h; A; E\P) = V,(h; A;P)+e6 O 
See also the similar Theorem 2.9.3. However, P. J. Muldowney has given 


an example to show that the analogue for variation sets is false. See 


Example 2.7.1. 
One major use of additivity in division spaces is to ensure that the integral 
is additive when elementary sets are aggregated. 


Theorem 2.7.10. If the integral of h exists over disjoint elementary sets 
E, E,, it exists over E, U E, and is finitely additive. 


Proof. Given & > 0, let Yje A|E; be such that each division &; of E; from 4/; 
satisfies 
(£) X h — Hj < łe, 


H, being the integral of h over Ej. Then a WeA|E, VE, exists with 
oi c 4f, 445, so that for (I, t)e%, either I & E, or I S E,. Thus each 
division over E, UE, is &, U &, for &; a division of E; (j = 1, 2), and 


KESh — (H, + H5) = (£1) Y h + (62) Y h — (H, + H3)I 
<\(6,) Yh — Hil + (£2 — HI < e. 


Having given theorems provable for an additive division space, we turn to 
an easy construction that (roue an additive division space (T, 7; AT) 
[rom a division space ( T, 7 , A), Henstock (1946, 1948) dealing with a special 
Case. 

We keep 7,.7,%' the same, while A* is the family of all 4/* c 4' for 
which there are an elementary set E, a partition 7 of E, and a 4 e A|E with 
restrictions 4/(1)c A|I (all 16:7), such that 

"WEI 


lav 
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This A * divides each I € 2 by definition of A |I, and so divides E, and E is an 
arbitrary elementary set, and F an arbitrary partition of E for (T, 7 , A). 

To show that A* is directed for divisions of E let U ; €A*|E be construc- 
(cd using a partition P; of E, 4/ ;€ A | E, and restrictions EN jU)eAJI (all Ie 2), 
forj = 1,2. Let Y} € A i Elie in U, N Ua, possible as A is directed for divisions 
of E. By the last requirement of a division space, the partial intervals Ie P}, 
J € 75, of E are co-partitional, so that a partition P, of E from % can be 
found to refine 2, and 2;. Each J e Z, is a partial interval of E and so there 
is a restriction %3(J) of 4/, to J and lying in A|J. Also there are restrictions 
V (J)eA|J of the 4;(I) for J = I, Ie; (j= 1,2) as J is then a partial 
interval of I, and there is a 4/1 (J)e A|J with 


UZ (J)& 4,(J) n 4 ,(J) AUY (J). 


Then the union U3 of the Y3 (J) (J e 2,) lies in A*|E and by construction 
Wy € t AU}, and A* |E is directed in the sense of divisions of E. 

It can now be proved easily that A * satisfies all requirements of an 
additive division space. Also, if 4/ * eA * |E, with 2 the partition of E and 
“« Alt used to construct Y *, then 4/ * divides each I € Z, and the union of 
(he separate divisions gives a division & of E from %* and so from 4. If h: 
V! + K, with multiplication in K, the value of (£) [] AU, t) is a point in 
S(h; WZ: E), so that 

S(h; U+; E) € S(h; 4; E). 


This shows that in a sense the 4 € A|E are too big, and need to be slimmed 
down to the 4 * eA * |E. 

The last in the list of requirements of a division space, that partial sets are 
co-partitional, can now be seen as necessary and sufficient that an additive 
division space can be constructed from the division space, see Theorem 
2.7.1(2.7.2). 

Theorem 2.7.2 first appeared as a theorem of J. C. Burkill (1924, Section 5) 
for continuous finitely subadditive interval functions, and was then given in 
Henstock (1963c), Theorem 22.1, p. 34, for the gauge integral. Theorems 2.7.5, 
2.7.6 are in Henstock (1964), Theorem 2.7.6 being already in Henstock (1963c) 
Theorem 25.1, p. 43. 


Example 2.7.1 (P. J. Muldowney) The analogue for variation sets of 
Theorem 2.7.9 could be as follows. If VS(h; %; E) lies in a fixed compact set 


for cach 4 € A|E, if G is a neighbourhood of the origin, and if for some 
UL EAJE, 


VS(h; 4; k) c VS(h ASE) + G 
then 
VS(h; W,; P) € VS(h; A; P) 4G 


for all partial sets P of E, 
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However, the following example using the gauge integral shows that the 
result is false. 


v—u (Lu, v) € [1, 2), 
Ova d a (0«u-«1,v-l) 


0 (otherwise), 
0«ó(x) «|x— 1| (x41) 


Then un 
VS(h; 6; [0, 2)) = [0, 2), VS (h; A; [0, 2)) = [0, 2], 


VS(h; ô; [0, 1)) = (1 — ô, 1) v sing(0), 
VS(h; A; [0, 1)) = pair(0, 1). 


Taking G = (— e, £) with 0 < e < ô, we contradict the supposed analogue. 


Exercise 2.7.2 Let K; (j= 1,2, 3) be Banach spaces such that if x;e K; 
(j = 1, 2) then x, x; E€ K;. For simplicity let the norms in K;(j = 1, 2, 3) all be 
written ||. || with [x4x4|| = lx; l|. ls Let f: T  K,, h: 4! > K;, be such 
that A, |[A ||, fh, || fh || are all strong variationally integrable over E. Given that 
k is a fixed value in K,, prove that ||(f— k)h|| is integrable over E. 


(Hint: For H, F the integrals of h and fh, respectively, ||(f— k)h — (F — kH) Il 
has variation zero, F — kH is finitely additive and so || F — kH || is finitely 
subadditive, while ||(f— k)h|| < || fh|| IER) 
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This section deals with those division spaces that are additive and decom- 
posable. Thus to the definitions of Section 2.7 we add the following. (T, 7, A) 
is fully decomposable (respectively, decomposable, or measurably decomposable 
rclative to a measure or measure space, defined later) if to every family 
(respectively, countable family or countable family of measurable sets) % of 
mutually disjoint subsets X € T, and every function 4(.): ¥ > A|E,thereisa 
W c A|E with 


A LX] s {(1, t): (I, t)ev, teX} SU(X) (Xe&). 
The union of the Xe? need not be T nor E*. If, for the given 3. 
UX) =U(X)LX] (Xex) 


we call ^ the diagonal of the (W(X), 4^). 

In a decomposable additive division space the variation of each member of 
à monotone increasing sequence of sets is monotone increasing to the 
variation of the union of the sets, even if non-measurable sets occur in the 
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Theorem 2.9.1. 

(29.1) B is a base for 4, if for all partial sets P,, P, of E, P, UP, is alsoa 
partial set, with 

(2.9.2) (P,U P)* = PRO Pk. 

(2.9.3) If the division system (T, Z, A) is weakly 7,-compatible with co- 
partitional partial sets P,, P, from 47, then (2.9.2) holds. 

(2.9.4) A fully decomposable division system for E is stable for E. 

(2.9.5) If the division space (T, 7 , A) is weakly F -compatible with a partial 
set P of E from Fo, then (T, J, A) is stable for P. 


(2.9.6) A stable additive division space is weakly Z-compatible with all 
partial sets. 


This theorem gives many connections between various definitions. 


Proof. In (2.9.1), as intersections of complements of sets are complements of 
the unions of the sets, by (2.9.2) finite intersections of sets of B belong to B and 
B is a base. For (2.9.3), P = P, U P, 2 P,. As co-partitional, for 


UEAJE, U.P 2S V.P,, P. 2 PE. S Pt, P* 2 Pt, P* 2 PP PS. 
Again, by weak 7 ,-compatibility, if 
(L,t)e 4 2 Up, Up, teP*\(P* vu Pi 


then te\P#,I & E\P;(j = 1,2, I S E\P. Butte P* € P*.%, so that there is 
an I € P, giving a contradiction. Thus no such t exists and (2.9.3) and (2.9.2) 
follow. For (2.9.4) see Chapter 1(1.1.2). For (2.9.5) and the 4 p of weak Zu 
compatibility, P* .4/, is the set of all t with (I, t)e 4/5. P. Thus I € P and so 
we cannot have I < EXP. Hence by weak J ,-compatibility, 


teP*, P*. Up S P*cP*.4,, 


and there is equality and so stability. For (2.9.6) let P be the union of some 
I with (I, t) in a division 4 of E. For (P) in the definition of stability 
let 4; €A[|E be as in Theorem 2.7.1(2.7.1) with 4/,.P c 4/(P). Then 
P*.U, = P*. If (I, Oe, t£ P* then I € P and so I € E\P and we have 
weak J -compatibility. 


Theorem 2.9.2. 

(2.9.7) Let B be a Banach space with zero z, bi -— B, and 
V(X) = V(h; A; E; X), finite. Let h(Ijt) — z if 16.7 NY. Given & 0 and 
(T, Z, A) weak F -compatible, there is a proper partial set P, of E from Fa 
with 
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(2.9.8) V(X\P*) < e, V(X ^ Pt) > V(X) — e, if either (T, 7 , A) is infinitely 
divisible, or if, for a partial set P of E from J), X = Y\P*. Then PAP, = Ø. 
In either case V(X) is the supremum of V(X a PT). 
(2.9.9) In (2.9.7) with Y = T, if V(\P*) is finite it is the supremum of V(P¥) 


for all P, S NP. 


(2.9.10) Let h(I,t) 2 0 (Ie ZNZ,), P a partial set of E from Fo, and 
(T, Z, A) strongly F -compatible with P in E, or V(Pt ^ P3) = Oif P,, P, are 
disjoint partial sets. Then P* is Carathéodory h-measurable, i.e. 


(2.9.11) V(X a P*) + V(X\P*) = V(X) (all X € T). 
(2.9.12) In (2.9.10), if Pt, P$ are disjoint star-sets, then 
(2.9.13) V(Pt) + V(P%) = V(Ptuo P3) 


(2.9.14) In (2.9.10) with full decomposability, arbitrary unions of various \P* 
are Carathéodory h-measurable. 


Proof. For (2.9.7), as V(X) is finite let 4 € A| E have V(h; %; E; X) finite, For 
a division & of E let te X when (I, t)e£, € £, and t£ X or 16.7 V7 o when 
(I, t) e €\@,, in which case h(I, t) (X; t) = 0. We can have &, = 6. We can 
take E so that 


(945) — V(h; 4; E; X) - € < (63) IM, ole VQ 46 E; X). 


For (T, Z, A) infinitely divisible, given an integer N > 0, there is a division of 
E from X with at least N pairs (J, t). In such a division &, for N large enough 
the least |h(1, t)| > 0 can be as small as we please, and can be omitted from 
the sum in (2.9.15) without altering the inequalities, thus replacing d, by ü 
new &,. Then the union P, of I from the (J, t) e &,, is proper. Alternatively, 
for X = Y\P* let (I, t)e4/ € Wp. For te X then te\P*, so that 1 €. FP, 
P, € EXP, and P, is proper with PAP, = Ø, giving the stronger (2.9.15) 
again, and P, P, are co-partitional. Let Y, € A| E have 4, € Mr, ln a 
division of E to give V(h; är, E; X\P*) we omit those (J, t) with (4 NP, 
the rest forming a partial division &, with I © E\P,, disjoint from P,, while 
te X. As &, is a division of P, &, 0 6, is a partial division of E, and by 
varying ds, 


(29.416) (EDZ JAC OI + V(I Ui; E; XNPT) < V(h; 4; E; X). 

Using the first inequality in (2.9.15) and removing the sum over d'r, we have 
V(XXNPT) S V(h; W,; E; XNPT) <8, 

the first result in (2.9.8), Finite subadditivity of V(X) in X gives the second 


result, Hence (29,9), For (29,10), if P = E or VON) (e, (2.9.11) is trivially 
true, If P # E, V(X) © d ose > 0, let the % for (2,9,15) with X, 4, replaced 
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by X\P* and @3, satisfy 
(2.9.17) V(h; U; E; X) « V(X) + €. 


From (2.9.15) with X\P*, (2.9.16), (2.9.17), 


(2.9.18) V(XXP*) — e + V(X\P¥) < (£3)Y' h(I, t) 
+ V(h; Vi; E XVPTJ 


< V(h; &; E; X) < V(X) 4 e. 


Also by strong J ;-compatibility, 1* œ Pt = @, or by the other assumption 
its variation is zero. Using (2.9.18) with 


X a P* 2 (Xo P* o P¥) U(X a P*\P*) c (P*a PF) u(XVP*), 
V(X\P*) + V(X ^ P*) < V(X) + 2s, 


and (2.9.11) follows. For X = Pt o P3 and P = P,, we prove (2.9.13). Finally, 
for (2.9. 14) let Y be an arbitrary union of sets \P*. Then each te Y lies in a 
\P(t)* from Y and depending on t. By full decomposability we choose 
W c A|E so that 


(2.9.19) 4 [sing(t)] € an (te Y). 


By this the (IL, t)e& with te Y have te\P(t)* and so I* € \P(t)* € Y, by 
strong 75-compatibility. If also 4/ satisfies the conditions in (2.9.7) that give 
(2.9.8), so that P, is the finite union of disjoint J with I* € Y, then from (2.9.2), 
(2.9.11), 


PEO Y, NPESNY, V(NY)- V(Y) € VAY) - V(Pf) +e 
= V(\Y) + V(E*) — V(APT) + e < V(E*) + e. 

Replacing h by h. y(X;-) and letting e > 0+, we have (2.9.11) with Y instead 
of P*. 

This theorem gives some approximation and measurability results, and in 
particular shows that the open sets of the intrinsic topology are measurable. 

l'homson (1972a) pp. 504-5, Lemma 1, pointed out that in his division 
system we can replace V(h; A; P) by V(P*) and obtain (2.9.23) of the next 
theorem from the assumption (2.9.22). 


Theorem. 2.9.3. Let (T,.7, A) be a stable division space with weak F- 
compatibility. Let B be a Banach space with hi U  — B. If P is a partial set of E 
then l l 
(2.9.20) V(h; A; P) © V(h; A; E; P*) V(P*). 


D There is a (fu whe D d j ] ] 
(2.9.21) There is equality when 28 (E; P) is of h-variation zero and also when 
the division space is additive 
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If (T, Z, A) is also strongly 7 -compatible, given £ > 0 and P a partial set of 
E from J s, if 
(2.9.22) V(h; 4; E) < V(h; A; E) + € = V(h; A; E; E*) + ez V(E*) + e, 
then 


(2.9.23) V(h; U; P) < V(P*) +6. 


Proof. For (2.9.20), if P is a partial set of E, U € Up, and (I, t) e& P then 
(I, t) e& and I is a partial interval of P. As rei br implies I € E\P, whereas 
1 € P, we must have te P* and 


Ih, t)x(P*, Oz | AC, 0]. 
Thus (J, t) can be used to calculate V(h; 4/; E; P*), and (2.9.20) follows by 
V(h; A; P) < V(h; U; P) < V(h; 4r; E; P*). 


Equality does not always occur in (2.9.20), for the calculation of V(P*) 
sometimes uses (Z, t) with te F (E; P) and neither I ^ P nor INP empty. As 
I € P, h(I,t) cannot be used for the calculation of V(h; A; P), nor for 
V(h; A; E\P) since I £ E\P, so that V(h; A; P) need not be finitely additive in 
P. These difficulties disappear in an additive division space since eventually 
every I lies in P entirely or in EVP entirely; and they disappear too when 
F (E; P) has h-variation zero, as in (2.9.21). To prove (2.9.23) from (2.9.22) we 
need the finite additivity of V(P*) in P from Theorem 2.9.1(2.9.3) and 
Theorem 2.9.2(2.9.12). Let Y, € A|E satisfy V, € UO Up. If t£ P*,(L t)e dy ,, 
then I € E\P and I ^J is empty if J & P. Thus 


V(h; U; P) + VAP*) < V(h; 4; P) + V(h; Ui; ENP*) 
< V(h; 4; E) « V(E*) + €. 


Subtracting V(\P*) from both sides, we have (2.9.23). 
There now follows the principal use of this section’s theory. 


Theorem 2.9.4. If(T, 7, A) is a fully decomposable division space strongly 4 - 
compatible with every partial set of E, then E* is compact in the intrinsic 
topology Gy. 


Proof. By Theorem 2.9.1(2.9.3), making B a base, we need only use covers of 
E* that are families of \P*. Each t € E* lies in one of the \P*, say, \P(t)*. For 


4 [sing(t)] € Upa (te E*), 
a division & of E from X, and (I, t)e &, we have 


(li)eA jq, EPO ` Ire ENP()S E* = UJI* € U Enn, 
å a Gi 


Le. a finite cover of E* from @,, and E* is compact in the intrinsic topology. 
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For Z,, Z, disjoint sets in E*, if Z, is Carathéodory h-measurable and 
X = Zu Za: 
V(X ^ Zi) + V(XMZ,) + V(X), 
(2.9.24) V(Z) T V(Z;) = V(Zi UZ»). 
l'homson (1982/1983, p. 107, Def. 4.5) gives another condition for (2.9.24). 


Alt separates disjoint sets Z,, Z, if there is a 4 € A|E with I ^ J empty when 
(1,1)e &[Z,] and (J, .) e& [Z,]. Then (2.9.24) is clearly true. 


Theorem 2.9.5. Let (T, Z, A) be a division space weakly 7 -compatible with 
every partial set of E. If P, = ENP, where P,, P, are proper partial sets of E, 
and Z; S \P¥ (j = 1,2), then A|E separates Z,, Z, and (2.9.24) is true. 


Proof. Let 4 eA|E with 4 € Up, 0 %p,. If (I, t)e U, teZ,, then (I, the Up, 
te\Pt, 1S E\P, = P3. Similarly, if (J, )e 4, ueZ;, then J € P, and I, J 
are disjoint. © 

We now have a long proof of the Radon-Nikodym theorem for K = C or 
It. The first part of the proof is written for general Banach spaces as it only 


involves (he norm, whereas the second part is true only for C or R. 


Theorem 2.9.6. Let (T, Z, A) be a decomposable additive division space, let B 


be a Banach space and let h: Ut — B be strong variationally integrable and of 


bounded variation over an elementary set E, with variation 


V(P) = V(h; A: E: P*) = V(h; A; P), 
such that 


(2.9.25) V(.£ (E; P)) = 0 for every partial set P of E. 
Then there is an f: E* — B with | f (t)|| = 1 everywhere, and for all partial sets 
P of E, 
(2.9.26) H(P)= | dh = | fay. 
P P 


Proof. First, V(P) = V(h; A; P) by Theorem 2.9.3(2.9.21), so that by 
Vheorem. 2.7.3, A|| and | H|| are integrable to V. Using an extended 
definition of the signum function 


(2.9.27) agn(w) , w/lwl (w #2) 


l (w= z) 
so that Iw sgn(w) = w, [[sgn(w)] = E (we By; 
(2.9.28) for g(h = sgnCH(D) lig]. 1, 
(4) | H = gV| 9 (0)Y I HI = VI 0 
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as & shrinks, again by Theorem 2.7.3, and for all partial sets P of E, 
(2.9.29) H(P)= | d(gV). 
P 


The whole difficulty of the proof lies in replacing g(I) by a suitable f(t) 
independent of P. 

By Theorem 2.7.3 again and (2.9.28) there are a monotone decreasing 
sequence (4/,) € A|E and a sequence (F,,) of partitions of E with P, from Y, 
22,,, a refinement of Pp, and 


(2.9.30) (P,)¥ 1H | > V(E) - 2755; 
(2.9.31) (Pi) DH —gV] <2 


for all partitions Y, of E from %, (n = 1, 2, . . . ). Let 2, be the family and P, 
the partial set of those Ie, with 


(2.9.32) I H(1)|| < @ — 273") V(I). 


By (2.9.30), Theorem 2.7.3(2.9.32), the finite additivity of V, Theorem 
2.9.3(2.9.21), and Theorem 2.4.1(2.4.1), 


V(E) — 274" < (Pa) X Hl =(Fa\ Zn) All + (2) ¥ AI < (Pu\ Pn) DV 
+ (1 — 273")(2,)¥ V = V(E) - 27?"V(P,), 
(2.9.33) V(P,) < 27", ab A; EU ez) «217, 


mzn 


X= 2 U Px, V(h; A; E; X) = 0. 


n=i mèn 


In \X, (2.9.32) is eventually false, so that for some integer N = N (t) depend- 
ing on the fixed point teI*, and all n > N, 


(2.9.34) IHI > 0-27" üe2,). 


We now take B = C. If a partition Z’ of E refines Z,, let Z be the family of 
Je2" with J £ P, and 


(29.35) | Real(H(J)/g(D) < (1 — 27?)|H(J)) (J € Ie2,, W = Uy. 


As (2.9.34) is true, and by definition of g, (2.9.35), and Theorem 2.7.3, 
(1 — 27? V(I) < |H(I)| = Real((7' ^ D», A(J)/g(D)} 
« (ANDY IAI) — 277?" 
+ (Z'a IN) Y | H(J)| 
«(1—2 "(200 I) V) 
F (9  IN)S V(J) 
V(I) - 27**(8 ^1)» V(J), 
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(2.9.36) (An Dy V(J) «2 "V(I), (2) Y V(J) x 2""V(E). 

When # = £,,,]let W be W,. By (2.9.36) and Theorem 2.4.1(2.4.1), 
(2.3.37) V(W,) = (2)Y V(J)«2 "V(E), d A; E; U ei «2! "y(E). 


mèn 


When J € Pa U W,, (2.9.35) is false, so that if r,(t) is the r(t) of Exercise 2.9.1 
with & from P, and g(I) = sgn(H(I)) as before, then, h-almost everywhere, 


Real {r,+ 1(t)/r„(t)} = Real{g(J)/g(1)} 
-1—-2"" (teJc LJed,.,,I€e2,) 
jarg(r,+1(t)/r,(t))| < 0, < n sin(40,) = 1.2 O"* 9/2 < 227", 
Hence by (2.9.33) and (2.9.37) there is a set X, with 
(2.9.38) V(h; A; E; X,) <2!-"{1 + V(E)} 
and outside X,, 
|arg(rm+1(t)) — arg(r,(t))| « 227", 
[arg(r,(t)) — arg(r,(£)] < 227". (m n), 
and arg(r,(t)) tends to a limit, say 0(t). For 
r(t) = exp(i0(t)), |r(t)| = 1, argr(t) = BOL |argr(t) — argr,(t)| < 25^", 


(2.9.39) Ir(t) —r(0| < 2*7" (re X,). 
From |r,(t)| = 1, and so r, is bounded, h-almost everywhere, with (2.9.38), 


(2.9.39), and integrable over E; it converges h-almost everywhere to r(t) and 
so r(t) V(I) is integrable and 


<2™ 4-2» "V(E) + 2! "(1 V(E)], 


| r(t)dV — H(E) 
E 


piving (2.9.26) for P = E. Finally, let P be a proper partial set from a partition 
Y of E. By Theorem 2.7.1(2.7.1) there is a 4/* € AJE with 4/* c %,, such that 
all divisions of E from %* refine 2^, and 2. Then, except in a set satisfying 
(2.9.37), the corresponding r7 satisfies |rf(t) — r,(t)| < 2? ^", lim, r*(t) : 
r(t), and r*(t) is an r,(t) for Exercise 2.9.1 with P for E. Hence (2.9.26) holds 
for all partial sets of E (1 


The star-sets P* were originally defined as a means of location of proper 
lies, so that for the (1, f) in divisions, the ¢ lay in well-defined sets. The 
definition of P* has gradually been refined, see Henstock (1961a, p. 118, 
axiom (X 1); 1961b, p. 415, axiom ( 71); 19685, p. 218; 19735, p, 320; 1978, p. 71; 
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1980, p. 397). The first clues that it might be useful to regard the P* as closed 
sets came since in many division spaces the P* are closed for some reasonable 
topology. For example, see McGill (1977) and Henstock (1973b, p. 335, 
elementary »-sets and the Tychonoff analogue, Theorem 8). From these 
considerations, the intrinsic topology was developed in Henstock (1980a, pp. 
411-12, Theorems 15, 16). McGill (1973; 1974/1975; 1975a, b, c; 1976; 1977; 
1980; 1981) gives an alternative theory. 


Exercise 2.9.1 The following result connects the point structure of T with 
the structure of intervals and divisions. For (T, 7, A) a stable division space 
let & be a division of an elementary set E from a We A|E. Let r: T ^ C be such 
that for each (I, ed and some numbers g(J), 
r(u) = gue I*N£ (E; I) = I*\(E\I)*), F (E; P) = P* o (ENP*, 

the frontier star-set of a proper partial set P of E. Otherwise let r be arbitrary. 
Then we say that r is a step-function based on £; it is defined except on some 
frontier star-sets. 

To make the definition useful when integrating rh for h; 4/! — C we assume 
that F(E; P) has h-variation zero, so that the arbitrariness of r can be 


ignored. 
Let f: T —^ C be bounded in E* with fh integrable in E, and let r be 
bounded in E*. Prove that there exists 


(2.9.40) | frdh = (So | fdh. 
E I 


Given that (T, 7, A) is also decomposable show that f and r need only be 
finite. 


(Hint: show that {r(x) — g(1)) f(x)h(J, x) has variation zero over I, and so 
has zero integral.) 


Example 2.9.2 The zero h-variation of (E; P) is a kind of continuity 
condition on h. Some such condition seems necessary for the truth of 
Theorem 2.9.6(2.9.26); for [u, v) € E = [ — 1, 1) let h([u, v), t) = h(u, v) with 
h(u, 0) = 1 (u < 0, h(0,v) = — 1 (v > 0), h(u, v) = 0 otherwise. Then for the 
gauge integral the neighbourhoods of non-zero points can be chosen so that 
they do not include 0, and then divisions of [u, 0) and [0, v) must necessarily 
include 0 as a division-point. Hence for 


V(u, v) = V(h; A; [u, v)), 
V(u,0) = 1 = V(0, v), V(u,v) -2 (u<0< v), 
DO v 
| [dV = f(0) | fdV.(u-0-v) 


Ju 
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and (2.9.26) is false since either 


0 v 
h(u, 0) «| fdV or h(0,v) z | f dV, or both. 
u 0 
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We begin with integration by parts, normally considered in R but sometimes 
in higher dimensions. 


Theorem 2.10.1. If (IR, 7, A) is a division space, if a < b are finite, if the 
integrals below exist with Lo Rat and dg standing for dh with 
h(Lp, q); t) = 9(q) — g(p), and with t = p or q, 


(2.10.1) | fdg + E g df = f (v)g(v) — f (u)g(u) = A( fg; Lu, v)) 


holds for all [u, v) S [a, b), only if 
(2.10.2) V((Af)(Ag); A; [a, b)) = 0. 


Conversely, if (2.10.2) is true with one integral existing in (2.10.1), the other 
exists and (2.10.1) holds for all [u, v) € [a, b). 


Proof. We use Theorem 2.5.5(2.5.15) with the identity 


(2.10.3) { f(x) — f(0) (669 — ot = f(x) {9(x) — o + g(x) f(x) — f (0) 
— f(x)g(x) + f(t)g(t) 
V((Af (Ag); A; Ca, b) = V(f Ag + gA f — A(fgy; A; [a, b) 


ZU + fo df — A( fg); A; [a, d =Q. 


II 


Conversely, if the first integral in (2.10.1) exists, with (2.10.2), (2.10.3) gives 
V(g ^f + [ras — A( fg); A; [a, b)) = 0 


with A( fg) — [dg finitely additive, which last difference is therefore the 
norm variational integral of gA L which is also the generalized Riemann 
integral of gA fi UI 

We can rearrange (2,10,3) slightly to give 


(2.10.4) SO) dX) ul  F'O0g(x) - FU)9g0) — att FX) Tu), 
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leading to the definition of the integral by parts, IP, 


(2.10.5) ap) fdg = A(fg; La, b)) — | g df 
[a, b) Io, b) 

on taking the general interval from t to x, with t as the associated point and x 
the opposite point. Thus from the family 4 € A|E of interval-point pairs 
(Ep, q), t), where t is one of p, q and x is the other, we can construct a 
corresponding ‘mirror image’ family 4/* of ([p, 4), x), and then construct the 
corresponding A* using 4/*, just as A was constructed using %. Then all 
properties that do not involve the associated points pass from (R, Z, A) to 
(R, Z, A*). But the various decomposabilities, the star sets, the weak and 
strong compatibilities, the compatibility with a topology, and product space 
definitions, need careful examination. For an example of a decomposable 
(R, Z,A) that has (R, 7, A*) not decomposable we need Theorem 7.2.3 to 
show that if fis the indicator of the rationals and g(t) = t, and using the gauge 
integral, the right side of (2.10.5) does not exist. It exists for the first n 
rationals, so that the monotone convergence theorem is false for this 
(T, Z, A*), and by Theorem 3.2.1 it cannot be decomposable. 


The conditions in Theorem 2.10.1 are independent, in the sense that the 
integrals in (2.10.1) can exist without (2.10.2) being true, and, in another 
example, (2.10.2) can be true when the two integrals do not exist. See Example 
2.10.1 and Exercise 2.10.2. 

Theorem 2.10.1 can be written in the following form. 


Theorem 2.10.2. If the first integral exists, with (R, 7, A) a division space and 
a < b, finite, 


j » Uf (t) — f(a)} dg = am B {g(b) — g(x)} d f. 


This enables us to give a simplified formula for integration by parts in higher 
dimensions. For real coordinates let a = (a;,...,4,), b = (b,, .. . , bn), with 
[a, b) the n-dimensional brick of all points x = (x4, . . . , x,) Satisfying 
min(a;, bj) € x, <max(a;,b;) witha; b; (L<j< n). 

For f(x) 2 f(xi, ..., Xa}: R” > K we define 
Auf = Af Ui, yy) ss fi, ees yy 45 max(ay, by), yis Mel 

fu. y, o min(ay, b) Wunn, ys), 

A f(y) a, hb) A, ' A, f. 
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In the last multiple difference all ys disappear. (2.10.4) can be extended to n 
dimensions. 


(2106)  f(xA(Gxt-A(fgxtü—Yi-Y2—Ya 


where 2. is the sum of A(f(y)g(ti, ... tes usps... > Yn); X, t) and similar 
terms in which the k letters t are permuted with the n — k letters y. Integrating 
(2.10.6) with the x replaced by t, which can be done if g is sufficiently smooth, 
we have a formula of W. H. Young (1918). 2" integrals occur, and if in the 
form using x, all but one (ie. 2" — 1 > 3) integrals exist, we can prove the 
existence of the remaining integral. 

On using the theory of Chapter 5, another formula needs only the existence 
of two integrals. Strictly, Theorems 2.10.3,2.10.5 should really appear in 
Chapter 5, but for convenience they appear here. 


Theorem 2.10.3. Using a Fubini division space (R", 7, A) whose intervals are 
finite n-dimensional bricks [a, b), if the two integrals below exist, then 


(2.10.7) | (fa dg = OP) | A(g; x, b)d f, 
[a, b] [a. b] 


the second integral using A*; it is equal to 


| A(g; t, b)df 
[a,b) 


(2.10.8) if V(JA(g; t, b) — A(g; x, b)|A( f; t, x); A; [a, b)) = 0. 


Proof. As both integrals exist, Theorem 5.1.1 shows that the integrals are 
equal to n repeated integrals with respect to each variable in turn, so that 
l'heorem 2.10.2 gives the results. O 


The existence of one integral might be deduced from that of the other, by 
showing that the existence of the repeated integral, with measurability 
conditions, implies the existence of the integral in n dimensions. If no 
measurability conditions are given, Sierpinski (1920) stops this argument. 
Also à converse similar to that in Theorem 2.10.1 need not hold since the 
integrand. on the right of (2.10.7) is a function of b. 

In n — I dimension we have the second mean value theorem for integrals. 


Vheorem 2.10.4. Iff is monotone in [a, b], g bounded and attaining every 
value between its bounds, and {Ag integrable in [a, b), then for a & in [a,b] 


H 


(2.10.9) fdg = f(b)tgtb) = wey} + f(a) ot) — gia. 


J la, h) 
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Proof. For f monotone increasing, Theorem 2.10.2 gives 


| fdg = A(fg; La, b)) — ap) | g(x) df, 

[a, b) [a, b) 

{ f(b) —f(a)} infg < ar) | gdf < { f(b) — f(a)).supg. 
a,b) 


(IP) | gdf-if(b) —f(a} (5) 


[a, b) 
for suitable é. Hence (2.10.9). For f monotone decreasing take — f. O 


Often g is an indefinite integral, and the gauge and general Denjoy 
integrals and all integrals that are included in them are continuous if the 
integrator is continuous, and so satisfy the Darboux condition on g. So does 
the not necessarily continuous Young's integral (Hobson (1926, $480, p. 720). 
(Henstock (1973a) gives many historical details on integration by parts.) 
These can therefore be used in the theorem. Note that (2.10.9) can be written 


| i (f(t) — f(a)) dg = (g(b) — a(2) Cf(b) — f (a)}- 
[a, b) 
This leads to a similar result in R”. 


Theorem 2.10.5. For (R", Z, A) and f; R" > R with A(f;t, x) of constant 
sign, and if g: R" — R is such that A(g; t, b) is bounded in t and attains every 
value between its bounds, with A( f; a, t) integrable with respect to g on [a, b), 
then 


| A(f;a, t)dg = A(f; a, b)A(g;¢,b) (some ce[a, b ]). 
[a, b] 
Proof. In the proof of Theorem 2.10.3, the right side of (2.10.7) exists as a 


repeated integral if the left side exists. Hence we can use a proof similar to that 
of Theorem 2.10.4. 


As has already been pointed out, these results are usually applied when g 
is an indefinite integral, and we use Theorem 2.6.1(2.6.6). Corresponding 
theorems hold for the N-variational integral. 

Next we look at the Cauchy and Harnack extensions of the generalized 
Riemann integral. The Cauchy extension was first used on the Riemann 
integral to integrate some functions unbounded in the neighbourhood of 
certain points, and de la Vallée Poussin (1892a, b) tackled some non-absolute 
integrals before Lebesgue's famous paper in 1902. Denjoy (1912a, b) applied 
both extensions fepeatedly to the Lebesgue integral to integrate some func- 
tions that are not Lebesgue integrable in the neighbourhood of certain points, 
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and in a transfinite inductive process to integrate all derivatives. Perron 
(1914) defined a much simpler integral, see Section 7.1, that is equivalent to 
Denjoy's special integral, and equivalent also to the gauge integral of 'f (t) dt". 
Thus it is not surprising that the Cauchy and Harnack extensions are 
included in that particular case of the generalized Riemann integral. The 
extensions in higher dimensions are not so clear as the extension in T = R, 
which we will now give. 


Theorem 2.10.6. Let (R, 7, A) be a decomposable additive division space, let 
h: 4f! — C be integrable to H(u, v) over every partial set [u, v) of [a, b) that has 
v « b, and let [u, v)* € [u, v]. If there exists 


H, (u, b) = lim( H(u, v) + h([v, b), b)} 
in the sense that, given e > 0, there is a 4o € A|[a, b) such that 
(2.10.10) | H(u, v) + h([v, b), b) — H, (u, b)| < € 
for all ([v, b), b) e Ko, then H(a, b) exists equal to H,(a, b). 


Proof. Let(v,) be a strictly increasing sequence in (a, b) that tends to b, with 
each [v,..,, v,) a partial set of [a, b), and with pes a (n = 1,2,.. .) Then 
there is a 47, € A|[a, b) such that if &, is a division of [v, _,, v,) from %,,, then 


(2.10.11) |H(v_—15P,) — (&,) Y h| < e.27", 


and if (I, t)e4/, then IS [v, ,, v,) or I^ [v, ,,v,) is empty. If also 
U-, D < t, with [v,_;, v) a partial set of [a, b) and if éi, is a division of 
[0,-,, v) from %,,, then 


(2.10.12) |H(v,-1, v) — (£) Dh] & e.27". 

Also by finite additivity of H, for [a, u) a partial set of [a, b), 
Hi, (a, b) = H(a,u) + H,(u,b) (a<u<b) 

and we can replace (2.10.10) by 

(2.10.13) |h(Lv, b), b) — H,(v, b)| < e 


As [u, v)* € [u,v], [v,.,, v,)* and [0,—1, 04)* (m zx n) have at most one 
point in common, and it does not lie in any other [u,—1,u,)*. By direction 
there is a Y, e A|[a, b) that lies in Y, O Up. Using this for the common 
points, and decomposability for the points In, ,, v,)* CO, 1. Vn), we can 
find a 4 e A|[a, b) that lies in a at b, and in Ua at [0, ,,0,)*. If & is a 
division of [a, b) from 4, and (J, t)e &, the only / with hc 1 must have t = b 
(again as [u, v)* & [u, v and I = [v, b) with v, (0 E De for some integer 


m 
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m. Thus by (2.10.n) (n = 11, 12, 13), 


KAZA- den Wis Y, UE o Duis) Hlor v) 
+ |(@O [v v)) Sh — Hip, pl + |h([v, b), b) — H,(v, b)| < 2e, 


which proves the result. 

Similarly we can deal with intervals [a, b) with trouble at a, and can replace 
b by +œ, or a by —oo, or both. The conventional ([v, +00), +0) and 
([—09,u) —o0) have h=0. [a,+00) uses divisions, for example, 
(Lv, 4-00 ) with h=0, then a division of [a,v), will give a division of 
[a, +œ ). As Y shrinks we let v — oo. Theorem 2.10.6 then shows that integ 
rals defined by these divisions are the same as those defined over [a, v) for 
suitable vs tending to -- oo. The importance of these new divisions is that 
proofs of results, such as for limits under the integral sign, go through for 
[a, +00) just as they do for [a, b), without using the extra limit as the 
v =œ. Similarly for ( — oo, b) and ( — co, oo). 

Note that corresponding integrals in complex variable theory usc limits of 
[ — b, b) as b> +œ, and do not come under the present theory, for which 
a— —oo and b ^ oo independently. 

The Harnack extension is as follows. Let F be a compact set on IR. Then F 
lies in a bounded interval, say I = [u, v), and we can arrange that uch, so 
that G = I\F is an open set and so the union of a sequence (/,) of disjoint 
open intervals. If a function fis integrable by some reasonable means over F 
and the separate I, with 

| fdx 
J 


for all intervals J € I,, and if the series of M, is convergent, then the 
Harnack-extended integral over J is the sum of the integrals over F and the 
separate I. 

We now tease out the implications of this definition. First, the convet pence 
of the sum of moduli means that, given c > 0, there is an integer N with 


M, max 
J 


o0 


(2.10.14) Y Mer 
k=N 


Le. if J, € I, for a finite number of distinct k > N, then 


E| fdx|« 


Conversely, if (2.10.15) is true and if f is real-valued, we take the positive 
integrals in one sum, the negative integrals in another, to give 


| LU & Ap 


(2.10.15) 


E. 


V 
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As usual, for complex-valued f we finish with 4e on the right, for any finite 
number of k > K, and so for all k > K, giving (2.10.14) with 2e or 4e on the 
right. Thus the following theorem shows that the generalized Riemann 
integral includes the Harnack extension process, and this extension gives 
nothing new. 


Theorem 2.10.7. For a compact set F € [a, b] with a, be F, let G = (a, b)\F, 
an open set and so the union of disjoint intervals [uj, vj) with [uj, vj] € G 
(j = 1,2,...). Let (IR, Z, A) be a decomposable additive division space with 
[a, b) an elementary set. Given h: U! C, let 


(2.10.16) | X(F; +) dh, | dh 
[a, b) (uj, vj) 


exist. If, given e > 0, there are an integer J and a U € A|[a, b) such that for 
every finite collection 2 of disjoint partial sets [u,v) of [a, b), with some 
(1, t) e 4, some teF, and [u,v) — [uj, vj) ^ I for some j > J, and no two 
intervals [u, v) lying in the same [u;, vj), we have 


(2.10.17) e» dh| « e, 
[u, v) 
then there exists 
(2.10.18) | dh = | x(F;-)dh - Y, dh. 
[a, b) [a, b) j=1 J[uj, vj) 


Proof. Subtracting the first integral in (2.10.16) from both sides of (2.10.18), 
we need only prove that 


(2.10.19) | x(G;-)dh = H,([a, b) where 
[a, b) 


uice E | dh 
[uj, vj) ^ E 


Zi 


for each elementary set Ee [a, b). As E is a finite union of intervals each of 
which has two frontier points, [u;, v;) ^ E is either empty or is [u;, v;), for all 
but a finite number of j. Hence by (2.10.17) the sequence of partial sums of the 
infinite series for H ;(E) is fundamental and so convergent, and H, exists. 
To prove (2.10.19) we use the proof of Theorem 2.10.6 for the intervals 


(nu, 0) C = 1,2,...), while for the set F, x(G; t) = 0 there, and t does not lie 
in [upo] Q — E. .,J). Taking these from [a, b), we are left with an 
elementary set E, a finite union of disjoint intervals, and the same is true of 
[a, b)NE,. These provide a partition of [a, b) and we ean assume a 


Va E Alla, b) such that every division [rom "V, refines that partition, Thus by 
t H ` 
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decomposability we can find a 4 eA|[a, b) and complete the proof as in 
Theorem 2.10.6 with v = b. 

Combining Theorems 0.1.1, 2.10.6, and 2.10.7, then at each stage of 
construction of the special Denjoy integral from the Lebesgue integral, the 
construction gives the gauge integral. Thus at the end of the process, in a 
countable, though possibly transfinite, number of steps, the special Denjoy 
integral is included in the gauge integral, and the converse holds when 
h(I, t) = f(t)m(1) for m(1) the length of I. The gauge integralis wider as it can 
integrate more general h(I, t) than f (t)m(1). In Section 7.1 we show that in 
the f (t)m(I) case the gauge integral is equivalent to the Perron integral, so 
that we have another proof of the equivalence of the Perron and special 


Denjoy integrals on R. l i 
Note that all the results in one dimension for this section appear in 
Henstock (1963c) for the gauge integral. 


Example 2.10.1 In Exercise 0.1.2 each division dé of [ — 1, 1) from Ki must 
include two intervals each with associated point 0, assuming that in (I, t, t is 
at an end of I. Then 


(LUA (Ag =1, V(AS)(Ag); A; E- 1D) = 1, 


and integration by parts fails. 


Exercise 2.10.2 For the gauge integral, let e > 0 and take 
f(t) = 1tlogt) (0 « t « D, f(0) — 0, g(t) — t. 


Show that as e > 0, neither integral 


| fdg = A(log log (1/t); Le, 1/2). 
[e 1/2] 


| g df = A(1/logt — loglog(1/t); [e, 1/2) 
(e, 1/2] 


tends to a limit, so that by Theorem 2.5.4(2.5.13) the integrals do not exist 
over [0, 1/2). However, 


If() —f()Ilg(t) — (01 50 ast 0-, 


so that on using Theorem 2.4.1(2.4.1), (2.10.2) is true. Another proof is given 
in Henstock (1973a). 


Example 2.10.3. Note that when both fand g are differentiable in (a, b) and 
continuous at the ends, as in the calculus, (2.10.2) is easily shown true. Thus 
(2.10.2) never appears in the calculus. 


CHAPTER 3 


LIMITS UNDER THE INTEGRAL SIGN, 
FUNCTIONS DEPENDING ON A 
PARAMETER 


31 INTRODUCTION AND NECESSARY AND 
SUFFICIENT CONDITIONS 


It is well known that the Lebesgue integral handles with ease many problems 
of the commutability of operations of integration and the taking of a limit, 
partially resolving C. Jordan's question quoted by de la Vallée Poussin 
(1892a). 


Give a rigorous theory of differentiation under the integral sign of definite integrals, 
with precise conditions which limit Leibnitz’s rule, principally for unbounded 
regions of integration or unbounded functions, and particularly many celebrated 
definite integrals. 


After a century of partial results we go beyond Lebesgue to necessary and 
sufficient conditions, proofs in division space theory being transparent. 

The simplest limit concerns a measure m over an elementary set E and 
sequences ( f,(t)) tending pointwise to a finite limit f (t) m-almost everywhere, 
given that each f,m is integrable over E. We examine two properties, the 
integrability of fm over E, and 


(3.1.1) lim | f,dm= f im dn = | ran. 


no JE n o 


We now replace n by a variable y over an uncountable set Y with a limit 
process, symbolically written *y—". For example, the integral’s continuity in y 
at c, is studied taking ‘y—’ as y — c. Such limit processes are considered in 
this chapter, while Chapter 4 deals with differentiation relative to y, (3.1.1) 
becoming one- or n-dimensional differentiation, e.g. 


(3.1.2) sl f(y, t) dm = lim Sly + hh) f» dm 


h-0 JE h 


Sy hi t) f(y, t) Of y, t) 
lim dm dmi. 
JEN JE 


Vru h oy 


3.1 NECESSARY AND SUFFICIENT CONDITIONS 121 


In this area is the inversion of order of repeated integrals over E ® H 
(Chapter 5), 


(3.1.3) | d g(y, nambam = lim ex | g(y, t)dm x M(v, w) 
H E 670+ E 


= | lim (£,)}. g(y, 0M (v, w)dm = | | g(y, t)dM dm, 
EóO0- E JH 


in a reasonable notation. Either integral is the limit process, the other being, 
the integral in the generalization of (3.1.1). 

Supposing a decomposable division space for (3.1.1), when the linear space 
K (such as a Banach space) has a norm |.|, we can use properties 
(i) V(m; A; E) < oo, (ii) || f, — f || + 0 m-almost everywhere in E, (iii) Fm and 
fm (n = 1, 2,...) integrable on E, (iv) m > 0 and || f,|| < F (n= 1, 2, ), 
the Arzelà-Lebesgue conditions in K. But (i), which forbids many appli 
cations to Feynman integration, and (iv) restrict the test. However, Sec 
tion 3.3 gives a condition depending on Riemann sums, that is usually 
equivalent to (iv), and this condition can be generalized more easily. Further, 
not all topological groups K have even a group norm; and the restriction to 
f, ((0)m(, t) and f(y; t) n(1, t)(ye Y) is a weakness. Generalizing to /i,(I, t) and 
h( y; I, t) respectively, a problem is highlighted by Exercises 2.3.5 and 2,3,6 
and avoided by a slight change of Henstock (1969), p. 527. 

We first look at the question of what corresponds to (ii). For (K,@) a 
topological linear space, to each (I, t) e 4 ! let there be a sequence (Z (1I, t)) of 
sets of K containing the zero z, such that for each 4-neighbourhood G of zu 
positive integer j and a 4/ € A|E exist and for all divisions & over I [rom W, 


(3.1.4) Léin. Zi,t)z KOD z/(I, t): 240, t)e Z(L t)] & G. 
This is invariant under the action of real continuous linear functionals, and so 


is a useful idea in topological linear spaces, see (3.1.6). 


Theorem 3.1.1. 
(3.1.5) For (T, Z, A) a division space, if P is a proper partial set of E it ean 
replace E in (3.1.4), divisions of P replacing the &. 
(3.1.6) Further, for F a real continuous linear functional on K and 

Ri. t) = F (ZI t)) = {F (24, t): z}, De ZIU, D}, 
R/C, t) can replace Z(L, t) in (3.1.4) with G = (— c, c) for various è > 0, 
Proof. ze Z/(I, 00 € E\P) gives (3.1.5). Linearity, continuity, and à suit 
able -neighbourhood G of z give (3.1.6) with ;7 (z) = 0 and 
(OS RAU, 0 Je 9 GU, 0) zue. AL ys, e ZI UD; c FG) 

( 58, LU 
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To correspond to (ii), for each ye Y let h(y; I, t) be integrable over E, let 
Xc T, 4, cA|E, 4 , € &/, and for each integer j > 1 and each (I, the 4 , let 
k(j; I, t)e Y. For h: Y, >K let 


(3.4.7 h(y;Lt)—h(L, )eZ/(l, (0, )e*,,t£X, y > k(j; Lt) in Y), 
(3.1.8) h and h(y;-) are of variation zero in X, relative to E, A. 


The integration is not affected if we take X empty and replace h by 
h.x(NX;-), h(yi*) by h(y;)x(NX;-). We now show that in the f,m and 
f(y;-)m cases (ii) is true when (3.1.n)(n = 4, 7, 8) are true, given other 
reasonable properties, and conversely, so that the new arrangement includes 
the old. 


Theorem 3.1.2. Let (T, 7, A) be a decomposable division space with K 
normed, let 


h(y; 1, t) =f (y; mt, 0), h(I, t) = f(t)mG, t), 


let X , be the set of t where f(y; t) = f (t) for some J(t) e Y and all y > J (t) in Y, 
let m.x(\X 43+) be VBG* in E with f(y;t) —f(t) except in a set X, of m- 
variation zero, and for each te X; let either f(y;t) be bounded in y or 
ml, t) = 0 (all (I, t)e * eA|E, te X;). Then (3.1.7) holds, the Z(I, t) being 
spheres S(z, r) with centre the zero z and radii r = r(I, t), and S(z, 0) = sing (2). 

Conversely, for (T, 7, A) a decomposable division space, K a normed linear 
space satisfying Theorem 2. 1.10(2.1.33) (eg. K 2 R or C), Z4(I, t) = S(z, 
r(I, t), G = S(z, £), Y the set of positive integers, and h(n; I, t) = f, (t)m(, t), 
h(1, t) = f (t)m(, t), then (3.1.4), (3.1.7) give V(m,; A; E; X5) = 0, X, being the 
set of t where f,(t) f(t) as n > œ, f, (t) being bounded in n for each te X, with 
m(1, t) # 0 for some (I, der, , and m. y(NX,;-) is VBG* in E. For a general Y 
and a sequence (y,) S Y such that for each ye Y there is an N > 0 with y, > y 
(n = N), then f(y,; t) — f (t) m-almost everywhere, with the other results. 


Proof. Let mutually disjoint X,, X,, X, € T have union T and 4/,€ A|E 
have 


(3.1.9) 


0 < Vim; A; E; X) < Vim; U, E; Xp) < 2V(m; A; E; X,) < oo (p = 3,4,...). 


p 
In X,, f(y; t) = f(t) (y > J(t)) and so can be ignored. For each t€ X ;, either 
m(1, t) — 0 for some 4$, €A|E and all (I, t) eo, or, for a finite positive 
function p on X, 

(firu Til « qt), 
and as in Theorem 2.2.1(2.2.4), 


(3.1.10) V(pm; A; E; X3) «0, V(om; Wo; E; X5) < he, 
Vf) - Pm Wo; E; Xa) Jr, 
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Let U , € AJE lie in the diagonal of (&, X1; Vo, X5; Ups Xp), with k(t), r(1, t) 
so that 


a t) — f (0). || mUZ, 0] < e.27?? Vm; A; E; X,) " mU, || = r(, £) 
(teX,, p 23,4,..., y > k(t). 
From (3.1.n) (n = 9, 10, 11) then (3.1.4), (3.1.7) are true since 
(4). lf; -fA mG, 01 < 
Set d &.2 ? ? V(m; A; E; Xp) !V(m U}; E; Xp) < e 
E 

Conversely, from the given hypotheses, (3.1.4), (3.1.7), and Theorem 2.1.10 
(2.1.33), 
(3.1.12) EDI Gro — f()mG, OI < ge 
for & over E from some % e A|E. If for te Z and q > 0, || f, (t) — f(t)]| = n for 
an infinity of n, then 

(5) mma, 2lx(Z;:t) «ae Vim; %;E;Z)<qe/n, V(m A; E; Z) = 


since ¢>0 is arbitrarily small Taking 5 — 1, 4, i,... and using 
l'heorem 2.2.1(2.2.1) (analogue), X, has m-variation zero. In (3.1.12) then 
cither m(I, t) = 0 for all (I, t) e , or f,(t) is bounded in n > N. As the number 
of n less than N is finite (f,(t)) is bounded in n. For te X, we take 
k( j; 1, t) > J(t) so that f,(t) = f (t) in (3.1.7) when n > k(j; I, t). To show that 
m is VBG* in V X, let Y, (r > 1) be the set of t with 


lho -SAI 2 Ur (some n(t) > k(j; I, t)). 
If (4 X, then for some integer r, te Y,, so \X; = Ire? Y,. From (3.1.12), 
(F mU, tl x(Y; )/r < qe, Vim; A; E; Y,) < Vim; U; E; Y,) < qre, 
so m is VB* in Y, = Y,(U) and so VBG* in\X,. O 


We now come to the two theorems giving the necessary and sufficient 
conditions for the integrability of the limit function h and the result (3.1.1). 


Theorem 3.1.3. Let Z/, h(y;-), h satisfy (3.1.n)(n = 4, 7, 8) with h(y;-) 
integrable over E for each ye Y. Let K be complete (A; E) and locally compact. 
Then h is integrable over E if and only if there are a compact set C of arbitrarily 
small diameter, some M ` E* — Y, some U € A|E, and all divisions & of E from 
W, such that 


(4.1.13) (YY AYU, Oe € (all y(1 0) > M(, 0 in Y). 
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Proof. If h is integrable over E, there is a neighbourhood S of H = f, dh of 
arbitrarily small diameter, such that 


(3.1.14) (£)Y A, Des. 


By (3.1.n) (n = 4, 7, 8), the usual construction for sets of h-variation zero, and 
an arbitrary 4-neighbourhood G of z, we can choose M (I, t) to satisfy 


(£4), (h(yQ, 0; Lt) - h(I, t}eG+G (all y(I, t) > MUL, t) in Y), 


and (3.1.13) holds with S + G + G, of arbitrary small diameter, replacing C. 
As in Theorems 0.4.11, 0.4.13, we can so choose S, G, that, given an arbitrary 
4-neighbourhood G, of H, there is a Y-neighbourhood G, of H whose 
G-closure is compact (as K is locally compact) and lies in G,, and 


$4G-GcG,c6,«G, 


Then G, can replace C in (3.1.13). Conversely, if (3.1.5) (n = 4, 7, 8, 13) hold, 
we take M(I, t) to be the greater of those needed in (3.1.7), (3.1.13), and so 
have (3.1.14) with a suitable S of arbitrarily small diameter. Integrability 
follows as K is complete (A; E). O 


Theorem 3.1.4. Given C and the conditions of Theorem 3.1.3, with (3.1.13), a 
necessary and sufficient condition for the analogue of (3.1.1) is that there are a 
J € Y, a compact set C, of arbitrarily small diameter, either containing a G- 
neighbourhood of H = f, dh, or such that C ^ C, is not empty, and a 4/,€ A|E 
with 


(3.1.15) (£)Y, h(y; 1, t)e C, 
for all divisions & of E from U, with y > J in Y. 


Proof. As H and H, = b dh(y;-) exist for ye Y, we have the analogue of 
(3.1.1) if and only if H, € H + G for each neighbourhood G of z and all y > J 
in Y, where J depends on G. The result follows from this, the definitions of the 
integrals H, and H, and local compactness of K. O 


The difference between (3.1.13) and (3.1.15) is that y varies with (J, t) in the 
first and is constant in the second. Neither condition contains the other, 
unless other conditions are imposed. When theorems 3.1.3, 3.1.4 are special- 
ized to the case of repeated integrals the two conditions are interchangeable, 
see Chapter 5. 

It is worth while to give the necessary and sufficient conditions in the 
simple case when h, = fm, h= fm, using pointwise convergence, in one 
theorem with K = ©, just as it is given (with slight rearrangements) in the 
only other place where it has appeared, namely, Henstock (19884), pp. 105-7, 
Theorems 11.1, 11.2, 
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Theorem 3.1.5. Let(T, Z, A) bea division space, let K be C, let m: U 1_,Cbe 
VBG*, and let f,: E* > C with f,m integrable in E (n= 1, 2,...), such that 


f, — f pointwise in E* as n — oo. Then the necessary and sufficient conditions 


for the integrability of fm over E and the result 


(3.1.16) lim | f,dm -| lim f, dm 
no JE Enzo 

are that 

(3.1.17) (£)Y, f. (0m(Q, thes 


for some compact set S of arbitrarily small diameter, some U € A|E, some 
positive function M on E*, all positive integer-valued functions n > M on E*, 
and all divisions & of E from & (for the integrability) and 


(3.1.18) a positive integer J and a &/,€ A|E for each n = 1,2,..., such that 
(6) f. (m, t) eS, 
for all divisions & of E from %, and all n > J, where S, has arbitrarily small 


diameter and where S ^ S, is not empty (for (3.1.16)). 


Comparing the two accounts, clearly the above is a slight generalization of 
the one in Henstock (1988a). 


Example 3.1.1 (D. Przeworska-Rolewicz and S. Rolewicz (1966). Also see 
Henstock (1969) pp. 532-3). Let 
K = L?[0, 1] (0<p< 1), m([u, v) —-v-—u, 
f y) = n.x([k — D/n k/n); y) (k-1<nt<k,k=1,2,...,n), 


ll 


ACHSE | It; y)" dy 2n"! 290 asn- oo, 
[0, 1] 


| Salt; y) dt = p n.x(L(k — 1)/n, k/n); y)/n = x([0, 1); y). 
Jun, 11 =1 


non-zero and independent of n. Thus (3.1.1) is false here. Note that for & a 
division over E with arbitrarily small norm N = maxm(I) for (I, t)e6, 
GIN. Ifi Im) [Lp = 271 (0) mL 
= mt ()y mü)m" (I) > n" (VY mQ)N? 
m(E)nN)" ^! 2c) (N90) 
Exercise 3,1,2 (Henstock (1988a) pp. 107-8). On the real line let f; = 1 in 


[0, 1), =(= inn + 1) in 2— 1/n«t «2 — 1/(n 4 1) (nm 1, 2,..., J), 
f, 0 in 2 — I/(n 4 1) & (9 2, Then f) is gauge-integrable in [0,2). As 
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joo the limit f satisfies f=1 in [0,1), (—1)"n(n+1) in 
2—1/n«t«2—1/(n-1)(n21,2,...,f2)-0 

In the respective intervals take a function M > 1, M > n, with M(2) > 1. 
If j > M then f; = f. For suitable 4/ € A|[0, 2) the sums oscillate between 0 
and 1 while 


J 
| fdt=1+ Y (-1)" 
[0, 2 — 1/n) ae 
and does not tend to a limit as j > oo. By Theorem 2.5.4(2.5.13) the integral 
has the Cauchy limit property if it exists. So the limit function is not 
integrable over [0, 2). 
Show that (3.1.17) is not satisfied by, say, taking even values for n(t). 
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lor cach j we can have KU, t) integrable over an elementary set E and 
tending to h(I, t) as j oo without h(I, t) being integrable; or if integrable, the 
integral of h need not be the limit of the integral of hj. See Exercises 2.3.5, 
2.3.6, However, we make progress when h; has the form h,(J, t) = f;(t)k(1, t). 
One major point is that it has been assumed by the majority of mathematical 
analysts that the Lebesgue limit theorems, which are the subject of this and 
the following section, follow because Lebesgue measure is countably additive. 
l'or example, see Luxemburg (1971), p.971. However, proof of these 
theorems by the methods of this book, and in particular the property of 
decomposability, were given in detail in Henstock (1974) without ever using 
countable additivity of the measure, this now being KU. t) which need not be 
even finitely additive. The proofs in Henstock (1974) and in these two sections 
can be carefully checked to confirm these remarks. Note that some definitions 
arc slightly altered. The earlier non-additive division space has now become 
the division space while the earlier division space is now the additive division 
space, two better titles for the respective spaces. 

We begin with the weak monotone convergence theorem, due to Levi 
(1906) in the Lebesgue form. 


Theorem 3.2.1. Let (T, Z, A) be a decomposable division space, k: U! > R", 
fj; ToR(j = 1,2,...), and let each of Ok, t(j = 1,2, ...) be integrable 
over a fixed elementary set E. If for each t, (fi(t)) is a bounded monotone 
increasing sequence in j, and if (H (E)) is bounded above, where 


(3.2.1) H (P) fdk (J91,2,...), 
JP 


then for f(t) lim, fit) SORU, 0 is integrable over E to H(E) 
lim, , H(t) 
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Proof. Theorems 2.5.2(2.5.4) and 2.3.4(2.3.9) show that (H,(P)) exists and is 
monotone increasing. When P = E it is bounded above and so tends to its 
supremum M. Thus, given e > 0, an integer n exists with 


(3.2.2) M—e<H,E)<M (allj>n). 


Using Theorem 2.3.3(2.3.7) to replace f; by f; — f; > 0, we see that taking 
f; 20 causes no loss of generality. By Theorem 2.5.5(2.5.15) there is a 
€ A|E with 


(3.2.3) ()Yfk(,) — Hj) «e.27? (5152...) 


for each division & of E from 4/;. As A is decomposable and directed in the 
sense of divisions, given a function m(t) of t with integer values not less than n, 
there is a 4/ (m) € AJE for which 


(3.2.4) U (m)[sing (t)] € Yma [sing (t)] ^ 4. 


l'his may appear to need full decomposability, but as the points t with equal 
m(t) can be grouped together, only a countable number of sets is required. As 
the integrals are finitely additive over co-divisional partial sets 
(‘Theorem 2.5.2(2.5.6)) and as (3.2.1) is monotone increasing in j, if & is a 
division of E from 4/ (m), with u, v the least and greatest values of m(t) for the 
linite number of (I, the &, so that n < u < v, we have 


M — £ < HE) = (€)¥ AD) < (€)¥ Hmo l) < (£) È, H() = H(E) < M. 
Putting together the (I, t) with equal m(t), and using (3.2.3), (3.2.4), 
(3.2.5) M — 2e < (€)Y fna Ok, t) <M +e 


for cach division & of E from 4/ (m). We use two functions m. 
First let r(t) be the least integer greater than 1, for which 


(3.2.6) fry) > 0. 
If for some t there is no such r(t), we put r(t) = 1 and note that for this t, 
(3.2.7) ft) 2-0(j21,2,...) f(t) = lim f(t) = 0. 

J> œ 


Secondly there is a least integer J = J (t) > n for which, even when r(t) = 1, 
(3.2.8) SO 2 HO zs Lil 2L0 hot G > JO 2 rw). 
By (3.2.4) with m = r and m = J, and as A is directed in the sense of divisions, 
there is a 4 * € A[E with 4 * c 4 (r) e 4 (J). If & is a division of E from % *, 
then by (3.2.5), (3.2.8), and the monotonicity of f; in j, 

M — w € (6) Y SOKO EEY fg ( DK, 0 + e(6) Y f (KG, t) 


— (M a(l +e), 
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It is true for each €> 0 and each division £ of E from 4 *eA|E which 
depends on e. Hence fk is integrable and Theorem 3.2.1 is true with 


| fak= m= lim E 
E jo JE 
If k is of bounded variation, r(t) can be omitted and in (3.2.8) we can use 


Lü sf O 
Next comes the strong monotone convergence theorem, due in the 
Lebesgue version to Vitali (1907). 


Theorem 3.2.2. In Theorem 3.2.1, if we omit only the boundedness of ( fit) in 
j for each te E*, there is a set X € T of k-variation zero such that f;(t) tends to 
a finite limit for te E*NX. Defining the finite-valued function 


fO = lim Hat: 
J> œ 
f (t)K(L, t) is integrable over E to H(E) = lim;., HE) 
Proof. As the monotone increasing sequence (H,(E)) is bounded above, it 


tends to a finite limit as j > oo. Thus, taking a subsequence if necessary, we 
assume that 


(3.2.9) 0< Hj) - H(E) «4? (f= 1,2.--). 
As H; — H;Z0O is finitely additive over divisions of E, if X; is the set of t 
where 


fii (0 2 27, 


and writing V(X) 2 V(k; A; E; X), Theorem 2.5.5(2.5.16), (3.29), and 
Theorem 2.2.1 (analogue) give 


2 3V(Xj) < V((fj+1 — f;)k; As E) = V(Aj+1 — Hj; A; E) 
X'"z U X, X= a X”, V(X)& V(X) < p BS Ae Sr, V(X) = 0. 
j=N N=1 j^N 
If t£ X then for some N, t£ X", and so té X;(j2z N), and Lu tends to a 
finite limit since 


0€/,41(0-/f(0«2" >N). 


As fj(t) is monotone increasing, in j for each fixed (/, 0+ YW, (he original 
sequence tends to the same limit as the subsequence when (4 X, and so k 
almost everywhere, Replacing, fj) by f(y X;1), Theorems 24,1, 3.2.1 
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There is an easy extension to functions monotone increasing with respect 
to a real number y > ©, obtained by noting that for [y] denoting the integer 
part of y, 


fe I) <f seit, D] + D H(E, Ly) < HUE, y) < HG, [y] + D. 


It is now trivial to replace y oo by y — c, for some real number c, and 
similar alterations. A more difficult case is that of Lu) (de D) where D 1s a 
directed set. 


Theorem 3.2.3. Let (T, 7, A) be a decomposable division space, D a set 
directed upwards, k: U i > R*, fy: T5 R(deD).I [f f, is monotone increasing in 
the direction of D, if ft). t) is integrable to H,(E) over E for each d € D, 
and if 


H(E) = sup H,(E) 
deD 


is finite, then there is an. f: TO R such that f= lim, o fam k-almost 
everywhere, for each monotone increasing sequence (d(n) in D with 
lim, > o Ham(E) = H (E), and fk is integrable to H(E) over E. But we can have 
f # lim, p fa everywhere. See Example 0.5.1. 


Proof. Given the monotone increasing sequence (d(n)) S D with Haim > 1 1 ; 
by Theorem 3.2.2 there is an f: T5 R with fam > f k-almost everywhere, f'k 
integrable, and 


n> oo 


| fdk = lim | fay dk = lim Ball = HIE) 
E E n oo 


l'o show that fis independent of the chosen sequence (d(n )), modulo values in 

sets of k-variation zero, we replace (d(n)) by (e(n)) € D with fom > fo k almost 
everywhere. Then by direction in D and Theorem 2.5.5(2.5.16) there in an 
(r(n)) €E D with fe f k-almost everywhere, r(n) > du, r(n > eln) 
r(n) = r() 0 <j <”, 


fa2h Su Z So 
V( f, f); A; E) = r( ju. f)dk; A; £) = | (fa fdk = 0, 
E 
fy S Sin 


k-almost everywhere (n 1,2,...), and fy * f (and so fy f) kealmost 
everywhere, by ‘Theorem 2.9.1 (analogue), Similarly PLI kealmost every 
where, so that fy = f k«almost everywhere, and the limit is independent of the 
particular sequence (d(n)) used, modulo values in sets of kevariation Zero, We 
write f. as lim} it H 
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The form of the Radon-Nikodym Theorem 2.9.6 is only suitable for 
absolute integration and real- or complex-valued functions. We are now able 
to give a result suitable for non-absolute integrals. 


Theorem 3.2.4. Let (T, Z, A) be an infinitely divisible decomposable additive 
division space, let h: 4! + C, k: U+ — C, with k integrable over an elementary 
set E, and such that £ (E: P) has k-variation zero for each proper partial set P 
of E. Let (X ;) be a sequence of mutually disjoint sets of T with union T, such that 


x,U, t) = h(I, t)y(X5; t) y; t) = kU, t)x(X;; t) 


are integrable and of bounded variation in E with y; absolutely continuous in E 
with respect to x; (j= 1, 2, ...). Then there is a function f. T C with fh 
integrable, such that for every partial set P of E, 


(3.2.10) | dk = Loan 
P P 


Further, if all but a finite number of the X; are empty, then h and k are of 
hounded variation and |f (t)| V(h; A; I) is integrable over E (with a finite 
integral). 


Note that k is ACG* with respect to h, while h, k are VBG* in E. The 
integrability of x;, y; reduces to the h- and k-measurability of X; in the 
Lebesgue integral case. Further, if, given 6 > 0, there is a partition 2 of E 
with the variation of x; in each Ie2 less than A then y; is of bounded 
variation by the property of absolute continuity, and one hypothesis can then 
be removed, and x; is also continuous. 


Proof of Theorem 3.2.4. When all but a finite number of X; are empty, the 
union 7' then satisfies the same conditions as the X;, and h and k obey the 
conditions of Theorem 2.9.6 while k is absolutely continuous in E relative to 
h. By Theorem 2.7.3, h and V(I) = V(h; A; I) are variationally equivalent, 
and k and Ví(I) = V(k; A; I) are variationally equivalent. By Example 2.3.8, 
V, is absolutely continuous in E relative to V. Thus when all but a finite 
number of X, are empty, the proof of the result for h — V, k = V,, plus 
l'heorem 2.9.6, give what is required. 

We put W = V, — bV in Theorem 2.5.9, where b is a non-negative con- 
stant, so that 


V(V, = bV; A; E) X V,(E) + bV(E) < œ. 
Given ¢ > 0, there is a partial set P of E with 
VPE PVP, ) ke VA4(P) = bV(P) - 6 


lor all partial sets P, of P, P, of EXP, First, for b —2 "n2 ? "et P be 
Pas Then suppose that D... . P, have been defined, HE their union is E, we 
4 | | ij m 
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stop there. Otherwise we replace E by ENP4U P4 U +> 0 P,), we take 
b —(m—1)27", 222^"^" and let P be P,,,, continuing the inductive 
definition. For all partial sets P) of Pm, 


(3.2.11) 
V(Po)(m — 327" — 27"-"*? < V,(Py)<V(Po)(m — 2)27" + 27"7"*! (m3), 


(3.2.12) 
V(E\(P3 U +++ U Pa) < 2"{V,(E\(P3 O +++ O Pa) -27""*1Y(m — 2) 


< 2" (V, (E) + 1)/(m — 2). 
By Exercise 2.9.1 and (3.2.11), taking f,y(t) = (m — 2)2" in P,(3 <m « N) 
and 0 in E\(P;U +--+ U Py), we have for a partial set P € Pp, 


«27"y(p)-2""*2 


IL — V,(P) 


| fant) dV = (m — 2)2°"V(P), 
P 
By finite additivity, for all partial sets P of E we have 


(3.2.13) 


f woar- D) < (V(P) + 27" + Vi(POE\(P3U +++ U Py)). 


As f,y is bounded and monotone increasing in N with a bounded integral, 
Theorem 3.2.1 shows that the limit f,(t) as N > oo, is finitely integrable, while 
from (3.2.12), (3.2.13) and the absolute continuity of Vi, 


(3.2.14) [| sar- Au) <(V(P)+1)27", lim [zar- V, (CP). 
P n> JP 
l'or m > n and all partial sets P of E, the first result in (3.2.14) gives 
(3.2.15) f (fn uer « (V(P) + 1)21 ^". 
P 


By a usual argument, from each partition 7 of E we take separately all those 
I c i? over which the integral of fa — f, is positive, giving a P, and put the rest 
of the 1€ 2 into EXP, (3.2.15) then producing 


dk? 


| ig — f,)d d < (V(E) + 2)2! E 
I 


DU," f| V; A; E) r( ; A; s) < (V(E) + 22 *, 


| (s — f) AV] 


n 


r( X D urArl > V(Ifas1 — Sal V; A; E) & (V(E) + 22 
n 1 n-1 
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using Theorem 2.4.1(2.4.1). Thus by Exercise 3.2.1, 


Y, ei 500) 


is V-almost everywhere an absolutely convergent series and f,(t) tends to a 
limit, say, f(t), there. By (3.2.14) and Exercise 3.2.1 again, fV is integrable 
over each P with integral equal to V, (P). Thus, collecting the results together, 


[ac- laan, SCH La | aav Ig = 1, 
I I I P d 


[ata f av= V(), [ae [o 
I I I I 


and the proof is completed in the special case. Note that f is the limit of 
à sequence of step functions, but g, g, were not obtained that way. Also 
lu, fg ! | S f 0, and fV is integrable, as required. 

Replacing k by ky (X; t) we replace g, fg ! by some function r, say, and 


V(ky(X;-) — rh; A; E) = 0, 
V(—rhy(\X;"); A; E) = V((kx(X;-) — rh)x(\X;"); A; E) = 0, 


and r = 0 h-almost everywhere in V X. Thus we can take r = 0 everywhere 
in X. In the general case we replace h, k, X by x;, yj, X;, and we have, for 
fml,2,..., a function r;(t) that is 0 in VX;. For r the sum of the r; then 
r rm X; and by Theorem 2.4.1 (2.4.1), 

Vik — rh; A;E) « Y, Vk — rh; A; E; Xj) 3 V(y; — rix; A; E; Xj) = 0. 

j= Fei 

As k is integrable we can replace it by the finitely additive integral, which then 
is also the integral of rh, which finishes the proof. 

The proofs of the monotone convergence theorems using the gauge integral 
appear in Henstock (1963c) pp. 82-4. 


Exercise 3.2.1 Let (T,.Z, A) be a decomposable division space, let 


hi => R", f; T> R, and let jh, | filh be integrable in an elementary set, 
for j= 1, 2, .... Prove that if 


Y (un 
| JE 


is finite, Tu) ës , JjU) exists as an absolutely convergent series h-almost 
everywhere in E and fh is integrable over E with 


j 


| fdh y | ii 
Jel gi 


RI 
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(Hint: Y1.. f;h is monotone increasing in J while 3 7 — fz f; dh is bounded. 
Apply Theorem 3.2.2 and then consider |fj| + f; > 0. For complex-valued f; 
split into the real and imaginary parts.) 


Exercise 3.2.2 For (T, Z, A) a decomposable additive division space let 
h: U! > R* be integrable over an elementary set E, let f: T ^ R with fh and 
| f |h integrable over E, let b be a constant, and let f P be the indicator of the 
set X(f > b) where f > b. Prove that f b h is integrable over E to the value 
V(h; A; E; X(f > b)). Similarly for the sets where f = b, f > b, a <f < b, etc. 


(Hint: Consider f? = max (min(f, b), a), equal to f when a < fab toa 
when f « a, and to b when f » b. Then f$ = Dm, (f? — a)/(b — a), the 
fraction being monotone with value lying in [0,1]. Similarly the indicators 
x(X (f > all = lim, Tä 

x(X (f= a)) = min (x(X(f > a), 1 — x(X(f> ol, 


(X(a « f « b)) = min {x(X(f > a), x(XCf < b))}.) 
Exercise 3.2.3 Given x e [0, 1), let X (x) be the set of all y in [0, 1) with y — x 
rational, and let M e [0, 1) be such that for each x e [0, 1), m ^ X (x) contains 


exactly one point. Assuming that such a set can be found, show that 
Y (M; t) Ax is not integrable in [0, 1). 


(Hint: Let (r,) be the sequence of mutually disjoint rationals in [0, 1), and M, 


the set of all x + r,, x +7, — 1 that lie in [0, 1) with xe M. If y(M; t)Ax is 
integrable, so is x(M,; t)Ax and 


| i0, 9d: = | X(M; t) dt, 
[0, 1) 


[0, 1) 


2 x(M;t)dt —- Y, | io, na - | d J Mjtjat < 1, 
[0, 1) j71 J[O0, 1) [0, 1) IER 


| x(M; t) = 0, 
[0, 1) 


a contradiction.) 


Exercise 3.2.4 For (Z,A) a decomposable additive division space, 
hit f: T C, and fh, | fh], |h| all integrable over the elementary set E, 


prove that the integral F of fh is absolutely continuous relative to h and of 


bounded variation in E. (For & à division of E use Theorems 2.3.6 and 
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2.5.2(2.5.6).) Then 


()Y IF) < ex |f|d|h = | MALILI 


and F is of bounded variation. For N > 0 let fy = min (|f|, N). Then fy|h| is 
integrable (Theorem 2.7.6) and is monotone increasing with N to | f|. Hence 


lim { fan = Lon 
No JE E 


by Theorem 3.2.1. Hence, given e > 0, there is an integer N such that 


[an — fa) d|h| < 3e. 


If X c T satisfies V(h; A; E; X) < e/(2N) then 


£19 (f| — f) tfe V(F; A; E; X) = V(fh; A; E; X) 
< H f| — fy) hl; A; E; X) + V(fy|h|; A; E; X) 


< [a^ — fü d|h| + N.V(h; A; E; X) < e. 


(Use Theorems 2.5.5 and 2.1.1(2.1.6) analogue.) 


3.3 THE BOUNDED RIEMANN SUMS TEST AND THE 
MAJORIZED (DOMINATED) CONVERGENCE TEST OF 
ARZELA AND LEBESGUE 


l'or over 80 years the regular tests used in Lebesgue theory have been the two 
monotone convergence tests and the majorized or dominated convergence 
test, and these are the basis of some axiomatic accounts of Lebesgue integra- 
tion. The first two are in Section 3.2, the third in Theorem 3.3.2, and we have 
pone further, with necessary and sufficient conditions in Section 3.1. Con- 
trolled convergence is given in Henstock (19884). 


Theorem 3.3.1. Let (T, 7, A) be a decomposable additive division space, C a 
compact set in the linear topological space K such that real continuous linear 
functionals exist to separate all points of C, and let kiU! => R", fi: T — K, 
f: TK, X € T of k-variation 0 relative to E, Ge@ with ze G, WEA\|E 
depending on G, and mil T+ 1L (the set of positive integers), such that 


(3.1.4) (S)> Z/(, 0) S (4). z^, 0: 24, De ZI 0) & G 
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for all divisions & over E from %, 


(331) (f£(0-—/f(0)kü, Oe Zi. t) (Q,t)e4, téX,nz mj 0 
(3.3.2) (E)? fio (0k, eC 


for all divisions & of E from U and all choices of n: T > I for (I, t) e &. For each 
fixed integer n let fj(t)k(I, t) be integrable over E to H,(E). Then fk is 


integrable over E to H(E) = lim,., o H,(E), which limit exists. 


Proof. By (3.14), (3.3.1), (3.3.2), 
(£)Y.f (0k, EC + G. 


By Theorems 0.4.14, 0.4.9, C + G can be replaced by 4C — C. Then by 
Theorem 0.5.2(0.5.5), S( fk: A; E) is not empty and lies in C. If it contains two 
points a z b, a real continuous linear functional F exists with F (a) # F (b). 
By Theorem 3.1.1(3.1.6), R"(I, t) = F (Z(1, t)) can replace Z(I, t) in (3.1.4) 
with G = (—&, £) for arbitrarily small e > 0, while by linearity, (3.3.2) and 
continuity (Theorem 0.4.7(0.4.20)), 


AFF (fa (D) KU, d = F (()Y fo Ok 0) e 4 (C), 
a compact set, so that F ( f,)k satisfies (3.3.2). Also by linearity, 

(Y e (Ok. 2) — F (HG)) = F (EY Lk, t) — HG)), F (2) = 0. 
Hence £ (f,)k is integrable over E to F (H,(E)). Thus we can take K = R 
and omit F. By (3.3.2) and Theorem 2.7.6, for each N, Q in Q > N > 0 we 
have the integrability of 

max ( fy(t), WR EUN fo (t) kU, t), min ( fy(t), $9919 fo(D)k, t) 


By Theorem 3.2.1 and (3.3.2) the following exist (finite) and are integrable in 
E, when multiplied by k. 


inf f, — lim min f, supf,= lim max f, 
5N Q^»oNE&nx&XQ nzN Qo N<n<Q 


lim inf f, = lim inf f,, lim sup f, = lim sup fa- 
n= oo N>% n>N n> No n2N 
For the integrals themselves we have the results 


lim inf f, dk = lim | inf f, dk = lim lim | min f,dk 
D ^u En2N E 


JE n^ Noo N—^wQowoJENXnx&xQ 


lim lim ` min (fdk = lim inf H,(E) 


Now One N*n*Q Jk n= 0 


= lim sup H,CE) = | lim sup f, dk, 
‘mH r I T un 


n "n 
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the proof of the part involving the lim sup being similar. By Theorem 3.1.2, in 
this case (3.3.1) implies that f(t) = lim, .. ,, f, (t) exists k-almost everywhere so 
that the two outer integrals have the same value, and it is equal to the limit of 
H,(E), and we have the result when K = R. 

In the general case the proof contradicts F (a) # F (b), so that 
S( fk; A; E) = sing(a) for some a. By Theorem 2.3.2, fk is integrable to a. By 
(3.3.2) the integral H,(E) of f,k over E, lies in C, so that by Exercise 0.4.7, 
(H,(E)) has at least one limit-point, say b. By continuity of every F 
(F H,(E)) has limit-point F (b). We have proved that 7 H,(E) tends to a 
limit, which is therefore 7 (b), and it also is the integral of F (f )k over E and 
so is F (a). By choice of F we see that the only possible value of b is b = a, 
and the theorem is proved. 

Let X, be the set of t where f,(t) = f(t) for some integer N = N (t) and all 
n > N. Then when K is a normed linear space we can by Theorem 3.1.2 
replace (3.1.4), (3.3.1) by f, >f k-almost everywhere, with k VBG* in \X,. 
But for more general K, (3.1.4) and (3.3.1) are likely to be stronger. In the 
majorized (dominated) convergence test of Arzela and Lebesgue, (3.3.2) holds 
and we can write the test in the following form. 


Theorem 3.3.2. Let (T, 7, A) be a decomposable additive division space, K a 
normed linear space, k:%'— R*, f, and f: T+ K,g:T>R*, X € T of k- 
variation zero relative to E, and ky(\.X ,;-) VBG* in E where X, is the set of t 
where f,(t) = f (t) for some integer N = NI) and all n > N. Let fak and gk be 
integrable in E with || f, || < g and f, — f as n — oo except possibly in X. Then 
fk is integrable over E to H(E), the limit as n > œ of the integral of f,k over E. 


When K = R, (3.3.2) is equivalent to the Arzelà-Lebesgue condition. We 
need only prove the following result. 


Theorem 3.3.3. Let (T, Z, A) be a decomposable additive division space with 
k: 4! — R*, f: T> R, and f,k satisfying (3.3.2) and integrable for each fixed 
n. Then | fa — fı |k is integrable on E, and for g(t) = sup, | f, (t) — fi (t)| whenever 
this is finite, and otherwise g(t) = 0, gk is integrable on E. 


Proof. As K = R we can replace the compact set C by [~ M, M] for some 
finite M > 0. The arbitrary n(t) for (3.3.2) is first chosen to be 1 for all te E*, 
and then secondly, n(t) =n when f,(t) > fi (t), say in a set X, and n(t) = 1 
in ae Thus 


EY LO — tat: e 2M, (YD LUO) — f (OD Xs Dk, 0) < 2M 
Sec so that 
(3.3.3) (GIN IAO uk! t) < 4M, 


and (./, — f, )k is of bounded variation in E, By Theorem 2.7.3, lf, = Silk is 
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integrable over E. Clearly we can replace f, — fi by fiy — fi or Je — Sn» and 
we can go further. If k(I, t) = 0, gk = 0 for any g. If 


k(I,t)>0, g(t) &sup|f, — fi| < AM/k(I, t) < +00 


(3.3.4) (£)Y, okt, t) < 4M 


The integrability of gk over E follows from (3.3.4), Theorem 2.7.6 for the 
maximum when 1 < n < N, and Theorem 3.2.1 for the limit as N — œ. |1 


Thus it follows that the Arzelà-Lebesgue test on f, — f, and the bounded 
Riemann sums test are equivalent when K — R. For more general K the 
bounded Riemann sums test has a wider application. 

A result for a one-sided boundedness when K = R corresponds to F'atou's 
lemma. 


Theorem 3.3.4. Let (T, Z, A) be a decomposable additive division space with 
k:@'>+R*, f: TOR, f: TOR, BER, 4 e A|E, and X € T of k-variation 0 
relative to E, such that for all divisions & of an elementary set E from ^v and all 
choices of n: T > I for (I, the 6, 


(3.3.5) (£)Y feo (DKG, t) > B. 


If for each fixed integer n, LIEU, t) is integrable over E to H,(E) and if 
lim inf, ., ,, H,(E) is finite, then (liminf, .. HIE is integrable over E and 


(3.3.6) | lim inf f, dk < an) f, dk. 
E E 


n-*oo n- oo 


If (3.3.5) is replaced by 
(3.3.7) (4) 3. fa (DKkU, t) < V 


for some V € 2 with finite lim sup, ,, H,(E), then (lim sup,.,,, lk is integ 
rable over E and 


(3.3.8) il lim ‘sup J, dk > lim ‘sup | f, dk. 

E n n E 
If (3.3.5) and (3.3.7) hold with f, tending to a finite limit except possibly in X, we 
are back with Theorem 3.3.1 and K = R. 


Proof. We follow the proof of Theorem 3.3.1 when K = R, omitting 4, For 
the first part we look at the minimum and infimum and see that (3.3.5) and the 
finiteness of lim mt... H,CE) are sufficient hypotheses for the proof to go 
through, omitting the part involving the limsup, The second part is then a 
mirror image of the first, 01 
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If gk is integrable over E and f, > g for all positive integers n, then (3.3.5) 
follows. In Lebesgue theory this is exactly Fatou’s lemma. When K = R, 
Theorem 3.3.1 follows from Theorem 3.3.4. This is the pattern followed in 
Henstock (1963c, 1968b, 1969, 1974, 1988a). Here we have a more general K 
and a different pattern. However, we return to the previous pattern on 
turning to functions LO) depending on a parameter d that lies in a directed 
set D that is more than a sequence. The most usual extension is to the real line 
or a subset of it such as a one-sided or two-sided neighbourhood of a real 
number. Writing the results in terms of ye R and y > oo, we can obtain other 
results from it, and we can see the difficulties. Thus Dm, f(x, y) results 
from lim, =» œf (x, c + 1/y), etc. We have to avoid measurability difficulties in 
the generalization of Fatou's lemma. 


Theorem 3.3.5. Let (T, Z, A) be a decomposable additive division space, let 
kA! + R*, f(-, y: T9 R (each ye R*) and let f(t, y)k(1, t) be integrable 
over E to HUE, y) for each ye R*. First, if for each real Y, Z in 0 < Y < Z, 


(3.3.9) inf f(t, y)k(, t) 


Y<y<Z 


is integrable in E and, given U € A|E, if there is a real number L such that 


(3.3.10) ()Y GIO), t) > L 


for each division & of E from Y and for each y(t): T ^ Rt, then for a finite right 
side, the left side exists in the following and 


(3.3.11) | lim inf f(-, y)dk < imin | re. y)dk. 
E yro yo E 
Secondly, if for each real Y, Z in0 < Y < Z 
(3.3.12) sup f(t, y)k(I, t) 
Y<y<Z 


is integrable in E and if, given U € A|E, there is a real number M such that 
(3.3.13) (E)S f(t y()kü, t) < M 


for each division & of E from U and for each y(t): T > IR *, then for a finite left 
side, the right side exists in the following and 
(3.3.14) lim sup | fC, y)dk € | lim sup f (+, y) dk. 

yo JE Kr 
If f(t) @ lim, DU, y) exists for t k-almost everywhere, we do not need the 
integrability of (3.3.9) nor of (3.3.12). Further, if (3.3.10), (3.3.13) hold, so that 


(3.3.2) holds, fk is integrable over E and 


(3.315) > | fdk lim | II: y)dk. 
Ji youw JE 
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Proof. For fixed Y, (3.3.9) is monotone decreasing as Z — oo. Taking Z an 
integer and applying Theorem 3.2.2 to (3.3.9) with (3.3.10), so that the integral 
of (3.3.9) is not less than L, then inf, > y f (t, y)k(1, t) exists for t k-almost 
everywhere. By monotonicity the limit, when it exists, as Z — oo through the 
integers, is the same as the limit for unrestricted Z — oo, that limit is 
integrable, and 


(3.3.16) 


| inf f(-, y) dk = lim | inf f(-,y)dk < inf | f C. y) dk. 

E y2Y Zo JE Y<y<Z y2Y JE 

Further, inf, > y f (+, y)k(, t) is monotone increasing in Y, and the right side 
of (3.3.11) is the limit, as Y — oo, of the right side of (3.3.16), given as finite. 
Hence by Theorem 3.2.2 again, 


lim inf f(t, y)k(1, t) Dm inf f(t, y) k(1, t) 
y oo Yoru y2Y 
is finite k-almost everywhere and is integrable with (3.3.16), giving (3.3.11). 
The mirror image result gives (3.3.14). 
If f(t) = Im, f(t y) exists k-almost everywhere, then for some 
(Yn) > +, 


limint | fC, dk = lim [re war< | lim f(*, y,) dk 
E no JE Eno 


y ee 


= | lim f(-, y) dk 
Ey? o 

and similarly for (3.3.14), without using the integrability of (3.3.9), (3.3.12). We 

have used Theorem 3.3.4(3.3.6). Then (3.3.11), (3.3.14) together, with the 

convergence of f(t, y) to f(t) k-almost everywhere, give (3.3.15). 


(3.3.10) and (3.3.13) can be respectively replaced by f(t, y) > g(t) and 
f(t, y) < g(t) k-almost everywhere, with gk integrable over E. 

We can avoid the assumptions of measurability in (3.3.9), (3.3.12), and at 
the same time replace ye R by de D, a general set directed upwards, on using 
the limit 


f= lim* f(t) 
d 
of Theorem 3.2.3 where, for a suitable sequence (d(n)) € D, 
f(t) — Im fray) 


l-almost everywhere; and variations on the same theme 
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As in (3.3.10) we assume that there are a real number L and a 4 e A| E such 
that 


(3.3.17) (6) Y (Dk, t) >L 


for each division Z of E from % and for each function g: T > D. 
Ifu,veD with u < vin the order of D let [u, v) oru < d < v denote the d e D 
(if any) that satisfy both u « d and d « v. Then we can consider 


F(d(n); u, v;t)= inf fim(t) 
u&d(nt&v 
for a sequence (d(n)) € [u, v). Using (3.3.17) we can integrate F, over E. If M is 
the infimum of 


| F(d(n); u, v; t) dk 
E 


over such sequences (d(n)), then by (3.3.17), M > L, and there is a sequence of 
such sequences for which the integral tends to M. Combining the sequences 
into one sequence by the usual diagonal process we have a (d(n)), and then an 
l'(d(n); u, v; t) whose integral over E is not greater than the separate integrals, 
and so is M. This particular F is denoted by 


inf* f,(t). 
ved eu 


To show that it is unique modulo values in sets of k-variation zero we use a 
similar argument to that for Theorem 3.2.3. Let (d(n)) and (d, (n)) lie in [u, v), 
the integrals of the corresponding F being M. If (d,(n)) is the combined 
sequence, then 


F(d(n); u, v; t) < F(d(n); u, vit), F(d2(n); u, v; t) < F(d,(n); u, v; t) 
and, multiplying by k and integrating over E, we have the minimum M each 


time. Thus k times the non-negative differences of the F for the d, and d have 
integrals 0 and so, k-almost everywhere, 


F(d,(n); u, v; t) = F(d(n); u, v; t), F(d5(n); u, v; t) = F(d,(n); u, v; t), 
F(d,(n); u, v; t) = F(d(n); u, v; t), 


and F is unique modulo values in sets of k-variation zero. Similarly for sup*. 
With these constructions we can consider the usual majorized convergence 
and other results, defining 


inf * Lu) lim* ` inf * LL,  liminf* Lu): lim* | inf * f(t) >, 
ued ' D udav d ` u l uo 
and similar definitions involving sup*. 


It is enough to give the (generalized) Patou result. The rest of the theorem 
corresponding, to Theorem 3,3,5 can then easily be written, 
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Theorem 3.3.6 Let (T, 7, A) be a decomposable additive division space, let 
k: 4! — R+, fy: T R (all de D) and fik integrable in E. If (3.3.17) is true. 


(3.3.18) | lim inf* f,(t)dk < lim inf | f(t) dk. 
E d d E 


Proof. Use Theorem 3.3.4 since the starred limits are based on sequences. 


CHAPTER 4 


DIFFERENTIATION 


41 THE DIFFERENTIATION OF STRONG 
VARIATIONAL INTEGRALS 


In the calculus on the real line, integration and differentiation are inverse 
operations. This chapter studies what corresponds in division spaces 
( T, Z , A) to differentiation. For an elementary set E, a fixed point te T, and 
two functions F(I, t) and h(I, t), the analogue is the limit of F(I, t)/ h(1, t) for 
(L, t) ef as & shrinks in AJE. The limit, say f(t), is called the derivative 
D = D(F, h; A; E; t) of F with respect to h, A, E, at t. Thus for real- or 
complex-valued functions, given e > 0, there is a Ye A|E such that 


(4.1.1) IF (I, OI, t) — f()) < & 
(4.1.2) |F(, t) — f (h(I, £)| < e|hG, OI 


for all (1, t) e4£ with h(I, t) 4 0. If h(I, t) = 0 in (4.1.2) then F(I, t) would also 
have to be 0 if the inequality holds, and then the ratio in (4.1.1) would be the 
indeterminate form 0/0. If this behaviour occurs for some t e T, some WE A|E, 
and all (I, t) eZ, i.e. 


(4.1.3) h(I,t) 20 (all Ud, t)e4), 
then the derivative cannot be defined. Conversely, if the derivative is f(t) and 


is g(t), where 


|. (t) — g(t)| > 2e > 0, 
then from (4.1.2) and suitable 44 € AE, 


2c|h(L, Dl < |f (t) — obt, 0] < 26|h(, |, h(I, t) 40, 


gives a contradiction, and (4.1.3) occurs, (4.1.2) is true for arbitrary f(t), and 
(4.1.1) is meaningless. If the division space is fully decomposable, the set of 
points ¢ satisfying (4.1.3) has A-variation 0 relative to E and so may be 
disregarded in the sequel. It is clear that differentiation is a pointwise process, 
and in order to fit together the portions of many € A|E that are connected 
with each point in question, full decomposability is appropriate. Thus we 
now assume in the whole of this section that 


(4.1.4) (7, T, A) is a fully decomposable additive division space, 


4.1 DIFFERENTIATION OF STRONG VARIATIONAL INTEGRALS 143 


When K is a Banach space, such as R or C, with norm ||. ||, and Vo € Y! is 
a set of interval-point pairs (J, t), with indicator ind (Xo; I, t), we write 
IV (h; A; E; Uo) for V(ind (479;-) | h ||; A; E), the inner h-variation of Ug over E 
relative to A. Note that in V(h; A; E; X), X is a set of points te T; whereas in 
IV(h; A; E; 449), Yo is a set of some (I, t) e 4 !, so justifying the different 
notation. 

In a Banach space we usually work with (4.1.2) and not (4.1.1) so that to 
consider fh we need to multiply together values that may be in different 
spaces. Let K,, K;, K be Banach spaces such that any value from K , can be 
multiplied on the right by any value from K, to give a value in K. For 
example, one of K,, K; could be R or C, and the other could be K. Or 
K, = K, = K, a Banach algebra. For simplicity we write all three norms 
as ||. ||, such that || fh] = IfI- lhl. 


Theorem 4.1.1. Let f: T5 K,, h: Ut — K3, with fh strong variationally 
integrable to F(P) over the partial sets P of the elementary set E. Then for 
e > D and 4 (e) the set of (I, deht for which 


(4.1.5) | FQ) —f()hG, 01 > el^, Ol, 
(4.1.6) 
IV(h; A; E; Zielt = Vind (X (2);-) |All A; E) = Laag) - 0. 


(4.1.7) If also D(F, h; A; E; t) exists equal to g(t) at all points t of a set 
X c E* in which h is VBG*, then g(t) = f (t) h-almost everywhere in X. 


Proof. Given y > 0, there is a V € A[E for which every division & of E from 
M satisfies 


(4.1.8) 

(AF FQ) —f(hQ, DI <n, (EÈ ind o; OI, Hl < n/e, 
giving (4.1.6) as y > 0. For (4.1.7), given à > 0, there is a 4 eA|E with 
(4.1.9) |FQ) — gh, ol «lh, 0| (al (I, )e4 with teX). 


By full decomposability we can take 47 independent of t. Then from (4.1.8), 
(4.1.9), 
eu" WLW — ott Ditt, DX: 0 = (YY ISORA, 0 — FU) 
E FU) = gh, 00 xCXG 0) 
«ap G0) All, DIX; o. 
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If || f(t) — gll 2 &» 0 in Ke X where h is VB*, then 

C) Ih 0lx(OCG (s t) « n + VO U; E; Xi(0) 50 asy 0,530, 
V(h; A; E; X,(D)) = 0. 


We prove (4.1.7) using decomposability with € = 1/n (n = 1,2, .. .) and the 
splitting up of X into sets on which h is VB*. O 


However, full decomposability cannot prove directly that the union of 
U (V/n)(n = 1, 2, .. .) also has inner variation zero, e.g. in the case of the 
gauge integral it could happen that for all J outside the neighbourhood of t 
with centre t and radius 1/n, (I, t) e 4 (1/n). The union of the 4 (1/n), would 
then be every (I, t), causing difficulties. To avoid such an example, given 
Uy S U +, we look at the set X, of all t for which, for every We A|E, there is a 
partial interval J of E with (J, t) e& ^n Uo. Full decomposability can then act 
on such sets Xo. 

In one dimension a lemma of Sierpinski (1923) is used to prove that if Yo 
has inner h-variation zero and if X, is the corresponding set, then X, has h- 
variation zero. In R" for an integer n > 1, Vitali's covering theorem (Vitali 
(1908)) is used analogously on bricks satisfying a condition on the ratios of 
cdges of intervals or bricks. As these results are excessively geometrical, with 
no significant obvious generalization, I will not reproduce the theory here but 
refer to Henstock (19882), pp. 140-5, Theorems 15.10-12. 


Theorem 4.1.2. In Theorem 4.1.1 let K, be separable and K, € K,, and let 
fe K, except possibly for t in a set of h-variation zero. Let h, | h ||, fh, || fh || all 
be integrable in E. Then 


(4.1.10) | ISO —fC) A A/V; A;J) ^0. ((J, de 


as % shrinks in A|E, except for a countable union of sets Uo of (J, x) with 
IV(h; A; E; Uo) = 0. 


Proof. For fixed ke K,, Exercise 2.7.2 shows that ||(f— k)h|| is integrable. 
By Theorem 2.7.3, for V(J) = V(h; A; J), the integrals of ||(f— k)h|| and 
II KH are equal, for all partial sets J of E. Hence by Theorem 4.1.1, as & 
shrinks in A |I, 


(41.11). lim | Lt — kid A/V) = Utsl — EI (I, x)e v), 
RÉI 


except for x in the union of a countable number of sets each with inner h- 
variation zero, As a countable number of a countable number is still count- 
able, (4.1.1 L)-is true for a countable number of ke K,. Taking these k to be 
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everywhere dense in K3, and noting that for arbitrary k, € K3, 


IFO — kl — ISO — killl s lk — kl, 
[uo - aam - | IFO) — kd] hl) < Ik — kV). 
J 


Replacing k by k, in (4.1.11), we see that for the exceptional set depending on 
the countable number of k but not on k,, the upper and lower limits of the 
fraction lie between 


If) — kl + Ik — kil 


apart from x in the exceptional set. These upper and lower limits are 
independent of k, and we can take ||k — k, || > 0, ensuring that the upper and 
lower limits are both equal to || f(x) — kı |. Hence the limit exists with this 
value. Now, h-almost everywhere in x, we have f(x) e K, and so f(x) is such a 
k,, and in (4.1.11) we can put f(x) for k and have the result. O 


Note that if V (h; A; E; Xo) = Oand if 4, = 4! [Xo], then IV(h; A; E; 4/,) 
— 0, since h.x(Xo; t) ^ h.ind(2/,; I,t). If too corresponds Xo, then 
Uy € U, so that 


(4.1.12) IV(h; A; E;449) =0 when V(h; A; E; Xo) = 0. 


In Section 3.1 one of the limit processes is that of differentiation by a 
parameter, of an integral over a fixed elementary set E, (3.1.2) giving the one- 
dimensional result. We can obtain necessary and sufficient conditions for 
(3.1.2) to hold by translating into the present mathematical language the 
general Theorems 3.1.3 and 3.1.4. 


Theorem 4.1.3. For a decomposable additive division space (T, 7, A), E an 
elementary set, m: U! > R*, f: T x R9 R, and with fm integrable over E to 
H(E; y), so that 


(4.1.13) (ft y +h) — f(t, y)}mU, /h 


is integrable to 
(H(; y + h) — H(E; y)}/h, 


and such that (4.1.13) tends to the limit Of/dy as h —^ O0, for t m-almost 
everywhere in E*, then df/dy is integrable over E if and only if there are a 
compact set C of arbitrarily small diameter, some M: 4! > R, some VE A|E, 
and all divisions & of E from %, such that 


(4.1.14) (E) Lf (t, y + h( t) — f(t, y) m(, Ob, HEC 


for all |hG, 0| «M (1, t). Then when these hold, the integral of dd is the 
derivative of H(E, y), if and only if there are a compact set C, of arbitrarily 
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small diameter such that C © C, is not empty, a fixed M, and a U% (h) e A|E with 
(4115 ` (£)Y(f(.y h -flt matt, 0/AU, eC, 
for all |h| < M. 
The proofs follow the proof of Theorems 3.1.3, 3.1.4. Henstock (19884) 


gives the theorem for gauge integrals on pp. 135-6, Theorem 15.5, and 
Theorems 15.1—4, pp. 133-5 give other tests. 


Exercise 4.1.1 Let the convex function r: R — R, R being the union of 
disjoint sets X; (j = 1, 2, . . .), such that for some gauge ô on R, 
(4.1.16) 

Ir) = r(x)| < 2/]y—x| (eX, ly — x| < 6(x), f= 1, 2,...) 


Let h: 4! — R* be integrable to H and let f: T — R* have fh integrable to 
H,, where (T, Z, A) is a decomposable additive division space, E an ele- 
mentary set. Then r(f)h is integrable over E if and only if the set of sums 


(4.1.17) (£)Y rCf)h 


is bounded above. 
l'or let 4/;€ A|E be such that for all divisions & of E from 4/;, 


(F)Y fH — H,| < e.4 7. 
The differentiation of integrals gives, for some 4/ * e A|E, 
|f(t) — H,0)/HQ)| < 6(f()) (Le @*). 


I di rection and decomposability give a Y * € A|E such that if W; is the set of t 
with /(t)e X ;, then 4 *[W;] € 4* ^ 4/;(j 2 1,2, .. .). If & is a division of E 
from 28 * with 4; the subset of E with te W,, show that 


(6) X IrCP)H — r(H,/H)H| = (6)¥ |r(f) — r(H,/H)H 
< ps VEZIS- H,/HH = Y AA UD — Hid <e. 


Next, show that r(H,/H)H is integrable when (4.1.17) is bounded above, by 
noting that if 2? is a partition of I formed of intervals J, then 
(2)Y H(J)/H(1) = 1, 
rH,(1)/H(1)) = r(GP)Y, HL(J/HQ)) 
r((P)S' GT, (Q)/HQ)) GE (J/H (QD) 
£ GP) r(H,(1)/H(Q))H(O)/H(1), l 


r UMW): (P)Y ef, D/H()HW(J) and r(H,/H)H is finitely 
subadditive, : 
Now complete the proof, There may be an easier proof. 
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When p(I, t) is of bounded variation, or of generalized bounded variation, it 
has good differentiation properties. In essence the result was first proved by 
Lebesgue. 


Theorem 4.2.1. Let p,q: Ut — K, where K is a Banach space with norm ||. ||. 
With q arbitrary and p of bounded variation or of generalized bounded variation 
in a set X, relative to E, and with (T, 4 , A) a decomposable division space, then 
p(1, ga" (1, t) is either of the form 00! or is bounded, for some Y € A|E and all 
(I, t) e & with te X, except for te X,, X, being of inner q-variation zero (i.e. X , 
is the set of points associated with the 4o c U+ of inner q-variation zero.) 

If V(p; A; E; X) = 0 then D(p, q; A; E; t) = 0 in X, except for a set of inner 
q-variation 0. 


Proof. When p is of bounded variation, if, for a constant M > 0, 
IP, DI > Mha, dl (M, EKo E «*), 
and if & is a division of E from 4, we have 


M(E ^ Sal? lall < (£o ^ 49), lip stéi? PI 
< V(p; 4;E; X) < oo, 
< 


V(q ind (&,;-); U; E) < V(p; E X)/M. 


If the ratio is unbounded, we can take M arbitrarily large; showing that the 
set X, is of inner q-variation zero. 

When p is of generalized bounded variation we replace X by a sequence 
(X5) of sets (j = 2, 3, . . .) on each of which p is of bounded variation, and the 
proof yields a sequence of sets of inner q-variation zero. 


(4.2.1) If(Y;) is a sequence of sets Y; € T, each of inner q-variation zero, then 
the union Y of the Y; also has inner q-variation zero. 


Replacing Y; by Y;/(Y, U Fa: U Y;..,) if necessary, we take the Y; 
mutually disjoint. We then follow the proof of Theorem 2.2.1 (2.2.1), using 
various ind (4/5;-) in an added complication, thus improving various results 
in Section 4.1. 

When V(p; A; E; X) = 0, then for each M > 0, V(q ind(%);-); Y; E) is as 
small as we please, by choice of % € A|E, and IV(q; A; E; 4/9) = 0. Taking 
M = l/n (n= 1, 2, .. .) in turn, giving a sequence of o, (4.2.1) shows that 
the union is still of inner q-variation zero. 


Theorem 4.2.2. For (T, 28. A) a decomposable division space and p, q, r, s four 
functions A! — K such that p, r are variationally equivalent, and q, s are 
variationally equivalent, both relative to a set X © T and an elementary set E. 
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Then, for te X, either both derivatives exist and 
D(p, q; A; E; t) = D(r, s; A; E; t), 


or else neither derivative exists, except for t in a set of inner q-variation zero. 


Proof. If D = D(p, q; A; E; t) exists for a particular te X, then as 
Ir — D.Si <lr- pl + lp — D.al + Di lla — SI 
(Naturally D is in K, while q and s are in K;), 
V(r — p; A; E; X) = 0 = V(q—s; A; E; X). 
We now use the second part of Theorem 4.2.1. O 
The theory of Chapter 4 has not yet been clarified. The author surmises 
that eventually a theory not based on Vitali’s and Sierpinski’s covering 


theorems will emerge, to prove that a set of inner variation zero is of variation 
zero in much wider and more general circumstances than are used at present. 


CHAPTER 5 


CARTESIAN PRODUCTS OF A FINITE 
NUMBER OF DIVISION SYSTEMS 
(SPACES) 


5.1 FUBINI-TYPE RESULTS 


Taking two division systems (spaces) (T", Z ", A") (u = x, y) that could 
sometimes be equal, or could be extremely different, we put 7^ = T* & TP’, 
the Cartesian product of 7* and T" in that order. Let 7’, U17 be the 
respective families of Cartesian products I* & I" for all I" e 7 ", and (I* &9 P, 
(x, y)), written (I*, x) & (I, y), for all (I, u)e 4! "(u = x, y). To complete the 
usual three elements (T7, 7 ?, A”) let A? be some non-empty family of non- 
empty subsets %7 c iz, such that A", A’, A" have the Fubini property in 
common. Thus first, for E" the fixed or an arbitrary elementary set in 7" 
(u = x, y), E? = E* & E", and %7 an arbitrary member of A7| E7, a non-empty 
set, then for each x e( E*)* there is a 4/"(x) e A"|E", and to each collection of 
divisions &"(x) of E" from 4/"(x) one division for each such x, there 
corresponds a 4/*eA"*|E* such that if (I*, x)e 4^, (IP, y)e@(x), then 
(I*, x) & (P, y) e4*; and secondly the corresponding property when x and y 
are interchanged, except that we keep the Cartesian products in 7* & T", i.e. 
x first and then y. Note the use of star sets as a locating device. 

The space of values of functions connected with (T", 7“, A") is taken to be 
a Banach space K” (u = x, y), such that if re K*, se K? then rse K, another 
Banach space. For example, r could be real-valued with s in K, or s could be 
real-valued with r in K, or the scalar component could be complex-valued, or 
all three spaces could be the same Banach algebra. For simplicity we use the 
same sign for norm in the three spaces, assuming that ||rs|| = ||r||. [s ||. 

We now turn to a way of constructing A" Let E" be an elementary set in T” 
and, for each ze T* let 4/"(z) e A"| E"(u = x, y). Let %7 be the family of all 
(I5, x) @ (I, y) with I" a partial interval of E" and (I", u) e " (z) (u = x, y). 
Let A? be the family of finite unions of such %7 for all finite unions of disjoint 
products E* ® E". Then (T*, 7 *, A?) is the product division system (space) of 
the division systems (spaces) (T", 7 ", A") (u = x, y). 

If A"(u = x, y, z) have the Fubini property in common and if (77, 7 7, A”) 
is a division system (space), we call it a Fubini division system (space). 
Theorem 5.1.1. The product division system (space) of the fully decomposable 


division systems (spaces) (T", 7", A") (u = x, y) isa fully decomposable Fubini 
division system (space). 
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Proof. Theorem 2.9.1(2.9.4) shows that the (T", 7“, A") (u = x, y) are stable 
as they are fully decomposable, and when x € (E*)* it is lying in a set that does 
not vary with the 4/ that have shrunk enough. Then let 4/*(x)e A"|E? be 
contained in the diagonal relative to y of the 4/" (x, y), with x fixed. Let g(x) 
be a division of E" from %”(x) with associated points y,(x), . . -> Yn (X), Say- 
As A* is directed in the sense of divisions, for each such x there is a 
UX (x) € A*| E* with už (x) € U*(x, yj) lorica. n(x). This is one 
of the places where it is vital that a division has only a finite number of 
interval-point pairs. By full decomposability we can replace the 4/1(x) by a 
Mx € A*|E*. If (P, x) e4/5 and (I7, y) e E'(x), then for some j, y = y;(x) and 
(1, x) e4t* (x, yj) U” x) @(P, y) e 4r". 

Interchanging x and y in the proof (without altering the Cartesian product 
T* & T?) we have the other half of the Fubini property, and A“ (u = x, y, D 
have that property in common. 

From the construction, clearly (T*, 77, A?) is fully decomposable and so 
stable. O 


Let &* be a division of E* from 4/5, and for each associated point x in E^ 
take the division &"(x) of E". Then the products of (I*,x)eé* and 
(I”, y)e &"(x) form a division of E* & E". Similarly for finite unions of disjoint 
products of elementary sets, so that A7 divides all elementary sets in 7*, or 
just the special elementary set if both components of the product system or 
space are just division systems. Other properties of the A" (u — x, y) carry 
through to A*, as easy proofs show, and as the two component division 
systems or spaces can be wildly different there may be curious one-sided 
properties. By construction 


(5.1.1) (E* Q E")* = (E*)* @ (E»)*. 

We now have the main Fubini-type theorem, in an unsymmetrical form. 
Theorem 5.1.2. Let A" (u = x, y, Z) have the Fubini property in common, the 
(T", 7", A") being stable decomposable division spaces. Let h*(I*, x) and 


W(x; I”, y) be defined for (I", u)e 4t" (u =x, y, respectively) and all xe TS 
with the given value spaces. 


(5.1.2) If h(* Q P, (x, y) =P, x)h?(x; I’, y) 


is strong variationally integrable to H in E* = E* ® E", the integral 
(5.1.3) J(x) | dh" (x; 1”, y) 
JEY 


exists as a strong variational integral, except for the x € X^ with V(h*; A*; E~; 
vu Putting J(x) 2 0 in X^, the strong variational ` integral of 
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Note that (5.1.2) is unsymmetrical. If it also holds when x, y are inter- 
changed, then for some ks, 


h**, bt: P, y) Fun IK, y) 

W(x; P, RU, y) = KG; P. 29/8. x) 
if the divisions can take place in some appropriate sense. In the last equation 
the left side does not depend on J x Hence the same is true for the right side, 
and it does not depend on I” either, so that it is a function, say f (x, y), of x, y 


only. Thus if we can divide by h*(J*, x). (I^, y), there results the symmetric 
form 


(5.1.4) h(I*, z) =f (x, yw, x) (P, y) 


that is nearer to the usual product considered for Fubini's theorem. 


Proof of theorem Given e > 0, let 4/ e A*| E* be such that for all divisions &* 
of E* from U7, 


(5.1.5) (ër? IT, 2) — HU" < € 


As in the proof of Theorem 5.1.1 the Fubini property gives a division of E*, 
using divisions &* and &"(x) that satisfies (5.1.5). For each x and each 
(I^, y) e &? (x), there is a division over J” that is from 4/"(x), and putting the 
divisions together, we have a division &J(x) that refines &(x), for each 
x c( E*)*. By the Fubini property there is a suitable 4/1, corresponding to 7/^, 
and by direction in A*|E* there is a 4/5 € A*|E* with UZ c at ow. Taking, 
a division &* of E” from 4/5, it can be used with Zil and with £% (x) for 
divisions in (5.1.5), to obtain 


(5.1.6) (ess le, ) 0 (09) IPC P, y) 
— (£16). P) Y P P, WIL < 2e. 
Here, (J?, y) e 4 (x). I^, the part of the division lying in 1”. If in the set X5 ol x 


we can always find &”(x) and &% (x) from M(x) with &(x) € &"(x)so that in 
(5.1.6) the sum over &"(x) is greater than 2^". then by (5.1.6), 


(49) Y, US DNX x) «2*5 VOS AS ES Xa) 0, 


By decomposability and Theorem 2.4.1(2.4.1) the union A" of the X; 
(n= 1, 2,...) also has h*-variation zero. When x d X", given the positive 


integer n and ¢= 4°", there is a Wie A*|E* with (5.1.5) such that every 
&¥(x) < d'Lach from až and the Fubini property give 


EAN (GO) Y MG Py) — (GOD PYLM GSP YM «2 d 


Truc for n = 1,2, ao that J(x) exists over E” Writing the integral over I" 
as J(x; D), and taking the limit in (5.1.7) A8 the sum over £i). I" tends to 
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that integral, 
(5.1.8) (E(x) Y, li" G P, y) — J P) < 27". 


But we cannot substitute this directly into (5.1.6) as &* depends on 4 (x) as 
well as &”(x). We proceed as follows. 

Given x e(E*)*VX* let 4/Y(x) be the family in A"|E" obtained from the 
Fubini property using 4/7. By direction in A"|E" we can assume that %?(x) 
is monotone decreasing in n. For otherwise there is in A"|E" a 
U(x) S p U(X) ^ Uy n-1(x) with 435(x) IT. and we can replace 
Un(x) by ie 

Let &}(x) be a division of E" from 4/J(x) and put 


Alz (En(x)) P; P, y). 


For &7(x) and 67, (x) replacing &"(x), the Fubini property plus direction in 
A"|E* gives a 4/* € A*|E* and an &* dividing E* from 4/* such that &* 
corresponds to &}(x) and 47, , (x), and by (5.1.6), 
(4*)5 | h* Q7, x) | (6269) Y) IG P, y) 

— (65.169. ID) Y PG J, y')| « 247", 


(5.1.9) (6*)5 lk, al Sa) — fa (%) « 2.47". 
By (5.1.7), 
(5.1.10) ll f(x) —S-(x) || < ay >n), 


lfa) — J(x)|| ei" (xe (E*)*\X*). 
From (5.1.9), with X7, the set in VX* where 
OT — f 09l > 2777, 
2" PV(h*; Ar: X) < Oz, — fi) lls A”; E”; X%,) < 24^", 
FU: A”; E”; XS) 2 Um» 


KO: A*; Es: W3) < 21+? (w; =U xs) 
=1 
As X* has h*-variation zero, and putting 
s(x) = 27! "?"(xeWNWio +++ OWE_,,)) 


(5.1.11) V(sh“; Ar EX; S) <1, S= U Wi X* = Ü Xip o X*. 


pel npol 


V x4 S then vd X5, (all n, p) and so 
Ilf aO) " AO 2:7 Pall ph Tata) — ail = 0, 
fx) "tal Jil (G4 S, all nn) 
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By (5.1.10), given £ > 0, in SVX* we choose the integer t = t(x) so large that 
(5.1.12) Lia) — Jil < s(x)e, 
while in \S we take t(x) = 1. Thus (5.1.12) is satisfied in (E*)*VX", in which 
we take &,,, y,, and in X* we take £} (x). By the Fubini property there is a 
suitable 4/*, and by direction we can also assume that for all divisions &* of 
E* from ër, 

(E>) X stell", x) || < 1 + e, 

(E=) > A> A — Jelli x) < e; 
(E*)¥ RFS, dl fie — 2691 < ENE sh, x) le + e 
< (2 + e)e, 

(5.1.13) (£*)Y || J(x)h*(*, x) - H(I* @ E”) || < 3 + ede. 


Hence Jh* is strong variationally integrable on E* to H(E* @ E"). O 


The form (5.1.2) seems to be the most general for which the conclusions of 
Theorem 5.1.2 can be proved. However, if part of the conclusions is assumed, 
with a special condition, we can use general h. 


Theorem 5.1.3. Let (T?, 77, A”) be a stable decomposable Fubini division 
space, let h((I*, x) & (I?, y), with values in K, be defined in U+? and strong 
variationally integrable to H in E? = E* Q E". For each (I*, x) e4£!* let the 
strong variational integral relative to (I, y), 


G(I*, x) =| dh((I*, x) & (P, y)), 


exist. Let the real-valued m(I*, x) > 0 be VBG* in E*. If, given e > 0, there are 
W"(x)e A"|E" such that all divisions &?(x) over E" from U? (x), and U* e A*|E*, 
connected by the Fubini property, satisfy 


(5.1.14) || GUI*, x) — (£ (x) VAC, x) @ (P, y)) || < emQ?, x) (07, x) e U”), 
then H -| dG(I^, x). 

E* 
If m is of bounded norm variation we can omit decomposability. 


Note that full decomposability enables us to stitch together families of 4/* 
that differ from point to point. But if they also differ as the I” varies, the 
resulting families stitched together would not normally be of the same kind as 
the "^c AT. Thus it seems unlikely that one could in general obtain an 
inequality like (5.1.14) with ml". x) replaced by a suitable small sum that 
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occurs since GU", x) exists. The rapidity of convergence of the sum to the 
integral may change discontinuously as I* changes with fixed x. 


Proof of theorem. As m is VBG*, there is an m, of bounded variation with 
0 € m < nm, for the integer-valued function n = n(x). By decomposability 
and choice of e > 0 we can replace m by m,, so that we can assume that m is of 
bounded variation. Then given the 47" (x) satisfying the Fubini property, and 
also that all divisions &?(x) of E" from 4/"(x) satisfy (5.1.14), with the allied &* 
also satisfying 


(€*) Yim < Vim; A*; E*) + 1, 
IESE G- H| < |\(E*) DG — (6*)Y (E(x) YA 
+ |(E*) 3 (E(x) Yh — HI 
« (£*)Y em + e < (2 + Vim; A*; E*)}e, 


and hence the theorem. O 


Theorem 5.1.2 appeared first in Henstock (19615), and the proof has been 
refined greatly since then. See also Kurzweil (1973a). Theorem 5.1.3 is due to 
T. W. Lee (1971/1972). In Lebesgue integration Theorem 5.1.2 in the sym- 
metrical form is essentially due to Fubini (1907), and the unsymmetrical form 
is due to Cameron and Martin (1941) and Robbins (1948). See also Bosanquet 
(1930a). 


52 TONELLI-TYPE RESULTS ON THE REVERSAL OF 
ORDER OF DOUBLE INTEGRALS 


We now come to the inverted limits of (3.1.3) and the specialization of 
Theorems 3.1.3,3.1.4 to the case of repeated integrals, noting also Theorem 
3.1.2. We use two fully decomposable division spaces (T, 7 ;, Aj) (j = 1, 2) 
with T= T, ® T,,7 = 7,6 7 ,. We need not consider the product divis- 
ion space nor integration on T, though the existence of the integral over an 
clementary set of Tis a useful criterion for the reversal of order of integration. 
I'he example of Sierpinski (1920) is not relevant here, the double integrals of 
the characteristic function in the plane can be reversed even though the set is 
non-measurable in the plane. 

l'or elementary sets E; relative to T, (j = 1, 2) we consider the product set 
E = E469 Ej. The general elementary set in T'is a finite union of such disjoint 
product sets, but its introduction here would be irrelevant to our purpose. As 
we are reversing the order of integration we take products of functions like 
(5.1.4). We take the integration using (Ti, Z1, A,) as the integration in 
Theorems 3,1,3, 31,4, and the integration using (Ts, Z 3, Ay) as the limit 
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process. Then if we reverse the roles of the two integrals we will find that the 
conditions are interchanged. Note that real-valued functions are also com- 
plex-valued with the imaginary part 0, so that instead of saying R or C for the 
value space, we just say, C. 


Theorem 5.2.1. For the arrangement outlined above let h;: U; ^ C be VBG* 
(j= 1,2) and for the complex-valued f(t,,t,) and (I;,t,))eU%(Gj=1, 2) 
let f (t4, t;)h, (14, t,) be integrable over E, for each fixed t; € E$, and let 


f (t4, t5) h5 (15, t5) be integrable over E, for each fixed t, € ET, where U;€A;|E; 


(j = 1, 2). Then 


(5.2.1) | d f(t SEA dh, =F 
Ei E2 


exists if and only if there are a circle C with centre F and arbitrarily small 
radius, some function M : % > A, | Ez, some Y, € A, |E, and all divisions Zë, of 
E, from U, such that 


(5.2.2) (£,) 9 (£305. 68) Xf (tis t2)hi (I1, t) 555, 2) EC 


(all &,(I,, t4) from M(1,, t,)). Given (5.2.2), a necessary and sufficient condi- 
tion that also there exists 


(5.2.3) | d DIE 
E2 Ei 


is that there are a U, € A;|E;, another circle C, with centre F and arbitrarily 
small radius, and a Y (15, tj) € A,| E,, with 


(5.2.4) CSC t) Vf (tr, t5)h (I1, t )h5(15, t5)e C, 
(all & from Y, and all &,(15, tz) from U, (15, t;)). 


Clearly, if we take the integration using (T, 72, A) as the integration and 
the integration using (T,, Z,, A,)as the limit process, all that happens is that 
(5.2.2) and (5.2.4) are interchanged. 

For a weaker test on the existence and equality in (5.2.1), (5.2.3), a good test 
is the existence of the integral over the Cartesian product E, © E;, see the 
l'ubini-type Theorem 5.1.2. For then the repeated integral one way is equal to 
the integral over the Cartesian product, which in turn is equal to the repeated 
integral the other way. 

Considering other tests, monotonicity does not seem relevant, but the 
analogue of the bounded Ricmann sums test seems helpful. 


Theorem 5.2.2. Let hy: U! = IR, hy: U} = R, fT > R, and for each fixed ty, 
fh, is integrable over E, while for each fixed t, fh, is integrable over E. Let 
B - C be two real numbers, and let Mur A |E (j = 1,2). Then (5.2. D) and (5.2.3) 
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exist and are equal when for every division & , of E, from %, and every division 
6 5(1,, t,) of E; from U, satisfy 


($25 B<(&,))(62(h, t) Y f (tis t5)h (11, ty haa, t2) < C 
and the similar inequalities on changing &, to E, and &,(1,, t,) to &,(15, t5). 


This theorem is very similar to Theorem 5.2.1, except that the 4/,, V, are 
fixed and do not vary according to divisions in the other space, and also 
[ B, C] is fixed and not arbitrarily small. 

When h; z 0 (j= 1, 2) these conditions hold if for g: T, > R^ and k: 
T, —R* with gh, integrable over E,, kh, integrable over E, and 
|f (ti, t2)| < g(t2) (all t, € ET), |f (t, t2)| < k(t;) (all t; ET). 

The necessary and sufficient conditions first appeared in Henstock (19884). 
Conditions in Lebesgue form appear in Tonelli (1923, 1926). 


CHAPTER 6 


INTEGRATION IN INFINITE- 
DIMENSIONAL SPACES 


6.1 INTRODUCTION 


In countable Cartesian product spaces (sequence spaces) a result of Jessen 
(1934) holds, so that the integral is the limit of the corresponding integral over 
the first n terms of the sequences. The origins of integration in uncountable 
Cartesian product spaces (function spaces) are in Einstein (1906) and 
Smoluchowski (1906), examples being given by Chandrasekhar (1943). Two 
integrals vital for theoretical physicists and theoretical chemists are in Wiener 
(1930) and Feynman (1948). It may be that the integral of this chapter gives 
mathematical expression to the latter; other expressions used are far too 
complicated. Again we can sometimes prove that the integral is the limit 
of integrals over spaces of finite dimensions. See also the account given 
in Muldowney (1987). This chapter goes into more detail of the pure 
mathematics. 

We use paths x(b) parameterized by a real variable b lying in an interval 
| a, c) where c is often + oo, and for generalized interval we use the set of those 
paths that, when b — b;, lie in the range 


u*(b;) = u(j) < x(b;) < v*(b;) = v(j), 


u(«w()üazjan, acb,«::-:«b,«c. 


^ function of such generalized intervals I is the integral 


v(1) v(n) 
(6.1.1) es f ss p(xi,..., x, C)dx, --- dx, 
u(1) u(n) 


(C = (bi, RE Au 
(6.1.2) p(x;,..., x, C) = q(xy; b, — a|xo) 

X q(x3; b, — bi|xi) > : a(xui by — b, ix 71), 
with q obeying a consistency condition of Smoluchowski, Chapman, and 


Kolmogorov, namely that for each s in 0 <s < t, 


* 4 o 


(6.1.3) dir t|x) qi s|x)q(yit = s|z)dz. 
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For example, the probability measure for the path of a free spherical 
Brownian particle starting at time b — a from x — 0, can be constructed 
taking ze = 0 and 


(6.1.4) ot t|x) = g(y — x; 4Dt), g(x; t) = (nt) "^ exp( — x?/t). 


The diffusion constant D varies with the viscosity and temperature of the 
medium and the radius of the Brownian particle. The probability measure is 
only an approximation and should not be pushed too far. For D — 1, 
P(1) = W(I), the Wiener measure of J. Feynman (1948) used complex-valued 
q, one being given by (6.1.4) with 4D — i. The integral is then very difficult to 
develop, so highly complex along each dimension b, with a continuum of b. 
Limits under the integral sign are difficult to find, though there may be hope 
that the test involving bounded Riemann sums might be useful. However, 
there is no difficulty with Wiener measure and integration, for which q is 
positive. The intervals at b = b,,...,b, are just like the edges of an n- 
dimensional rectangle or brick, and the whole collection of paths is the 
definition of the Cartesian product of (— oo, + oo), one real axis for each b. 
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l'o put such details in the setting of this book, we suppose that for each b of 
an index set B we have a stable fully decomposable division space ( T(b), 
7 (b), A(b)). For the Cartesian product T of T(b) (be B) we need a suitable 
(7.7, A). For each C € B let 


[[(X(»; C) | X(b)& T(b) (beC), X(b)- T(b) (be B\C), 


be the Cartesian product of the given X(b) Let X(C) be the Cartesian 
product of X (b) for ce C alone, so that 7(C) comes from 7(b). We take the 
intervals of T to be I = [ [ (1(b); C) for all finite sets C € B and all I(b)e 7 (b) 
(bc C), while 47 ! (C), 4 are the Cartesian products of (I(b), f (b)) for all be C, 
all be B, respectively. Further, with f: B > K we write f°: S > K when S c B 
and f/?(b) = f (b)(be S). 


(6.2.1) E(C)* = E*(C) (finite C c B), 


from (5.1.1), used repeatedly, when E(b) is an elementary set or is 7(b) for 
cach be B. For simplicity we assume that 


(6.2.3) 7'(b) is an elementary set relative to F (b), for each b € B. 
Section 5,1 gives the product division space (7(C), .7 (C), A(C)) for each 


finite C © B while in 7 we construct families V. dividing elementary sets E, 
associating a finite set Ci (W, f) © B with each f with /(b)e 7(b)* (be B), and 
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a U (C; 4/;f)e A(C) for each finite C € B. Then % is the family of all (1, f) 
with 


(6.2.3) T= IG) C) CE, C finite, C,(%,f) S C € B; 
(6.2.4) ®& .(1(b), f (b)) e 4 (C; Uf); 
(6.2.5) f(b)eT(b* (be B\C). 


For A the family of all such 4, then (T, 7, A) is the product division space of 
( T(b), 7 (b), A(b)) (be B). Note that there might not be order in B, and the 
be B can be rearranged without affecting the construction. When we take 
limits in B, it appears that convergent series of real or complex terms can be 
rearranged without affecting the convergence, so that they must be absolutely 
convergent (by a result of Dirichlet) and convergent series of Banach space 
values have to be unconditionally convergent (unless a reasonable order is 
riven in B). 


Theorem 6.2.1. The above (T, 7 , A) is fully decomposable and so stable, and 
I = [[ü (by C) implies I* = 695 I(b)* = I*(B). 

Proof. Full decomposability follows since (T(C), 7 (C), A(C)) is fully de- 

composable. By Theorem 2.9.1(2.9.4), stability follows. Now let feI*(B). 


Given %, by (6.2.5) we need only consider be C. By (6.2.n) (n = 1, 3, 4) and the 
stability of A(b), there are J(b)e 7 (b) with J(b) = I(b), 


][ (5 €) SL G9c(J(5, f (D) e ; (C, Y, f), 
(Ix Cie, fei. 


As true for all 4 of the above kind, fe I*. Conversely, let 4/(b) be such that 
Lun (b) = I*(b) by stability, let 4; (C; Y; f) = Gi. 4v (b), and let V be formed 
from these 4/,(C; Y; f). If feI* there is a 


J =[[(J(); C2) = Q(by C) 


with ([[(J(5; C2), f) e4/; thus C 2 CUC,(%,f), 


J(b) € I(b). 
By (6.2.0) (n = 1, 4, 5), 


f(b)e J(b)* c I(b)* (beB), feI*(B) so I*(B) = I$ 
independent of &/, and I* = I*(B). UI 


Next, assuming an abstract version of continued bisection, we prove that 4 
divides every interval and so every elementary set, 


160 THE GENERAL THEORY OF INTEGRATION 


Theorem 6.22. Let J = [ [(J(b; Cie 7 and let a sequence (2, (b)) of parti- 
tions of T(b) exist for each be B independent of U, such that 


(6.2.6) if I(b)e Z,(b) then either I(b) S J(b) or I(b) ^ J(b) is empty; 

(6.2.7) Pa+ı(b) is a refinement of 2,(b) (FP, ,(b) < 2,(b) for n = 1, 2,...; 
(6.2.8) for each fe T and each C, > C, (%, f), there is an integer N depending 
on U, f, and Ui (C5; U; f), and so on U, f, C2, such that if n > N, I(b)e 2,(b), 
I(b) & J(b), f(b) e I(b)*, then I(b) is an interval L(b) or a finite union of disjoint 
intervals L(b) (b e C5) with 


G9 c, (L(b), f (b)) € 4 (C5; U; f); 


(6.2.9) let (T(b), 7 (b), A(b)) be strongly F (b)-compatible with every partial 
set of T(b) (be B). 


Then 4 divides J. 


Proof. Supposing J not divided by Ar. we use 


(6.2.10) if P is a partition of an elementary set E not divided by Y, an 1€ 2 is 
not divided by dr. 


Otherwise the union of divisions from 4/ of the I e 2 would be a division of E. 
l'or finite C; in C € C; € B, fixed n, and all I(b) e 2,(b) (be C,) the TH Gy 
C) form a partition Z,(C;) of T. By (6.2.6), (6.2.7), 2,..,(C5) < 2,(C;), and 
each 7 = I(C5) & T(B\C,) with I(C5)e 2,(C;), has I € J or I J empty. By 
(6.2.10) with E = J, there is an 1€ Y,(C,) not divided by 4, with I € J. If 
I € P,(C,) not divided by X, for some n, with I € J, there is by (6.2.10) an 
E € 7,,,(C5) not divided by 4, with Ec I c J. Thus by mathematical 
induction the set 2,(C;) of all I € Z,(C;) not divided by %, is not empty, and 
that for a finite number of n and C,, the intersection of the 2,(C;) is a non- 
empty elementary set. Now by (6.2.9), (T(b), 7 (b), A(b)) is a division space 
weakly .7 (b)-compatible with every partial set of T(b), and so by Theorem 
2.9.1(2.9.3) every pair of disjoint partial sets which are therefore co-parti- 
tional, also satisfy 
(P,(b) o P5(b))* = P,(b)* o P2(b)* 


for those two partial sets. Thus if Q,(C;) is the union of those I € 2,(C;) then 
the corresponding finite number of Q,(C;)* also has a non-empty inter- 
section. So by (6.2.9) and Theorem 1.9.4, 7(b) is compact in the intrinsic 
topology for each be B. By TychonolT's theorem on Cartesian products, T'is 
compact in the intrinsic topology, and hence for all n, C}, the intersection of 
the Q,(C,)* is not empty and contains g, say. Thus there is a C, (X, g), (6.2.8) 
applies, and we have a contradiction, Hence the theorem, 0C 


Theorem 6.2.3. In. Theorem 6.2.2, (T, Z,A) is a stable fully decomposable 
division space, additive if every (T(b), 3 (b), A(b)) is additive, 
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Proof. After Theorems 6.2.1, 6.2.2, for stability, full decomposability, and 
the division of each partial set of T, we show the direction in the sense of 
divisions. It is given for each A(b)|E(b), and so holds for each A(C)| E(C) for 
finite C € B. If 4;€ A[E with C,(%;,f) € B(j = 2, 3) take 


C,(&,,f) = Cy(W2, f) o Ci (U3, f), 
U (C, Uaf) = U(C, Uaf) e) UC, 4 4, f). 
Then (6.2.3), (6.2.4) show that A|E is directed in the sense of divisions. The 
restriction property and that involving partial sets of an elementary set E, are 


true for each be B, and easy proofs give the result for T. Similarly for 
additivity if true for each be B. 


Theorem 6.2.4. In Theorem 6.2.2 let B= H U K, H^ K empty, H and K not 
empty, and put 


V=@yT(b), W= Div Tb). 


Then (T, Z, A) is a Fubini division space for V, W. 


Proof. Although the be H may interleave with the be K we can rearrange 
the b so that the beH are first, and then the be K. As noted before, this does 
not affect the construction. For fixed ve V, some we W, and points f — (v, w) 
there are intervals I, € V, Iy S W with (I, ® Iw, (v, w))e%. Here, for some 
finite C; 2 C, (Y, f) with C; € B and C, aH, Ca K non-empty, (6.2.4), 
and Cartesian products [| over H, [ [x over K, 


Iy = TIa (I (4); C20 H), Iw= [1x (7); C20 K}. 


As the (Iw, w) form a Vy for W like Y for T, Theorem 6.2.2 ensures a division 
& (v) of W with intervals Jy € W and associated points, say, w4, . . . , Wp. The 
union of C (X; (v, w;)) G = 1, . . . , p) is a finite subset C3(%, v) of B, with a 
W (C; v)e A(C)| T(C) and lying in the intersection of the 4/,(C; Y; (v, w;)) 
(j= 1,...,p). Hence we have a Yy of (Iy, v) like 4 for T, with 


Iy = [[u(4(b; Cen HL We, (Ib), v(b) e&3(C,; v) 


for a finite C4 € B, Cy 2 C4(&; v), C40 H and C4 K not empty. Again by 
Theorem 6.2.2, Wy divides V and the first Fubini property holds. Similarly for 
the second. 

Uu use Theorem 5.1.2 for every pair H, K of sets in Theorem 6.2.4 we need 
(5.14), extended. to more than two variables, Thus if the finite C S B, 
I = | [Gy €), and C(I) the smallest subset of B with 7 | [G (0) CUD), 
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h needs to have the form 

gC); FOP, FAC) K(C(D); (CA), f ?)s*u(BNC(Q)). FAC), 
(6.2.11) k(C; I(C), f°) = I k^(I(b), f (b)). 


The k of (6.2.11) can have C infinite if the product of H has a reasonable 
meaning. But I(BNC(I) = T(BNC(I)) and h* is just a point function of 
BXC(I) and can go into g, and the most general form is 


(6.2.12) ALS) = g(CURS DEU 
For uniqueness, if bé C and I(b) = T(b) let D = C Using(b). Then 


12 Dirr ei = [Tu D) 
| dk(C; Lf) = | dk(D; I, f) 
I I 


= | [f aura. soy} dk(C; I, f), 
I V TQ) 


(6.2.13) | dk^(1(b), f (b)) = 1, 
T(b) 


the Smoluchowski-Chapman-K olmogorov relation, k(C; I, f)-almost every- 
where in T(C). We have used Theorems 5.1.2, 4.1.1(4.1.7). As the integral in 
(6.2.13) is independent of T(C), (6.2.13) must be true everywhere in 7(C), 
except in the very special case when the variation of k?(I(b), f (b)) is 0 over 
T(b) (b e C), when the integral of (6.2.12) is 0 over every interval, which case 
we will ignore. 

For K a space of values, a function F: T — K is said to be cylindrical of 
order C € B, if F(f) = F(g) when f € = g8\°; and F is cylindrical of every 
finite order, if cylindrical of order C for each finite C c B. 


Theorem 6.2.5. In Theorem 6.2.2 with (6.2.n) (n = 11, 12, 13), 


(6.2.14) a function F on T that is cylindrical of every finite order, with Fk 
strong variationally integrable, is constant k-almost everywhere; 

(6.2.15) if the indicator x of a set Y € T is cylindrical of every finite order, 
with yk integrable, then the k-variation of either Y or N Y, but not both, 
is 0; 

(6.2.16) let K contain a sequence (2) of countable families of mutually 
disjoint sets such that for each j, K is the union of sets Aar X, and 
such that if m # p in K there are j, k such that X y, contains m but not 
p. A function F: T — K that is cylindrical of every finite order, with yk 
integrable for the indicator y of each set F dy ji). i$ Constant k 
almost everywhere, 
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Proof. With G, M the integrals of Fk, k, respectively, and I= 
I(C) & T(B\C) for a finite C € B, Theorem 5.1.2 (Fubini) and (6.2.13) give 


= M(I 1 p 
GU) ( | Fete; Lf) M(T)=1, 


G(T) — | F dk(B\C; I, f), 
T(B\C) 


(6.2.17) G(I) = M(I)G(T), 


since F is cylindrical of order C. As C can be any finite subset of B, and by 
(6.2.17) GU) — G(T)M(I) has k-variation zero. By variational equivalence, 
(F(f) — G(T)k has variation zero and F(f) — G(T) — 0 k-almost every- 
where, giving (6.2.14). By this, in (6.2.15), y = 0 k-almost everywhere or y = | 
k-almost everywhere, while K(T) — 1. But if the k-variation over Y and VY 
are both 0, then the k-variation over T is 0 and K(T) = 0, contradiction. 
Hence (6.2.15). Thus in (6.2.16) there is a k( j) for each j such that VF ^! (X wn) 
has k-variation 0. Thus 


U VE HX ko) = \ ia) FOX py) NF! L X in) 
dÉ? J= e 


has k-variation 0, and the last intersection contains a point me K. If p 4 m 
there are j, k such that X,, contains m but not p. For each j the X, are 
mutually disjoint in k. Hence k = k( j), p is not in the intersection, and the 
intersection contains m alone. Thus F = m k-almost everywhere, |] 


We now look at the integral over finite dimensions, given that the integral 
over the whole space T exists, with the aim to have a limiting result like that 
of Jessen (1934). 


Theorem 6.2.6. Let (6.2.n) (n = 11, 12, 13) and the conditions of Theorem 
6.2.2 hold, with J replaced by T. Let h be strong variationally integrable to G 
Then for finite C e B, the strong variational integral of h over any interval J of 
T(C), written G(BNC; J, f), exists for f € k(BNC; I(BNC), f € -almost every 
where. If we put G(BNC; J, f) — 0 where it is otherwise undefined, then the 
integral of G(BNC; T(C), f) k(BNC; I(BNC), / €) ever. T(BNC) is equal to 
G(T). 


Proof. Apply Theorem 5.1.2 (Fubini). | 


Here, H(C, f) = G(B\C; T(C), f) is an integral over the finite dimensional 
space 7(C), the integral being called a backwards martingale when k is a 
probability measure, For if C is finite and 


ScCcHB, HI(GS) HG, (LIT, WCC), £2), 
J TON) 
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by Theorem 5.1.2 (Fubini) again. Thus H(C, f) is the conditional expectation 
of H(S, f). Probability theory studies the convergence of H(C, f) to G(T)as C 
rises in B, the first paper being Jessen (1934), pp. 273-5. As already noted, if B 
is uncountable so that the members of any countably infinite subset can be 
taken in any order, convergence along that countable subset must have an 
absoluteness corresponding to absolutely convergent series. Thus the restric- 
tions imposed may not be as drastic as may otherwise appear. 


Theorem 6.2.7. Assuming (6.2.2), that T is an elementary set, and taking 
K — R, so that G is real-valued, let gk and |gk| be integrable over T where 
(6.2.n) (n — 11, 12, 13) hold and the conditions of Theorem 6.2.2 hold, with J 
replaced by T. Then 


(6.2.18) lim* G(B\C; T,f) = G(T) 
CSB 


for f k-almost everywhere in T*. 


Proof. Let 4/;€ A be such that every division & over T from %; satisfies 
(6.2.19) I(£)} gk — G(T)| < 1/j. 


By direction in A we can take the 4/; monotone decreasing in j. By mathemat- 
ical induction we can choose a sequence (4 ;) of divisions of T such that 4; 
comes from 4/;, and that &;,, refines &;. Let C; = Co(&;) be the finite set of 
all be B for which at least one (I, f) e &; has be C(I). Then by the refinement 
property, (C;) is monotone increasing with B* — U; C;, at most countable. 
For fixed j the divisions 47 of T obtained from 4/; by restricting the CO to 
lic in B*(This restricts the kinds of I but not the f) include &; and are a subset 
of all divisions of T from %;, and so satisfy (6.2.19). The corresponding 
restricted integral has the same value G(T). Writing the restricted integral 
with (AT) before the integral sign, and B* as (bj, C" = (b,,...,b,], 
G,(J, f) = G(B\C"; J, f), we use Jessen's proof in this more general situation. 
Let Xy(M) be the set of fe T for which 


sup G,(T,f)» M, 


|EnzczN 
let Y, be the set of f where G,(7,/) > M, and let 
Zy Yu, Zn YN Hai" U Y.) (1 m TM N). 


Phen each Y, is cylindrical of order C", and the same is true of Z, as 
N Nelss n bare all greater than n, Clearly the Z, are disjoint with 
Z, © Y,, and by the usual proofs they are k measurable (n = 1, JN), 
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Hence for V(n) = T(B\C"), 
| x(Zsf)g dk = | x(Zu f). CC f£) dk 
T V (n) 


z «| x(Zsf)7 mÍ x(Zs; f) dk. 
V (n) T 
X (M) = Yy o Yy-,U ^ * UE, = Zyv Zya U*"* OZ), 


and by addition for n = 1, . . . , N we have 
(6.2.20) | x(Xy(M); f)g dk > «| X(X (My; f) dk 
T T 


If X (M), X * (M) are the sets of fe T for which, respectively, 
sup G,(7,f) > M, lim supG,(7,f) > M, 


then Xy(M) is monotone increasing to X (M) as N > oo. As gk and lok are 
integrable (the only point where this is used) the integral of gk is AC* relative 
to k, so that we can let N > oo in (6.2.20) to obtain 


(6.2.21) | x(X(Myf)gdk > M [. x(X(M y; f) dk. 
T 


This is true for all real values of M. Replacing A by A*, B by B*, as the A- 
integral exists, so does the A*-integral, so that from (6.2.21) we have 


(6.2.22) anf x(X (My; f)gdk > man |. x(X (M); f) dk. 


I'he last shows that X(M) is suitably k-measurable using A", and clearly it 
contains X * (M), a set that is cylindrical of order B*, so that by Theorem 
6.2.5 for B*, A*, limsup,.... G,(T, f) is constant, say at H, k-almost every- 
where, using A*. Taking M « H,\X(M) has k-variation zero using AT, and 
(6.2.22) becomes 


G(T) = anf gdk > man | dk = M, 
T T 


G(T) > H = lim sup G,(T, f) 


k-almost everywhere, using AT. Replacing g by ~g in the proof, 
(6.2.23) G(T) <liminf G,(7,f), lim GT f) = GCT), 
nores pon on 


H 


166 THE GENERAL THEORY OF INTEGRATION 


k-almost everywhere, using A*. If B* is replaced by a countable B** in 
B* c B** c: B, then (6.2.23) follows again. Thus we have 


(6.2.24) lim* G(B\C; T,f) = G(T) 
CSB 
k-almost everywhere. O 


R. Johnson, ICI research fellow at the Queen's University, Belfast, alerted 
me to the problem of applying convergence tests to Feynman integration in 
1962 or so, asking whether the new generalized Riemann integral would be 
useful. The problem was exceedingly difficult, but eventually progress was 


made, see Henstock (1973b, 1980b, 1988-89) and Muld 
1988-89). ) uldowney (1987, 


CHAPTER 7 


PERRON-TYPE, WARD-TYPE, AND 
CONVERGENCE-FACTOR INTEGRALS 


7.1 PERRON-TYPE INTEGRALS IN FULLY 
DECOMPOSABLE DIVISION SPACES 


Let h: 4! > R+, f: T5 R. In Perron-type integral theory it is common to 
allow f to be infinite in a set of measure zero. So may I emphasize that here / 
does not take infinite values — such values would wreck the theory. To avoid 
infinite values all we have to do is to replace them by 0, and the integral is 
unchanged. 

We aim to integrate fh by using derivates, and so have to go beyond the 
beginning of Chapter 4. There it is pointed out that full decomposability is 
appropriate, and that we can disregard points t where for some We A|E 


(4.1.3) h(I,t) - 0. (all (I, t)e%) 


An his defined to be continuous in an elementary set E if, given ¢ > 0, there is 
a 4 € A|E such that lb, t)| < e for all (1, t)e . 
Let k: Ut — R. Then the lower derivate of k at te E* with respect to 
h, A, E, is 
k' = liminfk(I, t)/h(I, t)((1, t) e U), 


as ¥ shrinks in A|E. The upper derivate of k at te E* with respect to h, A, E, is 
similarly 
k = limsup k(I, t)/h(1, t)((1, t) e &). 


Let M: P > R where 2 is the family of partial sets of E. Then M is defined 
to be finitely superadditive in E if for each pair P,, P, of disjoint partial sets 
of E, 

M(P,) + M(P4) x M(P, U P3). 


Naturally the setting for this is a division space, which we assume through 
out, Such a superadditive continuous function M is an A-Perron major func 
tion of fh in E if its lower derivate M’ > f, li-almost everywhere in ET, with 
M' > oo except for a countable set X in E" 

Later, other kinds of major functions are defined, For cach of these 
definitions m is a minor function of /hi if. — mis a major function of. — ffi, For 
such a definition to be useful we need that if M, m are respectively à major 
and a minor function of fh over E then M(E) > mitt For N(E) the greatest 
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lower bound of M(E) for all major functions M of fh in E then N(E) is called 
the upper integral of fh on E. For n(E) the least upper bound of m(E) for all 
minor functions m of fh in E, then n(E) is called the lower integral of fh on E. If 
n(E) = N(E), their common value is called the integral of fh over E of that 
particular kind of integral that is being considered. These remarks save much 
space in further definitions. 

Strengthening the definitions, a real-valued superadditive continuous func- 
tion M ofthe partial sets P of E is a strong A-Perron major function of fh on E 
if M' > f everywhere in EX The pattern giving other definitions now follows. 

An unresolved question is as follows. Are the integral and the strong 
integral the same? The question is answered in an interesting special case. 


Theorem 7.1.1. When T = R and A is for the gauge integral, then (dropping 
the * A-' from the names of entities) the upper and lower Perron and strong upper 
and lower Perron integrals are the same, so that if f, g: T — R with f = g h- 
almost everywhere, and h([u, v); t) = v — u the upper and lower Perron integ- 
rals of fh and gh are the same. 


Proof. Using the continuity of the major function M of fh in E, we remove 
the sequence (s,) of points of X. Let E € [a, b) and M(t) = M([a, t)), so that 
lor a € t < u, by superadditivity, 


(7.1.1) M(u) — M(t) > M([t, u)). 
Define 
(7.1.2) Lit, y= ena |M(t + x) — MOL 


L(t,0) 20, L(t, —y)- — L(t, y). 


l'or each fixed t, L(t, y) is bounded and continuous in y and monotone 
decreasing to 0 as y > 0 +. Thus, given ¢ > 0, there are a y, > 0 and L,(t) 
such that 


(7.1.3) L(s,y,) &6.27" ! (n=1,2,...), 
Lis, t) = L(s,, EC Vn) (Ur ES Ya) 
(7.1.4) L,(s, + t) = Liz, Yn) — Lë — Ya) (t 2 Yn), 
0 (t X Yn). 
Then for 0 < x < y,, using (7. L.n) (n = 1, 2, 3, 4), 


Ly (8, | x) Ly(s,) ` |M (L Sn Sn I UL 
EM Lí(s, x) e IM (s, x, Sn))h 


*saand M; ME Lp 
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is continuous in [a,b] with Mi 2 0 at each s,. As a countable set is of 
variation zero, M, satisfies the conditions with X empty. 

Next we remove the exceptional set Y of variation zero where M1 « f. 
Thus given e > 0, for some gauge 6 giving rise to Y e A|E, V(h; Y; E; Y) < e. 
The intervals (y — ó(y), y + ó(y)) for ye Y, form a set G open in the metric 
topology and in the intrinsic topology, and by Sierpinski's lemma (Sierpinski 
(1923)), two sets of intervals (left-hand and right-hand) cover G apart from a 
set of variation zero, the intervals in each set being disjoint, so that the total 
sum for these intervals is < 2e. Replacing e by ¢.4~", we replace G by G, and 
define 


z,(t) = 2^x(G,; t), Zz, = | z,(t)dh, Z(t) = 3 Zt), 
z(b) «e.27", z(b)< e. 


Then Z,(t) and Z(t) are continuous and monotone increasing in [a, b]. 
Putting 


M,(t)=M,(t)+ Z(t), M3>f (tela bY) M5—-*oo (teY) 


since M4 > — oo, and M, is a strong Perron major function of fh on E; 
and as 


M(b) < M,(b) < M(b) + 2e, 


together with similar results for minor functions, the theorem is proved. OU 


Reverting to the fully decomposable division spaces, we have the following: 


Theorem 7.1.2. If M, m are strong A-Perron major and minor functions, 
respectively, of fh in E, then M-m is finitely superadditive on the partial sets P of 
E, with M(E) — m(E) > 0, and the strong A-Perron upper integral of fh over P 
is not less than the strong A-Perron lower integral of fh over P. If the two are 
equal for P — E, they are equal for all partial sets P of E. For I(P) the common 
value, the strong A-Perron integral of fh over P, then 


(7.1.5) M(P)—I(P) 20, I(P) ^m(P) 20 
when h is of bounded variation on E. 


Proof. We have M' 2f 2 m' so that, given e > O, there is a 4 &€A|E for 
which 

MIB, t) > f(t) e m(D/h(L t) < f(t) + 8, 

MI) m(1) = whl, OL, DEH). 
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As M is finitely superadditive, m finitely subadditive, and h > 0 of bounded 
variation there are an N > 0 and a division @ of P from 4, such that 


M(P) — m(P) > (£)Y:(0MQ) — m0) > — 2e(8)) hU, t) > — 2eN, 
M(P) — m(P) 2 0, 


from which follow the other results since M and m can vary independently. 
We let M tend to the upper integral and/or m to the lower integral to obtain 
(7.1.5) and that the upper integral is finitely superadditive, the lower integral 
finitely subadditive, so that if the two are equal for E, they are equal for all 
partial sets P c E, and the integral is finitely additive. UO 


Just before Theorem 2.5.5 the variational and strong variational integrals 
of h(I,t) are defined as a function H(P) that is finitely additive for co- 
partitional partial sets P, with h(I, t) — H(I) of variation zero in an ele- 
mentary set E, respectively using variation sets and the p-variation. Here the 
space of values is the real line R, for which the Theorem 2.1.10(2.1.33) with 
q — 2 shows that the two definitions are equivalent. This leads to the next 
theorem. 


Theorem 7.1.3. Leth: U! > R*,f: T— R. Then the strong A-Perron integral 
of fh is exactly equivalent to the strong variational integral of fh and to the 
integral of fh for the given division space (T, F , A). 


Proof. If the strong variational integral H of fh exists, then 
Q(v,P)z sup (4)5,1f (hU, t) — H(1)| 
for all divisions & of E from %, is as small as we please, by choice of VE A|F. 
Clearly Q is finitely superadditive over partial sets of E, and so is H + Q, 
whereas H — Q is finitely subadditive. Also if 
(I, t)e &, H(I) + Q(, I) > HU) + f(A, t) — HU) =f (thd, t). 


Dividing by h(I, t), we see that H + Q is a strong A-Perron major function 
of fh, and H — Q a strong A-Perron minor function of fh, with H also the 
strong, variational integral. Conversely, if the strong A-Perron integral H of 
fh exists in E, we write Q = M — H for a strong A-Perron major function 
M, q= H — m for a strong A-Perron minor function M of fh. Then Q > 0, 
q = 0, and 
QUE, T) SSAA, t) IL um, T) 
Hut - Fo)h(r 0, Q(U, Irak T) 5 HG) Tut, 9] 
ui. mei QUU, E) E q(U, E) > VCI Hy Ay E) 


and H is also the strong variational integral of fh over E 
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Perron integration was developed in Perron (1914), Bauer (1915), Hake 
(1921), Looman (1925), Saks (1937) pp. 186-203, McShane (1944) p. 313, 
Sarkhel (1978), and Henstock (1983). 


712 WARD INTEGRALS IN DECOMPOSABLE DIVISION 
SYSTEMS AND SPACES 


Let h: 4! > R. We wish to integrate h by using increments and not derivates, 
in a decomposable division system for an elementary set E. A finitely 
superadditive function F of the partial sets of E is an A- Ward major function 
of h in E, if 

(7.2.1) F(I) > h(Lt) ((1,t)e*) 

for some Y € AJE. Other definitions follow the pattern given in Section 7.1. 
The definition of A-Ward integral is wider than that of Ward (1936a) only in 
that the division system need not be on the real line, nor need A be that of 


Sections 1.4, 1.5 for the gauge integral. However, on the real line F need only 
be finitely additive since ifa < u < v < b with g(a) = 0, g(v) = F([a, v)), then 


g(v) > F(a, u) + F(Lu, v), gv) — gu) > PLA al 
g(b) — g(a) = F(La, b)). 


Theorem 7.21. For a division space (T, 7, A) and K the real line, the A- 
Ward integral is equivalent to the variational and generalized Riemann integ- 
rals over E. 


Proof. If the finitely additive variational integral H of h exists, V € A|E and 
Theorem 2.5.6(2.5.18) give V = V(h — H; %; P) finitely superadditive in P, so 
that V + H are finitely superadditive and, for (J, t) e ^7, 


H(I) — V(h — H; à; I) < HU) — |HQ) — h(t) < AL, t) 
< H(I) + |h(, t) — HUN 
< H(I) + V(h — H; %; I) 
and H + V and H — V are A-Ward major and minor functions of h in E. By 
Theorem 2.5.5(2.5.15), 2V is arbitrarily small by choice of 4 € A|E, so that the 
major and minor functions are arbitrarily close, and the A-Ward integral 
exists and is H (E). Conversely, if the A-Ward integral W exists, with & a 
division of E from %, by the finite superadditivity of the A-Ward major 
functions F of h, I’, of — h, we have 
HEI: (4) Y FU) & (E) hG, 0 < (0), FU) < F(E), 
and the limit of the sums of h over E is WIEL The equivalence of the 
variational and generalized Riemann integrals finishes the proof. |l]. 
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Theorem 7.2.2. When h: 4! + R* is of bounded variation and f: T > R, the 
A-Ward integral of fh is equivalent to the strong A-Perron integral. 


Proof M' >f implies that, given €> 0, there is a 4/&A|E such that 
M (1) > (f(t) — e) h(I, t) for all (I, t) e &, while M(I) > (f(t) — &)h(1, t) (all 
(1,t)€% depending on e > 0) implies M' > f. The result follows since for 
some N > 0, 

e(&) Y h(I, t) < eN. 


The range of application of the A-Ward integral is wider than that of the A- 
Perron integral, since h need not be non-negative-valued, and narrower than 
that of the generalized Riemann integral since the A-Ward integral is re- 
stricted to real-valued functions. 

For h: 4! >R, f: T5 R, g: T R with fh and gh A-Ward integrable, if 
f=g at a countable set X everywhere dense in E*, and if, as usually 
happens, V(h; A; E; X) = 0, then the equality can be disregarded. But if 
J-M with the gauge integral division space, writing ‘Ward’ instead of 
‘A-Ward’, a heavy restriction occurs in the following case. 


Theorem 7.2.3. Let f, g, j: R > R, h([u, v), t) = g(v) — g(u), k([u, v), t) = j(v) 
J(u) with fh, fk Ward integrable over [a, b) (a < b). Let g =j in a set X 
everywhere dense in [a, b]. Then 


(7.2.2) fdh— | fdk +f(v){g9(v) — te —fG)tg(u) — j(u)} 


[u, v) [u, v) 


(a € u « v « b), 


(7.2.3) Given € > 0, and Y, the set of t with |g(t) — j(t)| > e, if (7.2.2) holds 
then V(A f: A; E; Y,) = 0, or, alternatively, 


(7.2.4) fis continuous and VBG* on Y, with mf (Y,) = 0 (Lebesgue measure). 


(7.2.5) If (7.2.2) holds and if Y, contains an interval [r, s] for some e > 0, then 
J is constant in [r, s]. 


Proof. |t is enough to take j identically 0, so that g = 0 at points in X 
everywhere dense in [ a, b]. In the proof of Theorem 1.4.1(1.4.2) we choose the 
points y, from X. Taking the inequality (7.2.1) and the corresponding 
inequality for minor functions, for [u;, yj) and the previous [yj-1, uj), we 
have inequalities for [ yj. ,, yj) (j = 2, 3... , m — 1), with those for [a, y,) 
and fun, fb taking a = u, and u,, = b, as can be arranged. Thus for F and 
l, the major and minor functions, 


Fi(| View yj) &0s F(| Viet Vi) Hl a, Vi ) 
"Till jul ~ gla)} = F(a, yi), 
PLY mis) füb)g(b) ul: FQ y, 4. b), 
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from which (7.2.2) follows. If it holds, then for each e > 0, and using Theorem 
2.5.5(2.5.15), with t the associated point in [u, v), equal to u or v, and s the 
other end-point, 


(72.6) f(t){g(v) — g(u)} — Cf()g(v) — fugu} = (fv) — f()) gls) 


Ward integration was developed in Ward (1936a), Henstock (1955b, 
pp. 277-9; 1957a; 1960a, b). 


73 CONVERGENCE-FACTOR INTEGRALS IN FULLY 
DECOMPOSABLE DIVISION SPACES 


Some convergence-factor integrals are defined by an inductive process be- 
ginning with the Perron or strong Perron integral, the N-integral in the 
inductive chain. Given N „integrals for j = 0, 1, 2,...,r — 1, the N-integral 
or N integral is defined using the S-integral or N,- ,-integral. For T = R, the 
real line, given real numbers a < b and each u, v ina < u < v < b we have two 


functions N,(u, v, t)(s = +, —,u <t < v) that are monotone increasing in t 


with 
(7.3.1) N,(n, v, v) — N,(u, v, u) = l(s= +, —) 
N,(u,v,u+)=N,(u, v, u), 
N (uv,v —) = N (u, v, v). 
We prove various properties for the N-integral that are true for the No- 


integral, and by induction we can assume that the S-integral has these 
properties. We use 


(7.3.2) I(S, N,, F, u, v) = e F(t)d,N,(u,v,t) (u< v) 
I(S,N,,F,u,u)=0 (s= t,—) 

The first was Burkill’s Cesaro—Perron integral of order p > 0, with 

ON ,/dt = p(v — t?! (v —u) ^, ON ./0t = p(t uf !(v—u) 
the S-integral being the Cesaro—Perron integral of order max (p — 1, 0), so 
that the r in N, can be p when p is an integer, and otherwise r is the next 
higher integer. Sec J. C. Burkill (1932, 1935, 1936a, b, 1951a, b) Bosanquet 
(1940), H. Burkill (1951, 1952, 1957, 1977), Bose (1980a). 


Then Marcinkiewicz and Zygmund (1936), James and Gage (1946), James 
(1950, 1954, 1955), and Taylor (1955) produced similar integrals. 
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The next stage was the general definition of Jeffery and Miller (1945) that 
used Lebesgue integrals of positive functions n,, n_, 


t 


N (u, v, t) = a n, (u, v, w) dw, 


N_(u, v, t) = a n. (u, v, w) dw, 


together with the assumed non-zero limits 


MET SO n, (u, v, t)(t — u) dt, 
A_(v) t= Jim 7e JEE S Ale v, t)(v — t)dt. 


Let F: [a, b] ^ R be such that for te[u, v] € [a, b], n + (u, v, t) F(t) is integ- 
rable in some suitable sense. Define 


1 
N (u, v, w) i 


(w =v when s= +,w =u when s= —). 


G,(F, u, v) = n,(u, v, t) F(t) dt 


Then the upper and lower G-derivatives of F, GD* F and GD, F, are the upper 
and lower limits as v — u > 0+ of the ratio 


{G,(F, u, v) Ges FG AG)/(v Se u) 
(x 2u when s= +,x=vwhens= —). 


The function F is a Jeffery and Miller major function of f if F(a) — 0, 
GC, u, v) > F(x) as v —u 0+ , [u,v] € [a, b], GD,F > f almost every- 
where, and GD, > — œ everywhere. The pattern of Section 7.1 is now 
followed. 

We could allow GD,, F to be — oo in an at most countable set X, and then 
remove X using the G-continuity of F, ie. G,(F, u, v) > F(x) as v — u 0+ 
(x = u when s = +, x= v when s = — ). The constructions in the proof of 


Theorem 7.1.1 can be used to show that we can assume that GD,F >f 


everywhere in (a, b), and in particular we can replace f by f'* if f = f * almost 
everywhere, Henstock (1983), Theorem 5, pp. 397-8, gives detail for a more 
peneral case. 

To simplify the theory of Jeffery and Miller we combine the definitions with 
those of Ward as in Section 7.2, replacing ny by d, N(u, +h; t)in a Stieltjes 
integral form, in an inductive process beginning with Ward integration 
(W) = (No). By the induction, whatever we prove for the N-integral we can 
assume for the Seintegral, We assume at least an additive division: space 


(7,7, A) with an elementary set E, and take We ALE, For a useful construc: : 
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tion we turn functions of generalized integrals into functions of points by a 
geometrical device, namely, 


(7.33) If (1, t), (J, u)e& and J & I, there is an interval K(t, u) uniquely 
defined by t, u, with 


(K(t, ve, K(t,u)cI. 


We use the 4 € A|E, a Y, (I, t) A|I for each (I, t) e &,, and a convergence 
factor N(I,t;J), finitely additive in J, and defined for all (J, t)e 4, all 
(J, u) e 4 (I, t) with two further properties. 


(7.3.4) Ifa real finitely superadditive function L(P) of partial sets P satisfies 
el L(K(t,u) dN, t; J) 20 (all (I, dek 
I 


then L(E) > 0. 


This is equivalent to the condition that the N-integral (defined later) of 
0 is 0. 


(7.3.5) If f (u) > 0 and the S-integral below exists, then 
(8) | swana, tJ) 20. (all (I, t)e%) 
I 


This is part of Theorem 7.3.1(7.3.15) later, for the S-integral. In a sense the two 
conditions are converses. We deduce as much as possible from them and also 
look at the implications on the N. 

To define the N-integral of h we require the S-integrability of 


(7.3.6) h(K(t, u); t)N(I, t; J) 


over I, for each (I, Oe, and for short we then say that AN is S-integrable. 
A finitely superadditive function L of partial sets of E is an N-major 


function of h in E, relative to A, if there is a Y € A|E such that hN and LN are 


S-integrable with 
(7.3.7) 


wf L(K(t, u) dN(I, an> h(K(t, u); t)dN (I, t; J) (eil 


The other definitions follow the pattern in Section 7.1, so that if a finitely 
subadditive function M of partial sets of E is an N-minor function of h in E, 
relative to A, then L —M is finitely superadditive and by Theorem 
7.3.1(7.3.13) for the S-integral, L — M satisfies (7.3.4), whence 


(7.3.8) L(E) — M(E) > 0, 
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Thus over all such L, M, the infimum UN(h; A; E) of L(E) and supremum 
LN(h; A; E) of M(E) satisfy 


(7.3.9) L(E)— LN(h; A; E) 20, UN(h; A; E) - M(E) 20, 
UN(h; A; E) — LN(h; A; E) > 0. 


If UN(h; A; E) = LN(h; A; E), this value is the N-integral of h in E relative 
to A, 


Ns AE) - (A, N) | a=) | dh. 
E E 


Normally we omit A in (A, N). By (7.3.9) the N-integral is uniquely defined if 
it exists, and we say that h is N-integrable over E, relative to A. In particular, if 
h(I, t) =f (t)k(I, t) we write as usual, 


N(fk; A;E)= (A.N) | ra - on [ fak 
E E 


Here, (7.3.7) becomes 
(7.3.10) 


e| L(K(t, u)dN(1, t; J) SCH k(K (t, u); t) dN (1, t; J), 
I I 


needing only the S-integrability of LN and kN. Relative to S-integration, 
f (t) is a constant, and so can be taken outside by Theorem 7.3.1(7.3.14) for 
S-integrals. 

Theorem 7.3.1. 


(7.3.11) If H(P) is finitely additive in E with HN S-integrable, the N-integral 
of H over E exists and is equal to H(E). 


(7.3.12) For hj: Ut + R with h;N S-integrable (j = 1, 2) then 
UN(h,; A; E) + UN(h;; A; E) > UN(h, + hj; A; E) 
> UN(h,; A; E) + LN(h,; A; E) 
> LN(h, + h;; A; E) 
> LN(h,; A; E) + LN(h,; A; E). 
(7.3.13) In particular, for N-integrable h, we therefore have 
UN(h; + hz; A; E) = UN(h,; A; E) + N(h; A; E) 


and similarly for LN, so that if both h, and h, are N-integrable then so is 
h, + hy, its integral being the sum of the other two. 


(7.3.14) If in (7.3.13) c is a constant, then also ch, is N-integrable to 
cN (hz; A; E) 
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(7.3.15) If h, is N-integrable, h, > h,, and h, N is S-integrable then 
LN (h,; A; E) > N (hz; A; E). 


Proof. As H is finitely additive in (7.3.11) we can put L = h = H in (7.3.7) 
and the two sides are the same. Hence the N-integral is H(E). For (7.3.12), 
given e > 0, let L = L; satisfy (7.3.7) with h = h; and L;(E) < UN (h; A; E) 
+ ie (j = 1, 2). Then as the S-integral satisfies (7.3.13), 


el (L,(K(t, u) + L,(K(t, u) AN (I, t; J) 
I 
= el L,dN + e L,dN 2 e h, dN + el h, dN 
I I I I 


= e (hi CK (t u); t) + h5(K(t, uy t) dN (I, t; J). 
I 


Hence by definition, 
UN(h, + hz; A; E) < L,(E) + L(E) < UN(h;; A; E) + UN(h;; A; E) + £, 
giving the first inequality. The second inequality follows from the first since 
UN(h, + hj; A; E) - LN(h,; A; E) = UN(h, + hz; A; E) 
TUN(—hj4 A; E) 
> UN(h, + hy — hy; A; EL 
Then the others follow, including (7.3.13). O 


For (7.3.14) we use the result for the S-integral, first taking c — 0, Then foi 
L, a major function of h;, 


e cL, AN = e) | LN | h, dN e ch, AN 
I I I I 


and cL, is a major function for ch,. Similarly for minor functions, and the 
result when c > 0. When c « 0, the result is true for |c|, and for | where 
major functions become minor functions and vice versa. 

For (7.3.15) we use (7.3.5) with (7.3.13) for the S-integral, on A, = hy, to 
have 


e| hy (K(t, uy t)dN(L t; J) = (8) | h4(K (tu); OUNC, (654), 
1 n 


I 


so that M, is also an Neminor function of h,, and 


MAI: LNG ALE) Niha A; E) & LN(I; A; E), 
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These results are analogues of the results for generalized Riemann integra- 
tion on division systems, which latter results begin the inductions. For the 
analogues of division space results for generalized Riemann integration we 
have the following: 


Theorem 7.3.2. 


(7.3.16) Let h be N-integrable over E. Then the N-integral exists over the 
partial sets of E and is finitely additive, when (T, 7, A) is additive. 

(7.3.17) When N > 0 and h N-integrable to H over partial sets of E, then HN 
is S-integrable. 

(7.3.18) If E,, E; are disjoint elementary sets and N(h; A; E;) (j = 1, 2) exist, 
then N(h; A; E, O E;) exists equal to N(h; A; E,) + N(h; A; Ej), 
when (T, 7, A) is additive. 


Proof. For P a proper partial set of E, EXP is a co-divisional partial set. Let 
(7.3.4) hold for all (I, t)e&.P. Then L,(P,) = L(P P,), or 0 for empty 
P A P,, is finitely superadditive. As (T, 7, A) is additive we can arrange that 
W satisfies U = (U . P) o (U .(E\P)), and as K(t, u) € I, (7.3.4) is true for Lo 
and all (Lt)e4. From (7.3.4), L(P)=L,(E)20, in particular, 
L(K (t, u)) > 0, and we have (7.3.4) holding for P. Now for L we can substitute 
the difference L — M of N-major and N-minor functions of h and so have, for 
P and EXP, and then taking limits, 


L(P) — M(P) > 0, 
UN(h; A; P) — LN(h; A; P) > 0, 
UN(h; A; E\P) — LN(h; A; E\P) > 0, 
L(E) > L(P) + L(E\P) > UN(h; A; P) + UN(h; A; E\P), ` 
UN(h; A; E) > UN(h; A; P) + UN(h; A; E\P), 
UN(h; A; E) — LN(h; A; E) > UN(h; A; P) — LN(h; A; P) 
+ UN(h; A; E\P) — LN(h; A; E\P) 
cach difference being non-negative. Thus 
(7.3.19) UN(h; A; E) — LN (h; A; E) > UN(h; A; P) — LN (h; A; P). 


Since N (h; A; E) exists, so does N(h; A; P) by (7.3.19), proving (7.3.16) since 
the UN are finitely superadditive, the LN finitely subadditive. For (7.3.17) 
and L, M the N-major and N-minor functions of h, then L > H > M, and for 
the S-integral in (7.3.15), 

S(LN; A; E) > US(HN; A; E) > LS(HN; A; E) > S(MN; A; E), 


AIIN A E) = S(MN;A; E) Au MIN A; E), 
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and N > 0 is S-integrable and 0 < L — M < L(E) — M(E), as small as we 
please, 


US(HN; A; E) — LS(HN; A; E) < (L(E) — M(E))S(N; A; E), 
and the S-integral of HN exists. This is a useful result for (7.3.11). 
For (7.3.18), if Lj, M; and 4/;€ A|E; are chosen suitably for E; (j = 1, 2), 
L(J) = L,(J^ Ei) + L,(J ^ E2), 
M(J)2 M,(JJn E) -àdá M) (Joh E;), USU UM, 
the last as (T, 7, A) is additive, and L and — M are N-major functions of h 


and — h, respectively, in E, U E;, giving (7.3.18) on taking L — M arbitrarily 
small O 


A function h: Y! — C, is of bounded N-variation over E, relative to A, if 


there are 4/ e A|E and a finitely superadditive L(P) > 0 such that hN and LN 
are S-integrable and 


(7.3.20) Ke | h(K(t, uy t)dN(1, t; J) 
I 


< e L(K (t, u)) AN(I, t; J) 
I 


(, t)e®). 


The N-variation N V(h; A; E) of h over E, relative to A, is the infimum of L(E) 
for all such L. If no such L exists we write symbolically, NV(h; A; E) — 
+œ. If NV(h; A; E) = 0, we say that h is of N-variation zero in E, relative to 
A. If a finitely additive H(P) satisfies NV(h — H; A; E) = 0, we say that H is 
the N-variational integral of h in E, relative to A. Also, if X € T we write 
NV(h; A; E; X) for NV(h.y(X;-); A; EL For teE* we say that h is N- 
continuous at t relative to E, A, if, given e > 0, there are a 4 € A|E and a 
finitely superadditive function L > 0 with L(E) < e and, for that t, 


(7.3.21) 


(S) | h(K(t. u); t) dN(L, t; n < e L(K(t, u) ANC, t; J) 
I I 


(, t) ear). 


(7.3.22) Clearly, if h is of N-variation zero in E then h is N-continuous at each 
te E*. 


Theorem 7.3.3. Let hN be S-integrable. For (T, 7, A) an additive division 
space, 

(7.3.23) NV(h; A; P) is finitely additive in the partial sets P of E, if finite. 
(7.3.34) If NV(h; A; E) is finite, then, given € > 0, there are a U € AJE and a 
non-negative finitely superadditive function L, on the partial sets of E with 
Li(E) < r and 
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(7.3.25) 
(| h(K (t, u), t) d, N 
I 


< NV(h; A; I) + eX L,(K(t, vd, N 
I 


(7.3.26) — NV(h; A; E) < LN(h; A; E < UN(h; A; E) < NV(h; A; E). 
(7.3.37) If his N-integrable, |N(h; A; E)| < NV(h; A; E). 
(7.3.28) If NV(h; A; E) = 0 then N(h; A; E) exists and is 0. 


(7.3.29) If H is finitely additive with HN — S-integrable then 
|H(E)| < NV(H; A; E). 


(7.3.30) If H >O is finitely additive with HN S-integrable, then H(E) = 
NV(H; A; E). 


(7.3.31) If h;N is S-integrable (j = 1, 2) with c a constant, 
NV(h, + hz; A; E) < NV(h;; A; E) + NV(h;; A; E), 
NV(ch,; A; E) = |c|NV(h,; A; E) 
Proof. For (7.3.23) let P, P, be disjoint partial sets of E, let e > 0, and let 
the finitely superadditive L,(P) have hN and L;N S-integrable, satisfying 
(7.3.32) L(P) = L(P Pj) < NV(h; A; Pj) + 3e 


and (7.3.20) for (I, t)e4/; and some %;e A|P; (j = 1, 2). Then as (T, 7, A) is 
additive, there is a WE A|P, u P, with V € Y, UY, and L,(P) + L;(P) is 
finitely superadditive and satisfies (7.3.20) for (I, t) e %. Thus 


NV(h; A; P, U P;) < L,(E) + L;(E) = L,(0,) + L2(P2) 
< NV(h; A; P4) + NV(h; A; P5) + €. 


Next, there is a finitely superadditive L(P) with (7.3.20) for P = P, UP), 
WeA\P,UP,, and 


NV(h; A; P, P) -e» L(Pa(P oP) 2 L(POP,) + L(P P5) 
> NV(h; A; P1) + NV(h; A; P;). 
As ¢ > 0 is arbitrary we finish with (7.3.23) in the form 
NV(h; A; P,) + NV(h; A; P5) = NV(h; A; Py U P3). 
For (7.3.24), the L satisfying (7.3.20) for E will satisfy also the conditions for a 
partial set P c E on taking a restriction of % to P. Hence 
L(P) > NV(h; A; P), L,(P) = L(P) - NV(h; A; P) > 0. 
As the N-variation is finitely additive by (7.3.23), L,(P) is finitely super- 
additive, Using Theorem 7,3.1(7,3.11) for S-integration, 


(8) | L(K(,u)dN = NVWA, D (S) LK u dN 
D Jl 


1 
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and we have (7.3.25). For (7.3.26), L in (7.3.20) is an N-major function of h and 
of — h, so that by definition 


— L(E) < LN(h; A; E) < UN(h; A; E) « L(E). 


Thus (7.3.27), (7.3.28) also. For (7.3.29), by Theorem 7.3.1(7.3.11) H is N- 
integrable to H(E) and (7.3.27) gives the result. For (7.3.30) we use (7.3.29) and 
also put L = h = H in (7.3.20), so that by definition, NV(H; A; E) < H(E). 
For (7.3.31) we use properties of the S-integral with 


e (L, + L,)dN = e L,dN + e L,dN 
I I I 
al han «el haan 
I I 


H 


> rl (h, + h;)dN 
I 


wf ch, an = lei 


e manl D 
I 


Theorem 7.3.4. 

(7.3.33) When N 20, S 2 0, the N-integral H of h in E is also the N- 
variational integral of h in E, and conversely if HN is S-integrable. Thus the 
N-variational integral is uniquely defined. 

(7.8.34) Further, h — H is N-continuous at each point of E*, 

(7.3.35) and NV(H; A; E) = NV(h; A; E). 

(7.3.36) If also h > 0 then N(h; A; E) = NV(h; A; E). 


Proof. (7.3.17) gives the S-integrability of HN when N > 0. Using Theorem 
7.3.1(7.3.11), (7.3.13) for the S-integral, we have for N-major functions 
L, — M of h, — h, respectively, 


e (h Han «9 | uc man, 

I I 

(9) [ur nav SU (H — M)dN, 
I I 


n | (h — H)dN 
JI 


«o ((L — H) + (H — M)}dN 
I 


(8) | (L — M)dN, 
Ji 


LIE) = M(E) = 8, 
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NV(h — H; A; E) = 0. Conversely, by Theorems 7.3.3(7.3.28), 7.3.1(7.3.11), 
(7.3.13), h — H is N-integrable to 0, H is N-integrable to H, and h is N- 
integrable to H. (7.3.34) follows, and (7.3.35) uses Theorem 7.3.3(7.3.31) with 
H = (H — h) + h, h = (h — H) + H. Theorems 7.3.3(7.3.29) and 7.3.2(7.3.17) 
give (7.3.36). 


Theorem 7.3.5. For (T,7,A) a decomposable additive division space, 
4 € A|E, and h: U — R, with hN S-integrable over E. For (X;) « sequence 
of sets of T with union X, 


(7.3.37) NV(h; A;E; X) «& Y, NV(h; A; E; Xj), 
j=1 
(7.3.38) — NV(h; A; E; lim inf X;) < liminf NV (h; A; E; X;) 
jo 


jo 
(7.3.39) In particular, if (X;) is monotone increasing, 
NV(h; A; E; X) = lim NV(h; A; E; Xj). 
jo 

(7.3.40) If NV(h — k; A; E) =0 and if N(f(t)hU, t; A; E) exists, so does 
N(f(t)kU, t); A; E) and the N-integrals are equal. 

(7.3.41) For (T,Z,A) a stable division space let h: 4&/!—R with 
NV(h; A; E; £(E; P)) = Ofor each proper partial set P of the elementary set E. 
Let & be a division of E from a U € A|E. Let r: T — R be such that for each 
(1, t) e & and some numbers g(I), r(u) = g(I) (ue I*NZ (E; I)), r arbitrary in 
1* ^ F (E; I), so that r is a step function based on E. Let f: T > R be bounded 
in E* with fh N-integrable over E, and let r be bounded in E*. Then there exists 


(7.3.42) N(frh; A; E) = (OZIN) | rai. 
I 


If (T, 7 , A) is also decomposable, then f, r need not be bounded but only finite. 


Proof. The indicators are functions of t but not of u, see (7.3.10), so that 
proofs are simplified. However, the analogues, Theorems 2.4.1, 2.8.1 are 
proved using divisions, and we need proofs of (7.3.37), (7.3.38) that follow 
Perron integration proofs. First we can assume that the infinite series is 
convergent. 


(7.3.43) If X © Y € T then NV(h: A; E; X) € NV(h; A; E; Y). 


Using this obvious result we can take the X ; mutually disjoint. Then to each 
i > 0 and cach X ;, there are a 4; € A|E and a non-negative finitely super- 
additive L; on the partial sets of E with 


LE) « NV(h; A; E; Xj) + 6274, 


(5) | ACK (tu) DAN — (S) | LCKR Gu) dN 
wl Jl 
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(I, de, te X ;). Decomposing the 4/;, there is a 4t € A|E with 4[X;] € V; 
(j21,2,...) and for this 4 with L = Kë L;, the result follows from 


NV(h; A; E; X) < L(E) < Y, NV(h; A; E; Xy) + €. 
j=l 


For (7.3.38) first take (X;) monotone increasing and put 


M,(P) = NY(h; A; P; Xj, M(P)= lim M;(P). 
jo 


We can assume M (P) finite for each partial set P of E, or else the theorem is 
trivially true for that P. In (7.3.25) we replace & by 8.27, NV(h; A; P) by 
M,(P), 4 €eA|E by Ve A|E, and L, by L,(j = 1, 2,...). Then for each j, 


e| WEAN ar t) < MO) + e L(K)dN 
I I 


<M(1)+ È (S) | L(K)dN 


-m+ | = L(K)dN 
St Jr 


by the monotone convergence theorem for the S-integral. Hence on the left 
we can let j — oo, and by definition have 


NV(h; A; E; X) < M(E) - Y, L,(E) « M(E) + e. 
j=l 

NV(h; A; E; X) < M(E) = lim M,(E). 
jo 


To prove the general case of (7.3.38), follow the proof of Theorem 2.8.1(2.8.2), 
with NV for V. 

For (7.3.40) we use (7.3.31) to show that b(h — k) is of N-variation zero for 
cach real constant b. Taking b = 1, 2, 3, .. . with (7.3.37), f (h — k) is of N- 
variation zero and so has N-integral 0. As fh is N-integrable, so is fk, with the 
same integrals. For (7.3.41) we change V to NV in Exercise 2.9.1. 


'The theory of the N-integral, the N-variational integral, and the N-variation 
were developed in Henstock (19605, c, 1961a, b, 1963b, 1983) Foglio (1963, 
1968, 1970, 1985), and Foglio and Henstock (1973). 


CHAPTER 8 


FUNCTIONAL ANALYSIS AND 
INTEGRATION THEORY 


8.1 INTRODUCTION 


In order to study continuous linear functionals on a space S of functions f 
integrable in a given sense on the elementary sets E of a division space 
(T, Z, A), relative to an integrator h, giving integrals 


(8.1.1) F(fh: I = | fdh (I< E, 
I 


we need to define the continuity in S. We use a norm || f ||, and this can be 
very different, depending on the properties of S. For example, if h > 0, and 
|fleS when fes, so that we have an absolute integral, we usually take 
IfI = F(|f|h: E) the integral being analogous to absolutely convergent 
series. Some S have h > 0 and some feS with | f|¢S, from non-absolute 
integrals analogous to conditionally convergent series, the kinds of integrals 
that, in the main, are studied in this book. For example, S can be the family of 
all functions integrated by the Cauchy-Riemann, or Cauchy-Lebesgue; or 
special Denjoy, or general Denjoy, or approximate Perron, or 
Gesaro-Perron integrals, etc. Here, many feS have F(|f|h; E) = + oo, so 
that kind of norm is useless. Instead we use 


(8.1.2) IfI = 2 |F (fh; 1)| 


over all partial intervals I of E, the supremum norm || F || of F, provided that 
this is finite for all fe S. If infinite for some fe S, then as h > 0, F (|f |h; E) = 
+œ also. Pfeffer (1988/19898) gives an example of such an S. 
Now F (fh, I) = F (gh; I), finite, for all partial intervals J of E if and only if one 
integral is finite and f = g h-almost everywhere (Theorem 2.4.1(2.4.4), (2.4.5)]. 
Thus a linear functional L(f) is also a linear functional L,(F) of the F if 
L(f) = L(g) when f — g = 0 h-almost everywhere, or || /— g|| — 0. If L is 
also continuous then ||/— g!| 2 0 implies L(f—g)=0, and L,(F) is a 
continuous linear functional of F using (8.1.2) for norm. Step functions in 
S give particularly simple F, say Fy. For continuous h, F is also continuous 
(Theorem 2.5.4(2.5.13)} so that the space S* of F can be embedded in the 
space C(E) of functions continuous on partial intervals of E, which can be 
approximated by the Hun, Thus by continuity L; extends to a continuous 
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linear functional on C(E), which opens the way to use the Riesz representa- 
tion theorem and so eventually to find the form of the most general continu- 
ous linear functional of the F of (8.1.2). See Alexiewicz (1948). 
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For c > 0 let o: [0, c] ^ R be monotone increasing. As + oo is not in IN, 
we imply that all values of ọ are finite. Then @ is of bounded variation, 
every difference being non-negative, and the sum of moduli of differences 
of -values over [0,c] is o(c) — (0). For convenience we assume that 
p(t) = o(t—) (0 < t < c) and we define dr: To, o(c)] ^ [0, c] by 

y(u) = inf{t: 0 < t < c, p(t) > u}. 


In this case we say that y is the Young inverse function of o. 


'Theorem 8.2.1. 

(8.2.1) For q, V as given, y is finite and monotone increasing and 

(8.2.2) y(u) = Wu — Weil < v € o(c)), 

(8.2.3) W(o(t) —inf(:o() = g(t), O<v<t}OK<t< 

(8.2.4) If also @ is continuous at y (u) and (0) < u < q(c) s on H. 


Proof. If q(0) <u <v < (c) then y(u) < y (v) by the monotonicity of q. If 
for fixed k and some u in ol < u < (c), V(u — ) < k < y(u), then for every 
w <u, W(w) < k, w < o(k) < u. But if we take w = 4{ep(k) + uj the result is 
falsified. Hence (8.2.2). For (8.2.3), 


Viol = inf{z: p(z) > p(t), 0€z «cj 
while one value of z is t. For (8.24), if t>w(u) then p(t) su, so 


qu) +) z u. If t« Wu), ol «u, git) —) <u. Continuity of p at 
eil gives (8.2.4). O 


Theorem 8.2.2. In Theorem 8.2.1, if 0 xa c b &c, then for Riemann 
integrals, 


(8.2.5) | pdt + | V do = bu —aq(a) (qp(b) <u  q(b4)) 
[a,b] [P(a), u) 


Proof. op and y are bounded and monotone increasing, so that the (wo 
Riemann integrals exist, Let a = ug € uy m cho € Um ™ b bea partition with 
uj sq <6 (om 1, 2,.. m) for given 6 > 0, If uyc(o,w] & La, b] with 
p(w) = po) but p(t) - p(y) (t = v»), we replace uj by v, Then several uj 
may be replaced by the same i, Also the mesh may be altered, But as qi is 
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constant in (v, u;] the mesh increase is not important. If pedantically neces- 
sary we can insert extra division points to bring the mesh down. The second 
partition is the transform of the first by o. 


(8.2.6) o(a) = p(uo) < p(u1) < ` `` < (um) = o(b) < v. 
V(o(uj) = uj - 1,...,m-— 1), y(u) =b 


by Theorem 8.2.1(8.2.3) and by definition of y. Thus we have sums for the two 
integrals, 

m m-1 

È lw-u u-i) Y, yolu) 


Zei 


x {p(u;)— e(uj-1)) + W(u){u — (Um —1)} 
m m-i 
= p 9(u;-1)(u; — uj-1) + 2, ujto(uj) — o(uj-1)) + bin — o(u,-1)) 
= bu — ag(a) 


on cancellation. The mesh of (8.2.6) need not tend to 0, because of the 
discontinuities of o, which introduce intervals on which w is constant and 
where we can take extra division points without affecting the sum over 
| (a), u], so that the mesh then tends to 0. Hence (8.2.5). O 


By these means we have prepared the ground for the proof of Young's 
inequality, which is in the next theorem. 


Theorem 8.2.3. In Theorem 8.2.2, if O <a<c,0=@(0) <b < o(c), then 
(8.2.7) Q(a) + V(b) 2ab where 


®(a) = | o(t)dt (a>0), (0) = 0, 
IO, al 

V (b) d W(u)du (b 0) ¥(0) — 0. 
[0, b] 


(8.2.8) Equality occurs in (8.2.7) if, and only if, p(a) <b < q(a +). 


Proof. We use Theorem 8.2.2(8.2.5) repeatedly, particularly for the case of 
equality. Since (0) = 0, y is defined in [0, o(c)], and the results are obvious 
ifa — 0 or b — OQ. If (a 4- ) « t € c, then by definition of y, dit > a. Hence 
ifa 7 0, b 2 0, b > pla+), 


D(a) + V(b) = D(a) 1 V (op(a +b )) 4 y du 


J pta t) b) 


- aq(aM) + a(b — pla 4» = ab, 
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If 0 < b< (a), there is a t in 0 < t < a with 
e(t) &«b«o(t*) p(x)>b (t< x< a), 


e (a) + V(b) = e(t) + V(b) + | Q9 dx 


[t, a] 
> tb + b(a — t) = ab. 


Hence if equality holds in (8.2.7) then the range of b is in (8.2.8). Conversely, if 
that range holds, (8.2.5) gives equality in (8.2.7) and (8.2.8) is true. O 


We now use Young’s inequality to prove some elementary inequal- 
ities involving ® and remembering that f: T R* is h-measurable if 
min( f, m)h is integrable for every integer m. 


Theorem 8.2.4. Let (T, 7, A) be an additive division space, let h: 2 15 Rt, 
f: TOR*,g: TO R*, f and g being h-measurable, and let a, b be positive 
constants. Then 


(8.2.9) | (af)dh + | (bg) dh > «| fg dh, 
E E E 


with equality if and only if 
(8.2.10) @(af(t)) < bg(t) < o(af (t) 4-), for t h-almost everywhere. 
If for a = ao, b = bo, the left side of (8.2.9) is 1, then 


(8.2.11) | fa dh < ag! bg !. 
E 


Proof. As ®(f), V(f) and r(f) —f? are convex functions of f we use 
Exercise 4.1.1 to ensure that because of the h-measurability of f and g, (af )h 
and V(bg)h are integrable if and only if, for some 4/ e A|E and all divisions d 
of E from 4, the sets of sums 


(8.2.12) (E) @(af)h, (4)Y W(bg)h, 
respectively, are bounded above. To prove (8.2.9) we can assume that the left 


side is finite, so that for some % e A|E the sums in (8.2.12) are bounded for all 
divisions & of E from 4. Hence by (8.2.7). 


(4) Cfg)h 


is bounded above, independent of the divisions d over E from %. Hence the 
right side of (8.2.9) exists and the inequality follows from (8.2.7), rearranged as 


pit) = equa) Wig) — abf (gt) > 0. 
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If equality in (8.2.9) then the integral of ph over t is 0, so that as ph > 0, the 
integral over every partial set of E is 0. By Theorem 2.6.1(2.6.1), p — 0 
h-almost everywhere, so that (8.2.10) follows by Theorem 8.2.3(8.2.8). Con- 
versely, (8.2.10) gives p(t) — 0 h-almost everywhere, and equality occurs 
in (8.2.9). Finally, (8.2.11) is obvious, with (8.2.10) for equality when a — do, 
b = b. 

An example of the inequalities is given in Example 8.2.1, but the most 
familiar o is p(t) = t"^! where p> 1 is fixed. For (q — 1) (p —1)=1 or 
q-—p/p-—1) or l/p-l/q—l, v(u)—wu*^!, d(t) — t?/p, W(u) = u*/q, 
and (8.2.9), 


| af? dh/p + | b*g* dh/q > ab | fg dh, 
E E E 


ast =| reas, b= | g^ dh, 
E 


(8.2.13) I fg dh « ( I, fran)” ( h sa) 


(f20,9 >0,p>1,q> 1, 1/p + 1/q = 1) 


with equality if and only if a?~*f?~* = bg, a? f? = b%g4, h-almost every- 
where; i.e. 


(8.2.14) f”/g" = constant h-almost everywhere. 


Thus we have Hólder's inequality for integrals, with the condition for. 


equality, Hólder (1889). Replacing f? by f, oi by g, 1/p by s, we have 


D 1-s 
(8.2.15) recs (ron) (| gan) (f>0,g>0,0<s< 1). 
E E E 


See Theorem 2.7.7. 


We denote by L” the space of all h-measurable functions fon E* (i.e. those f 


for which f, = min (m, max(m — 1,f)} and f,h is integrable over E) with 
N( f, 0), finite, where p > 0 is fixed and form — 0, +1, +2, +3,..., 


N(f,g), = i | f(t) — g(t)|? dh. 


For p> 1,| fl, NULL 0)}” is a seminorm, which follows from Minkowski’s 
inequality. When 0 < p < 1, NULL 0), itself is a seminorm. 


Theorem 8.2.5. 
(8.2.16) If f, g are in L”, so is f+ g, and (Minkowski's inequality) 
IP ap SAS c dal, (Lp co) 
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(8.2.17) When f 2 0, g 2 0, equality occurs in (8.2.16) if and only if for 
constants a > 0, b > 0, with a + b > 0, af (t) = bg(t) h-almost everywhere. 


Proof. To show that f+ ge L? (0 « p « oo), if, for some t, 


Liza, If+ gP «fI Ig < ISI. 
If Lok |f gl <2?\g/. 
If+ gl? < (IfI + Igl?) 
for all t. Integrating and using the monotone convergence theorem with 
h-measurability, f+ geL? (0<p< o) Next, from Theorem 2.7.7 


with t=p \(l<p< œ) and (p—I1)g=p, IfI(Ifl-- 1g" 'h and 
lgl([f| + gl)? 1h are integrable on E. Using Hólder's inequality, 


| (fI + gl)? dh = | ISISI + 1gD^ * dh + j lgKlf£l-- 1gl? dh 
E E 


l G frase ^ (|, eran") 
i (ug 4 ran) 


The inequality follows on dividing by the last factor when positive. When 
zero, then, h-almost everywhere, | f| + |g| = 0, f = 0 = g, and (8.2.16) is true. 
Omitting this last case, of equality, equality holds in (8.2.16) if and only if both 
Hólder inequalities are equalities and for some constants a, b, and h-almost 
everywhere, 


If? — b(f£1-- lgi}, Igl* — a(Lfl - lgl}, alf] = big. O 


Theorem 8.2.6. 


1/q 
(8.2.18) lim H DE = lol. = esssup {|g(t)|: te E*), 

q>% NJE 
the supremum of all constants b for which the set X, of t where |g(t)| > b, 
has V(h; A; E; X,) > 0. 


1/q 
Proof. b. V(h; A; E; X)! < (| gran) < llgllo V(h; A; END, 
E 


since. the set of ¢ with |g(t)| > ||gl,,, has A-variation zero. (Take 
lat o Woll + Lm, m= 1, 2,.... We cannot replace 1/m by 0 since (a 
priori) the supremum could be attained.) Hence the result by letting q — o 
first, EL] 


190 THE GENERAL THEORY OF INTEGRATION 


Denoting by L” the space of all h-measurable functions g with ||g || finite, 


Hólder's inequality becomes the obvious inequality 


(8.2.19) | | fg dh 
E 


< NE [ua I llo = WF la UE 


which of course is useless unless the right side is finite, and so ||g||,, =0 
(ie. g = 0 h-almost everywhere), or || f ||; < oo and 0< |gl,, < oo (ie. 
g is bounded h-almost everywhere. 


Theorem 8.2.7. 
(82.20) Iff, g arein Ly, so is f + g, and |f - gl &llflla + lgl 


(8.2.21) Equality holds in (8.2.20) if and only if, for each ¢ > 0, the sets X, 
and Y, where |fl>|fle— lgl» gl —€ respectively, have 
V(h; A; E; X, ^ Y,) > 0. with fg > 0 h-almost everywhere. 


Proof |f*-gl&lfl-* ligi Slflis + lgl.  h-almost everywhere, for 
(8.2.20); the last two inequalities have to be equalities in the case of equality, 
and the proof of (8.2.21) is straightforward. 


Theorem 8.2.8. For fixed fe L? and all ge L^ with Vol, = 1, 


(82.22) sup E dh = sup i lfgidh = |fll,llgl, (1 <p <æ). 


provided that when p = œ each h-measurable set of infinite h-variation con- 
tains an h-measurable set of finite non-zero h-variation. 


Proof. For sgn(x) = x/|x| (x z 0), sgn(0) = 1, we put g sgn ! (fg) for g so 
that fg becomes | fg| without altering ||g ||,. Next, if || f ||, = 0, f = 0 h-almost 
everywhere, in all cases, and (8.2.22) is trivial. Then when p — 1 we take 
g(t) = 1 everywhere, the integral of fg being || f||,, and the result is true. 
When 1<p<o, we take |fl,-0, g-—Ifl" */IF IP ^ IJa = 
IAPA I+, lol, =1 since q(p — 1) 2 p. Thus the integral of |/g| is 
lfl,., When p= œ, q=1, II. >0, let £20. Then the set where 
Ifl> Ur. —e is or contains a subset X with 0< V(h; A; E; X) 
= V(X) « oo and x(X;-)h integrable to V(X). Taking g(t) = V(X)x(X;-), 
lgl = 1, 


| |Jg|dh = V(X)! | IO OAI > |f ilo — 6 
E JE 


and ¢ > 0 is arbitrary. |] 
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For most of the general Young functions ®, Y, we cannot prove a result 
like Theorem 8.2.4(8.2.11), so that it is usual to take the conclusion of 
Theorem 8.2.8 as a definition, proceeding as follows: 


Let L& be the set of all real-valued h-measurable point functions f with 
(| f |)h integrable over E. L$ is not always linear, for see Exercise 8.2.2. We 
define Lg to be the set of all h-measurable f for which || f lle is finite, where for 
all h-measurable g with 


| V(lgDdh €1, |flo- sup I |.fg| dh. 
E 


Theorem 8.2.9. The space Lg is linear, and if f,, f; are in Le, 


(8.2.23) Ifi t lle € Ifilo + I fallo- 
(8.2.24) IffeL$ then |f lo < f, 9f) dh + 1 and L3 = Lo. 
(8.2.25) In the definition of || f lla, K fg dh can replace M | fg| dh. 


(8.2.26) Let every h-measurable set of non-zero h-variation contain an h 
measurable set of finite arbitrarily small non-zero h-variation, and let y be not 
identically zero. Then || f || = 0 if and only if f = 0 h-almost everywhere. 


Proof. The scalar multiplication is clear, and addition of f,, f; in L4 follows 
from 


| WIELER 


and 


| (fi iaa: [ ath | Ifagldh < fila + it 
E E 


Hence (8.2.23). For f, g, h-measurable, Theorem 8.2.4(8.2.9) gives Young's 
inequality, the last integral being not greater than 1 in the definition of || fla 
Hence (8.2.24). We have already multiplied g by sgn! (fg) to prove (8.2.25) 
Then in (8.2.26), if || f | = 9, m |f/g| dh =0 for all h-measurable g with 
d V (|g|) dh < 1. Thus fg = 0, h- almost everywhere, for these g. HI ^ 0 on an 
h. measurable set X of non-zero h-variation, then X is or contains a set X,, 
also h-measurable, with non-zero h-variation as small as we please. T situa: T 
k > 0 for which ‘¥(k) > 0, let 


0 < (kK). VAS A; Els, git) 9 kxCX 0, Mal m Jy #0 


in. X,, contradicting that Jy = 0 /i-almost everywhere, Hence (8.2.26) || 


Vheorem 8.2.10. 
(82.27) If fe La and || f la gu. then UI f a lies in La. 
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(8.2.28) If also there is a constat M0 such that 
@(2t) < MO@(t) (t 2 ty > 0), then La = Lë. 

(8.2.29) (Holder's inequality for Orlicz spaces) If fe Lg, g € Ly, and f, g are h- 
measurable, with the conditions of (8.2.26), then fgh and |fg|h are 
integrable and 


Loo < I Ifg| dh < Ilf lo lig lw- 


Proof. For q > 1,v > 0, y being monotone increasing, 


‘P (qv) — (v) = | V (t)dt > (qv — v) v (v) 


[v, qv) 


2 (q—1) I, a - (q — (v), 


(8.2.30) Y(q) > q¥(v) (q21,v20) 
the extra cases being trivial. If 1 < |g||$ = fzW(Igl) dh « oo, (8.2.30) gives 
Tg) > lal V(gl/ligl$). 


| ¥(a\/lali)dk < | Wah dh/to ts = 1. 


It follows by definition that 


|, faf lg II dh < If lle | unas <S If lo lal Clg > 1), 


| Ifg|dh < ||fllok(g), k(g) = max(lgl$, 1) (all ge Lf). 
E 
As f is h-measurable, so are |f|/||flle and GUTT Taking 


voll Tal, h-measurable, there is equality in Young's inequality 
(Theorem 8.2.4(8.2.10)) at every point, the integrals below existing. Thus 


k(g) > | (IJ f lo)g| dh = | $( f/f lla) dh + Ig le. 
E E 
| DSI lo)dh=0 if ko) = lgl. 
E 
If K(g) > lg lb, then k(g) = 1 and so 


| «fp f lo) dh s 1, 
JE 


and in either case (8227) is true, For (8.2.28) LEO La by 
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Theorem 8.2.9(8.2.24). If fe Lẹ and ||fllẹ #0 then f/|| f|@€LZ% while for 
some p, || f lo < 2”, 


D(IS) < M*9(|f)/2^) < MOUS lo), 
| (| f]) dh < w | etri) « M? 


and fe Lx (assuming ty = 0). If tg > 0 we write f = fı + f; where f; = f on the 
set where | f|/|| f lo < to and f, = 0 elsewhere. Then (|f, |) is bounded by 
(ty || f lo) and is h-measurable, and so is integrable with respect to h. We 
prove the integrability of (|f;|)h as for t; — 0, and (|f) = 4(|fil) 
+ € (| f; |), giving (8.2.28). For (8.2.29), f, g are h-measurable, so fgh and | fg|h 
are integrable. For ||g |y = 0 implies g = 0 h-almost everywhere (Theorem 
8.2.9(8.2.26)) and the result is trivial. Otherwise, in the proof of (8.2.27) we 
replace f, by g, V and have ||g/||g|ly ||} < 1, so that by definition 


| |fg| dh = [irtanatesettate <\lfllellglly. C 
E 


In the statement of (8.2.28) we can replace 2 by any number N > 1. But the 
condition is still very restrictive and is not satisfied by the ¥ of Example 8.2.1. 

We have seen that || f ||; is a seminorm. In order to apply Baire's density 
theorem we look at the completeness of Lg, first the L, spaces, where the only 
condition on h is h > 0. Then we use it to prove the result for Ls, with h 
restricted. 


Theorem 8.2.11. Let h > 0, let ( f; (t)) be a sequence of point functions, let p be 
fixed in (0, oo), and for 


N(f. 9) = [u- g|" dh, 


let N ( fj, kl exist for every pair j, k of positive integers. Given e > 0, let there 
be a p(s) for which 


(8.2.31) N(f.f),«s  (aljkzp(). 


Then there are a point function f and a subsequence (j(r)) of positive integers 
tending to infinity, such that 


(8.2.32) f(t) = liM,- o fi (t), finite, h-almost everywhere in E*, and for each 
positive integer j > p(c), the integral below exists and 


(8.2.33) N (fj, f) € €. 
(8.2.34) If g satisfies the conditions for f in (8.2.33) then g =f h-almost 
everywhere, showing the essential uniqueness of f. 
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A sequence satisfying (8.2.31) is called fundamental or Cauchy, one satis- 
fying (8.2.33) is called convergent to f, and the theorem shows that every 
fundamental sequence is convergent, and the function space is complete. 


Proof of theorem. For (j(r)) a strictly increasing sequence and X, a set with 


(8235) N(f.f) «2 (KEIM) Vf fie «901227 
respectively, by Theorem 2.7.4(2.7.7), 
27" V(h; A;E; X) < Fait) — firs (I^ AW, t); ASE) 
= N (fi fj + D) 2 aE, 
FUMES, ) «27. 


T | fie (t) — full < b Q^. ue (ve Yu = 


x) 


ics 


Kal 


lim n fin (©) = fiay(t) + ZU ^e n (6) — fi (0) 


exists as a function f(t) in \X where 
X= () Yu. Vh; A; E; X) &V(h; A; E; Yy) «2 Tei — 279), 
V(h; A;E;X) = 0. 
Thus f exists h-almost everywhere. By Fatou's lemma (Theorem 3.3.4), 
| |) — f(t)? dh < lim int | ILO — fim (If db <e (j > ple), 
E roo E 
and (8.2.32), (8.2.33) are proved. If also, for every € > 0, 
| lft) — g()" dh <e (j> 4(e)), 
E 


then by Fatou’s lemma again, 


| I f(t) — g(t)|? dh SEN Ifa (t) — g(t) dh < « 
E ro E 


| |f (t) — g(t) |? dh = 0. 


By Theorem 2.7.4(2.7.7) again, 
Hm — ga)" AC, t); A; E) = 0, f) = g(t), 


healmost everywhere, and we have the essential uniqueness of f [1 


To extend the completeness to Orliez spaces La, Lw, we restrict h, 
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Theorem 8.2.12. Let h > 0 be VBG* relative to a sequence (X ;) of mutually 
disjoint h-measurable sets with union T. Then Ls is complete. 


Proof. Given e > 0, there is a p = p(e) such that for all g with 0 < |g||$ < 1, 
(8.2.36) | lf, —Kl.lgldh «e (j,k > p(e)). 
E 


If = 0 everywhere, so is ®, L4 contains all h-measurable functions, and we 
have only to prove that the limit function of a sequence of h-measurable 
functions is h-measurable, the h-measurability of f being defined by the 
integrability of f*h where f* = min (max(m — 1,f), mj, and m=0, + 1, 
+2,.... As every f* is bounded by m—1 and m we use the 
Arzela—Lebesgue test. 

If ọ is not identically 0, there are points r > 0, s > 0, with 


s—-o(r, iser, yu) <r(u<s, W(usru(uxs, lim Y(u)=0 
u 70+ 

and is smaller than any positive number, for u small enough. But if 

(0+) > 00), X =0 in Com, (0 --). Thus, given 0 « V(h; A; E; X) 

< œ, there is a constant v > 0 with V(v) < V(h;A;E;X)~*. If g = vy(X;*), 


| WY (\g|)dh = W(v)V(h; A; E, X) <1 
E 


Taking X = X, in turn, for | = 1,2, . . . , and amalgamating all sets X, of h- 
variation zero with the first X, with finite non-zero h-variation, and re- 
numbering, (8.2.36) gives 


| li —felx(Xis*)dhiv,<e (j,k > ple), 


and Theorem 8.2.12 with p = 1 ensures that there is a subsequence (r;(s)) 
tending to infinity, of the positive integers, such that f, (t) tends h-almost 
everywhere in X, to a function f (t). By the proof we can arrange that (r;+1 (s)) 
is a subsequence of (r,(s)) and then the diagonal sequence DON 
with r(j) = r;(j), is a subsequence of (r;(s)) from the jth term onwards. Hence 
Lull tends to f(t) h-almost everywhere in the union T of the X,, and 
applying Fatou’s lemma to (8.2.36) with k = r(j) then uniformly in g 
with |gll$ < I. 


| I -S\lgidh se Uzpntch It" (G>), 
JE 
and La is complete. Uniqueness is proved as in Theorem 8.2.11. Il 


Next we need a condition to circumvent Exercise 8,2,2, 
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Theorem 8.2.13. Let h > 0 be VBG* relative to a sequence (X,,) of mutually 
disjoint h-measurable sets with union T, with ( fj) S La, (gj) E Ly, and let f, g 
satisfy | f; — f lle ^ 9, lg; — g ly > 0. Also, for some constant M > 0 let 
(8.2.37) l.file€ M. lgl <M (G=1,2,...). 


Then fe Ls, g € Ly, and f;g;h and fgh are integrable with 


(8.2.38) | fg, dh > | fg dh. 
E E 


Further, if the conclusions of the Theorem hold, then (8.2.37) is true. 


Proof. Asin the proof of Theorem 8.2.12, a subsequence (r(j)) of the positive 
integers and tending to infinity satisfies f) (t) —> f (t) h-almost everywhere 
convergent, and so for a subsequence (s(j)) of (UI, 9scp(t) > g(t) h-almost 
everywhere, and f, (t) ^ f (t) h-almost everywhere. Thus if g is an h-measur- 
able function with |g||$ < 1, and by Fatou's lemma, 


i idi = | tim inf fay adh < timint | fg | dh < lim inf | fo lo € M. 
E E j>% j*o JE joo 


Hence fe Ly. Similarly ge Ly, ||g/llg lly || < 1, and f (g/l|g || )h is integrable. 
Similarly f;g;h, figh, fg;h are all integrable for each j. Using Hólder's inequal- 
ity, Theorem 8.2.10(8.2.29), 


|f oan es Í saan - Lu —f)s * fa; — 9) + (f; — fYg; — 9) dh 
< Ilf; — folge + IF lela; — gle + lf; —flolg; — gle +9 G> oco). 


To prove (8.2.37) from the conclusions, by Theorem 8.2.9(8.2.23) and fe Lo, 


Ihle <I —fllo + Ule 
and similarly for ((|g;|ly), giving (8.2.37). O 


The next result has an affinity with Theorem 2.9.6. 
Theorem 8.2.14. For (T, 7, A) an infinitely divisible, decomposable additive 
division space, h:4t! — R* satisfying, for every partial set P of E, 
(8.2.39) V(h; A; E; F (E; P) = 0, 


and f: T + C, h-measurable and with D(| f |)h and h integrable on the elementary 
set E, then f is the limit h-almost everywhere of a sequence of step-functions and, 
given & > 0, there is a step function f, with | f — f, lla < v. 
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Proof. By Theorem 2.7.4(2.7.7), as h > 0 and ®(|f|) > 0, 


[a = V(h; A; I) = V(I), IE = V(d(|f|)h; A; I) = VU), 
I I 


and by Ex. 3.24, V, is absolutely continuous with respect to V. Thus we 
use the first part of the proof of Theorem 3.2.4 with ®(| f1) replacing / and 
noting that (f) is continuous, and strictly increasing in [S, + ), 
where S = sup (t: (t) = 0}. Let tmn be the unique solution of 


$(t,)—m.2"" (m,n> 0) 
and let f,y be defined by 
San (t) = tm-2,n(tEPm 3 eme NL OteE\(P3U...U Py). 
Clearly f, (t) is monotone increasing and tends to the finite limit as N — (o 
LI = tm—2,n (te P, m 2 3) 


with ®(f,) h integrable, as shown in the proof of Theorem 3.2.4. Then « /,) 
is shown to tend to a limit h-almost everywhere. As 2^" > 0, then tm, > 5 
(m,n—1,2,...) and 6 is strictly increasing and continuous in t> S. 
Hence f, itself tends to a limit h-almost everywhere as nx Next, 
taking f > 0, (fe (Ig) dh < 1) 


|f — f llgl SHANI (f) + OCR) + 2F (gl) < OL) 90) 


+ ¥ Op) - D-a) 29. 


= A, say, | awans | na: | eua E (V) + 2)2 4 2, 
E E E 


E 


again using Theorem 2.7.4(2.7.7), and (3.2.16). 

Thus we can use the Arzela—Lebesgue test to prove that || / = Jallo il 
and so we can choose a suitable n for the last result, when f > 0. 

For fe C we can write f= k, — kz + i(ky — k4) with k, > 0(J — 1, 2, 4) 
and k;e L$, for which there is a sequence (km) of the above type with 
I kj ] Kin lo e 0, If- kin is kzn IK às ik, lla < Hir 1 | kj k jn lla WU 
giving the theorem. L 


Example 8.2.1 Let p(t) = 0, d(r) = 0(0 («e '!) and 
p(t) = logat + 1, D(t) = tlog, te ‘ig eo), 


Then V(y) = 0 (y = 0), e" Ti > 0, VO 4 ) ee 1 Wy) = ei e ', and 
we have the inequality 


(8.2.40) aloga +e’ ! ab (ace ' hi0) 
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with equality for b —log,a + 1. If 0 < a «e ', b > 0, then 


e7! — e7! =e7!(e — 1) >e7tb > ab, 
and alog,a has a minimum at a — e !, giving (8.2.40) again, with strict 
inequality, and (8.2.40) is true for a > 0, b > 0. 


Example 8.2.2 Let (fj) be convergent in mean to f with index p and let g be 
any function. Prove that ( f; + g) is convergent in mean to f + g with index p. 


Example 8.2.3 A sequence ( f;(t)) can converge in mean to f (t) without being 
pointwise convergent anywhere in T. For if T = [0, 1] with f(t) = 0 there, 
except for the two sloping sides of a triangle, the third side being on [0, 1], 
then as j — oo let the area of the triangle tend to 0 while the triangle moves 
repeatedly from 0 to 1 with height tending to infinity. 


Exercise 8.2.4 Prove that if a sequence (f;(t)) is pointwise convergent h- 
almost everywhere, and convergent in mean, then the limits are the same 
heulmost everywhere. (Hint: Use Fatou’s lemma.) 


Exercise 8.2.5 Show that if lim,- V(t) = c < œ, then Ls S Lo, Ly 2 L,. 
Prove that if also h is integrable then Lg = L4, Ly = Li, 


Exercise 8.2.6 (Zaanen, using Lebesgue integration) Let h 0 with 
UU A; E) finite. Prove that if © (t) < e(t) (t 2 to > 0), then an h-measurable 
fe Li is also in Lë. In particular, if fe L? then fe L’ for 1 <q <p. 


Exercise 8.2.7 (Zaanen) Prove that if fe L? ^ L'(p < q) and if r e(p, q), then 
fe L", even when V(h: A; E) = + oo. Note that one or both of p, q could be in 
(0, 1). (Hint: Consider sets where | f| < 1 and | f| > 1.) 


Example 8.2.8 (Zaanen) For [0,4) on the real line and h([u, v), t) = v — u, 
then (tlog? t)! is in L? for p = 1 but for no p > 1. 


Example 8.2.9 Let (~,(t)) be an orthonormal sequence for the elementary 
set. E and its space L’, ic. for certain A, E, 


` f0 U dh 
mp Ah = s 
Ju A (j = k). 
If, for real aj, 5’, a] <o, then f, Xy ajo converges in mean 


with index 2, as m = œ, 
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83 THE FUNCTIONAL ANALYSIS OF CONTINUOUS 
GENERALIZED RIEMANN INTEGRALS 


Following the part of the introduction in Section 8.1 that deals with non- 
absolute integrals, we take a decomposable division space (T, 7, A) with a 
topology 4, and first study the space S of functions f generalized Riemann 
integrable relative to a continuous integrator h over a $-compact elementary 
set E. The continuity of h implies the continuity of f (t) (1, t) for a fixed te E*, 
and so by Theorem 2.5.4(2.5.13) the continuity of the integral of fh for the 
same fixed t, as (I, t) e4/ and & shrinks in A |E. Since E is $-compact, this 
implies that the integral of fh has values in a compact set of K, the set of 
values. Thus the integral is bounded in E and for seminorm we can use (8.1.2), 
i.e. 


(8.3.1) IfI = Sup PLE. Liss UEL, FOS fsan 


with the supremum over all partial intervals I of E. 

If we drop some conditions of this section we may have an infinite norm, 
and would then need another norm. 

\| f || = Oif and only if F (I) = 0 for every partial interval J of E, hence, if and 
only if f — 0 h-almost everywhere, by Theorem 2.4.1(2.4.4), (2.4.5). Thus as 
usual we regard || f || as a norm. A linear functional L( f) of the fe S is a linear 
functional L,(F) of the integrals F if two functions with the same integral 
have the same value of L, so that the two functions are equal h-almost 
everywhere. This holds when L is also continuous, for then |f —g|| =0 
implies L(f — g) = 0 by continuity. Thus to study continuous linear func- 
tionals L( f), it is enough to study continuous linear functionals L, (F). The F 
lie in the space C(E) of continuous finitely additive interval functions on 
partial intervals of the Y-compact elementary set E, with supremum norm 
IF ||. As h is continuous it satisfies Theorem 2.9.6(2.9.25), that the frontier 
star-sets 4 (E; P) have h-variation zero, so that we can use step functions f 
based on divisions of E (see Exercise 2.9.1), the integrals of which f are 
everywhere dense in C(E). These integrals are absolute integrals if hz Q0. 
Following Alexiewicz (1948), by the continuity of L, we can extend L, to the 
whole of C(E) and then use an analogue of the Riesz representation theorem, 
an analogue since C(E) is not a space of continuous point functions. This 
theorem is best proved by going a little way outside C(E), as will be seen. 


Theorem 8.3.1. Let (T, Z,A) be a stable infinitely divisible decomposable 
additive division space, let h:%' > IR* be integrable in E and 
(8.3.2) V(h; A; EF (E; P)) = 0 


for all partial sets P of E, and let LCf) 9 Lut) be a continuous linear 
functional on S using || F |a, assumed finite for all fe S, Then an h-measurable 
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u(x) integrable relative to h in E exists with |u(x)| < || F ||, the norm of F, and 
(8.3.3) L(f)=L,(F)= wf u(x)dF (fI) = wf u(x) f (x) dh, 
E E 


for every f with fh and |f | h integrable in E. 


Proof. c(J) = L((J*;t)) = Ly (af x(J*;t) an) 
I 


= LU eo H(J)= [ar 
for J a partial interval of E. As H is finitely additive, so is c, and also as h 7 0, 
le) < LI xa o J*;0l = (LI ACO J) Ilo 
= Léiler? = | L| H(J), 
V(c; A; E; P*) = Hie A; P) 
(8.3.4) V(c; A; E; X) 


< | ZI H(P) = (L| V(h; A; E; P*), 

<S |Z|. Vh; A; E; X) 

for X — P*, and so for X a union of a countable number of disjoint P*. Now 
let X be the intersection of a monotone decreasing sequence of such sets, (X ;). 
Then 


V(c; A;E; X) < V(c;A;E;X;) < || L|| V(I; A; EX, 


Pm AEX) = [ van = | dh — V(h; A; E; X;) 
E E 


-f o | xO X; nan 
E E 
— V(h; A; E; E*) — V(h; A; E;\ X) 


< V(h; A; E; X). 


Hence c is absolutely continuous relative to h in E when only countable 
intersections of countable unions of P* are used. They are sufficient to prove 
Theorem 3.2.4 with c integrable as finitely additive. Thus, for |u(t)| < || L ||, 


c(J) — | u(t) dh. 
J 
lor g a step-function based on a division & of E, 
IDEY OSO, Lig) = (0 gae | u(t) g(t) dh 
E 


Using limits of step functions we prove (8.3.3). {1 
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It is an interesting exercise to find which earlier theorems are used at each 
stage of the proof. 

W.L.C. Sargent introduced «- and f-spaces, to use functional analysis 
methods to find properties of Denjoy—Perron integrals, see Sargent (1953). 
Since then, Bourbaki introduced barrel spaces and B. S. Thomson (1970) 
proved directly that the spaces in question are barrelled. 

Extending slightly the F € C(E) to include F (P) for partial sets P of E, with 
F (empty set) = 0, we have the following. 


Theorem 8.3.2. Let (R, Z, A) be a stable, infinitely divisible decomposable, 
additive division space, let h: U+ + R* be continuous so that (8.3.2) is true, and 
let f: T — C be such that fh is integrable in E. Let X be the subspace of C(E) 
consisting of the integrals of such functions fh. Then X is barrelled. 


Proof.  Asfhisintegrable over E, it is integrable over each partial set of E, so 
that 


(83.5 IfF(:)eX then F(P ^ *)eX. 


(83.60) If ce E, Fe C(E), and F(P ^ *)e X for every partial set P with ce P, 
then Fe X. 


This is the property that if F is a continuous finitely additive interval 
function over E that is the integral of fh over P when cé P, then F is also the 
integral of f h over intervals with c in their closure, which is the Cauchy limit 
property, see Theorem 2.10.6. 

Let B be a barrel in X that is nowhere dense in X. For P a partial set of E 
let 

X(P) = {F(P ^ +): FeX), B(P) = Bo X(P). 


Then clearly B(P) is a barrel in X (P). Now let Z be a partition of E. If for each 
I € 2, the barrel BU) is dense in some portion of X (I), then as B(I) is closed it 
contains that portion. As B(I) is balanced, if b e B(I) and |a| < 1 then abe PU) 
(c.g. take a = — 1). As B(I) is also convex it contains a neighbourhood in ZU) 
of the origin. Thus B is a neighbourhood of zero in X, contrary to hypothesis. 
Hence for some Ie, B(I) is nowhere dense in X (J). 

Repeating this argument we can take a sequence (2, ) of partitions of E and 
a nested sequence of partial intervals (J,,) tending to a point cc E, such that 
cach B(I,) is nowhere dense in X(I,)(n = 1,2, . . . ). For each n, c el feel? 
for all n, we divide I, at c so that either the left or the right interval has the 
property, and we can keep to the same side ofc,as n — oo. On the other hand, 
if c, is one of the two end-points after a certain stage, then after that stage c is 
either a right end-point throughout the rest of the sequence, or a left end- 
point throughout the rest of the sequence. By symmetry we need only 
consider the case when the interval is [c, k,) and K, c+. As B(c, k,) is 
nowhere dense in X (c, k,) we ean choose F, 4 B, F, € X(c, ky), and || F, || « J. 
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By (8.3.5), Fy (k2, kı) > F, as k, ^ c + and MB is open. Bones there is a k, in 
(0, kı) with H, = Fy (k2, kı)E X (kz, kı), H, €B, || H, || <4 . Repeating these 
arguments we have a strictly decreasing sequence (k, ) ending toc+ anda 
sequence (H,) with 


He Kik. LL H,énB, |H] < 


Now let A be the absolutely convex envelope of the set {H,, H3, . . . } with 
closure A in C(E). Then every element of A is of the form H — AS 1 ån H, for 
some sequence of scalars (4,) with 57, 4, « 1. Each such series obviously 
converges in C(E), and also || H | < 1 for all TO If k; > k >c then 


H(k kx) 0°) = È 4H. k)a) 


where only a finite number of terms are non-zero. Hence for all k, >k >c, 
H((k, ky) *)e X, and by (8.3.6), H e X. Hence A € X, and in particular, A is 
à complete, bounded, and absolutely convex set in X. But a barrel B absorbs 
every such set, so that B absorbs A. But B does not absorb (H,) c A. This 
contradiction proves the result. O 


84 DENSITY INTEGRATION 


The numerical evaluation of Lebesgue integrals often depends on the calcu- 
lus, It is usually straightforward to integrate over an interval, but it can be 
very difficult to integrate over other kinds of sets. The density integration of 
Henstock (1951, 1982) is sometimes of great help here, a simple sequence is 
piven for evaluating: 


(à) the measure of the intersection of two sets X and Y when the measures of 
X r^ I and Y ^I are known for special intervals J; 

(b) the integral of a function f over such a set X when the integral of f over 
the special intervals J is known (say, by calculus methods) and | f| is 
integrable; 

(c) the integral of suitable products fg when the integrals of f and g are 
separately known over the special intervals I. 


We bepin with the function of intervals 
(OAI) K(I) = K(g; X5I) = g(I) D(X;ID, D(X; N) = m(X a I)/mI 


lor some set X € K, and m denoting Lebesgue measure. The ratio is a mean or 
average density over I, giving the reason for the name; it behaves as a 
convergence factor, and we can ask the question: when is K Burkill integrable 
over L for all Lebesgue measurable sets X c E? The answer is that 


(8.4.2) vlt Burkill integrable and absolutely continuous 
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The proof involves some interesting functional analysis. 


(8.4.3) When g is the Lebesgue integral of a function f over I, the Burkill 
integral of (8.4.1) is the value of the Lebesgue integral over X. 


The integral over I is often evaluated by calculus methods. When we know 
that the integral of (8.4.1) exists as a Burkill integral, then its value can be 
found using any sequence of divisions of E with norm tending to 0 (e.g. we can 
use continued bisection). Result (a) is obtained on putting g(1) = m(Y ^ I); 


(b) follows on taking 
gü) = [ foram 


with | f| integrable. K itself can be generalized to 


ai: Leit 
and if 
oU) = | s(x) dm, 


f fom. 


For example, an integral giving Euler’s constant y or C is 
i) m 1 
y= e 'log- dt. 
0 t 


v v 1 
[euet Joe =v —u + ulogu — logo 


u 


the limit we obtain is 


Thus we integrate over [0, oo) the interval function 
h(u, v) = (e "—e ")(r—u-r ulogu — vlogv)/(v — u) 
obtaining 
y= lim Y Maart 


We have been integrating over the whole or part of the real line. We now 
imbed the theory in the work of this book. Let (T,.7, A) be a stable 
decomposable additive division space with A: 4/! — R* integrable over a fixed 
elementary set E, such that for every partial set P of E, 


H(P) dh > 0, 


JP 
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Let g: 4! — C. For some X € T and each such P let 


M(X;P)= | x(X;:)dh 


Lon 


exist. We then consider the integrability of 


exist. Or for some f: E* > C let 


IU) Ae ds 0) MQGD/BU), LU) Lg. f. = BA | fdh. 
I 


Of course, J(g; X; I, t) = L(g; Y(X;* y; I, t). 


Theorem 8.4.1. The space WV of all X € T for which M(X; E) exists, is 
complete for the pseudometric on sets of T, 


p(X; Y) = V((X, Y), V(Z) S VU; A;EZ, d(X, Y) = (XNY) (YA X). 
Proof. Let (X,) be a fundamental sequence of sets of T, i.e. given € > 0, there 
is an integer N depending on e, for which 

V(d(X,, X.) <€ (mnzN). 
When c = 27? let N = N (j) and put 
X = lim sup Xy = (] U Xyo. 
j^o k=1 j=k 


X\ XnwS Xww\Xnw € A U Xung) En -1» 


=j+1 


Xn NX S Xna- 1)\ Ev: 


k=j+1 
HO Vëwunls 3, 2* 2! ^, V(Xyg NX) < 2! 7 
KH 
V(d(X, Xy) < 2*7. 
The proof that V(d(X, Y)) is a pseudometric needs the following steps. 
(X\YU(Y\Z) 29 X\Z, d(X, Y) d(Y, Z) 2 d(X, Z). 
Then for N(j) ^ n 7 N, 
V(d(X, X,)) & V(d(X, Xy) + V(d(Xyiy, Xp) « 2*7! + e, 


and X is the limit of (X,,) for the given pseudometric, and Y is complete, — [1 
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Theorem 84.2. Let(T, 7, AT bea division space. Given 6 > 0, let there be a 
partition P of P from a U € A*|P such that V(I) < ô for each I e^, and let 
V(P(E;P)) = 0, for every partial set P of E. Let 


(8.4.4) (€)¥ J(g; X;L t) 


be bounded for each fixed X € Y^ and all divisions & of E from 3 T hen g is of 
bounded variation. 


Proof Let Y^, be the set of those X e Y^ for which, for all divisions & of E 


from %, 
(6)YJ(g; X;L 0| « N. 


Then clearly Y is the union of the Wy, which we now prove closed for the 
pseudometric of Theorem 8.4.1. For if X is in the closure and e > 0, there is a 
Y e Y^ y satisfying V(d(X, Y)) < e, 
(£)5:9M(QXG D/BQ) — (6) gM(¥, D/HQ) 
< (£)Y.1gl(MQO YI) + M(X ^ Y; I) - MOX; D) 
— M(X a Y; DH() < (£)Y.1glM («(X, Y); I/H() 
< (4)} lgle/H (D, 
Wei gM(X; D/H()| < N + e(6)»/lgl/HQ). 
As ¢ > 0 is independent of & we can let e > 04 and so have Xe% y. By 
Theorems 8.4.1, 0.4.4 (Baire's category theorem), some Wy contains a closed 
sphere S, centre some X, and radius 6 >0, so that each Xey with 
d(X, Xo) < ô lies in Vy. 
If Ye Y^ has V(Y) <6 then 
V(d(X, o Y, Xo) = V(Xov YAX;) < V(Y) < à, 
V(d(XoXY, Xo) Ha Zo le V(Y) < ô, 

XoUYEVy, Zo fex (Xo o Y)\(Xo\¥) = Y, 
(£)Y.J(;Xo o iL DI & N,. 10)» J(GXoN 5L DIN, 
(£)Y)J(g Y LO «2N. (Uer, WY) < ô) 
for all divisions & of E from 4/. Using the special partition 2 of P containing 
r intervals, we can replace Y by P on putting 2rN on the right, while 
M(P;I) = H(I) when I € P, M(P;I) = 0 when I c VP. Taking an d that 


refines Y, we obtain 


Ié P)S gu. ul: 2rN 
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and by the usual argument we have 
(E) X 1g, t)] < 2arN 


where q — 2 for g real-valued, q — 4 for g complex-valued, and so g is of 
bounded variation. (The converse is easy.) O 


Theorem 8.4.3. Let (T, 7, A*) satisfy the conditions of Theorem 8.4.2. Then 
J is A*-integrable over E for all X € Y^ if and only if g is A* -integrable and h- 
absolutely continuous in E, and also of bounded variation there. 


Proof. If X = T, M(T, E) exists and is H(E). Hence TeV and J = g(I, t). If 
J is A*-integrable over E then g is A *-integrable. Next, given e > 0, let Wy 
be the set of all X e Y^ for which, for all £, dëi divisions over E from 4, 


I(6)5,J(g:X;L, t) — (6)YJ(g X;Lt)| < e. 

Then Wy is proved closed just as Y^, has been proved closed, and 

ENÈJI Y1, t) - (E)Z JG Y; t)) «26€. (MI E) < ô) 
for some ô > 0. We fix & and take 6’ in 0 < 6’ < 6 such that 

(ENL Jg Y1, )| < M(Y, Eé ol, 0)/HQ) < e 
when M(Y, E) < 6’, and then by the usual argument 
EEJ YI t| < 3e, (£,))Y190. | < 12e 
for 6, S & and 
(8.4.5) (6, H(I) < à. 
To show the h-absolute continuity of g let X c T have 
V(h; A; E; X) = V(H; A;E; X) < ó'. 


Then for some 4/ € A* |E, (8.4.5) is true for all 6, © & with te\X for all 
(I, t) e 6  6,, and all divisions & of E from 4. Hence 


V(g; A; E; X) < V(g;4t; E; X) = sup (£) 9" lol, t)| x(X; t) 
8 
= sup (£, )È|g (I, t)| € 12e, 
d 
finishing the proof one way. 


If g is A'-integrable to G over the partial sets of E and h-absolutely 
continuous, then for all partial intervals J of E and some j with j, jji 
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integrable, 
G(I) = Lu dh, 
I 


KAZ J(g; X; L, t) — (E)Z I (G; XL) < (AL lg — Gl, 


M(X;I 
(£)*,J(G; X;1,t) -(ex | 10 Ce ) ah, 


0 « M(X;D/H(I) <1. 


Thus the Arzelà-Lebesgue limit theorem shows that J is integrable to 


| j(t)x(X; t) dh, 
E 


which finishes the proof of the converse. D 
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meet of sets 9 

metric 16 

metric space 16 

metric topology 16 
modulus 59 

mutually disjoint sets 9 
MZ-integral vi, 38, 173 


N-continuous 179 

neighbourhood 13 

N-integral 38, 39, 176, 183 

N-major (minor) function 175 

non-meagre 14 

non-overlapping 45 

norm 20, 23 

normal topology 64 

normed (linear) space 20 

norm of a division 48 

norm topology 20 

nowhere dense 13 

nowhere dense-in-itself 14 

null function 3 

N-variation 69, 179, 183 

N-variational integral vi, 38, 39, 115, 179, 
183 

N-variation zero 179 


o-convergent 28 

o-limit 28 

open set 13 

operator 8 

order Section 0.5 
order-Cauchy 30 
order-complete 28 
ordered pair 8 
order-fundamental 29, 30 
outer measure 72 


pair 8 

partial division 41 

partial interval 41 

partial set 41 

partition 1, 41, 42 

perfect 14 

portion 14 

precompact 24 

product division system (space) 44, 45, 149 
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product of sets 9 
product topology 19 
proper partial set 41 
proper subset 8 
propositional function 8 
pseudometric 15 


rare 13 

refine, refinement 41 

refinement integral Section 1.3, 50 

reflexive relation 8 

regular measure 102 

regular topological space 19 

relation 8 

relatively order-compact 28 

residual 14 

restricted division 1, 52 

restriction, restriction property 42 

Riemann (generalized) v, vi, xi, 6, 36-9, 50, 
56, 57, 59, Section 2.3, 83, 87, 90, 94, 95, 
116, 118, 166, 171, 178, Section 8.3 

Riemann-Stieltjes integral 33, 35, 47, 48 

ring 12 


scalar 13 

second category 14 

semigroup 11 

set 8 

shrinks 41, 42, 59 

singleton 8 

S-integral 174, 175 

sphere 16 

stable 43 

star-set 43, Section 2.9 

step-function 111 

strongly compatible 43 

strong Perron major(minor) function 168, 
169 


strong Perron upper(lower) integral 168-70, 
172, 173 

strong topology 20 

strong variational integral 87, 170 

subbase 13 

subset 8 ‘ 

substitution (integration by) 82, 91, 92 

sum of sets 9 

symmetric Cesaro—Perron integral 38 

symmetric difference of sets 10 

symmetric relation 8 


tonneau 21 

topological group 19, 26 
topological space 13, 27 
topological vector space 20 
topology Section 0.4 
transitive relation 8 
triangle inequality 15 


union of sets 9 
universal set 8 


variation 69 

variational integral 39, Section 2.1, 
Section 2.3, 87, 171 

variation set 69, 76 

variation zero 76, 77 

vector 13 

vector space 12 


weakly compatible 43 
weakly integrable 74 
weighted refinement integral 40, 42 


